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Executive  Summary 

Active  control  presents  the  opportunity  to  mitigate  future  challenges  associated  with  design  constraints  and 
operational  requirements  in  gas  turbines,  including  control  of  compressor  system  and  combustion  system 
instabilities.  Several  programs  are  exploring  this  technology  to  address  issues  related  to  higher  pressure  and 
temperature  operation  for  improved  performance,  volume  reduction  for  increased  thrust-to-weight  ratio, 
and  operation  near  lean  blowout  limits  for  reduced  emission.  The  aim  of  the  course  was  to  present  the  state- 
of-the-art  of  this  emerging  technology,  including  the  experimental  and  theoretical  understanding  of  the 
control  processes  and  control  issues,  and  to  describe  the  latest  developments  for  its  practical 
implementation. 

The  course  started  with  an  introduction  into  fundamental  stability  characteristics  and  active  control 
approaches,  followed  by  a  lecture  on  control  theory  with  special  consideration  of  robustness  and 
fundamental  limits  of  controllers. 

For  combustion  systems,  fundamental  flow  and  combustion  processes  that  determine  the  behavior  of 
system  dynamics  was  described  and  different  physics-based  active  and  passive  control  approaches  were 
developed.  Subsequently,  theory  associated  with  the  application  of  standard  control  laws  and  strategies  to 
linear  combustor  dynamics  was  discussed,  using  the  spatial  averaging  method  to  construct  reduced-order 
models  of  the  dynamics.  In  addition,  models  of  the  control  processes  and  its  application  to  active  control 
were  reviewed.  The  practical  application  to  power  gas  turbines  was  described,  including  control  approach, 
design  issues,  results  from  long-term  experiments,  and  assessment  of  active  control  compared  to  passive 
control  methods. 

For  compression  system  dynamics,  analysis  of  hydrodynamics  models  for  multi-mode  pre-stall  dynamics  of 
axial  compression  systems  was  described,  which  include  non-linear  coupling  between  surge  and  stall.  This 
was  followed  by  the  description  of  analytical  and  experimental  techniques  for  diagnostics  and  control  of 
compression  instabilities.  Different  sensor  and  actuator  architectures  were  discussed  together  with  linear 
and  non-linear  techniques  to  optimize  closed-loop  performance  and  robustness.  The  course  was  concluded 
with  R&D  needs  and  an  assessment  of  future  prospects  for  active  control. 

In  summary,  the  course  has  shown  for  combustion  systems,  that  progress  in  actuator  and  sensor 
technologies  and  the  increased  understanding  of  the  physical  control  processes  associated  with  flow, 
combustion,  and  acoustics  has  made  the  active  control  approach  a  viable  option  even  at  full  scale.  The 
successful  implementation  of  instability  suppression  in  heavy  duty  power  gas  turbines  and  its  continuing 
evaluation  related  to  reliability,  lifetime,  and  performance  will  enhance  confidence  for  other  applications 
such  as  aeroengines,  for  which  active  control  needs  have  been  established.  Current  efforts  focus  on 
reducing  pattern  factor  and  suppression  of  combustion  instability  associated  with  performance  increases 
and  emission  reduction.  To  minimize  the  risk  of  implementing  active  control  on  aeroengines,  life  extension 
of  combustors  maybe  the  first  practical  application  in  conjunction  with  implementation  of  diagnostics  and 
information  technologies  for  health  monitoring.  For  airbreathing  missiles  propulsion,  suppression  of 
combustion  instabilities  and  extension  of  lean  blowoff  limits  are  viable  options  for  active  control 
applications.  For  future  developments  of  “smart  combustors”  active  control  will  play  an  enabling  role  when 
combined  with  distributed  wireless  sensors  and  distributed  actuators. 

For  compression  systems,  significant  progress  has  been  made  of  coupling  the  actuation  mechanism  with  the 
physics.  A  variety  of  actuation  schemes  have  been  developed  and  successfully  demonstrated  in  systems 
ranging  from  low-speed,  single  stage  rigs  to  full-scale  engines,  however  active  control  has  not  been 
implemented  in  a  practical  system.  One  of  the  difficulties  is  obtaining  low-weight  and  highly  reliable 
actuators  with  sufficient  control  authority  and  frequency  response.  Given  the  difficulty  in  controlling  stall 
and  surge  behavior  on  practical  systems,  diagnostic  systems  for  detecting  abnormal  operational  conditions 
may  be  the  more  important  early  application. 
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Synthese 


Le  controle  actif  offre  le  moyen  de  reduire  1’ impact  des  futurs  defis  represents  par  les  contraintes  de  conception 
et  les  besoins  operationnels  associes  aux  turbomoteurs,  y  compris  le  controle  des  instabilites  des  compresseurs  et 
des  systemes  de  combustion.  Ces  technologies  sont  actuellement  etudiees  par  le  biais  de  differents  programmes 
de  recherche,  ay  ant  pour  objectif  d’  examiner  la  possibility  de  faire  fonctionner  les  turbomoteurs  a  des 
temperatures  et  a  des  pressions  plus  elevees  afin  d’ameliorer  leurs  performances,  de  reduire  leur  volume  pour 
ameliorer  le  rapport  poussee-poids,  et  de  fonctionner  aux  limites  de  1’ extinction  pauvre  afin  de  reduire  les 
emissions.  Le  cours  a  eu  pour  objectif  de  presenter  l’etat  actuel  des  connaissances  de  ces  technologies 
emergentes,  y  compris  les  connaissances  theoriques  et  experimentales  dans  le  domaine  du  controle  et  de  ses 
processus,  et  de  decrire  les  derniers  developpements  en  ce  qui  concerne  sa  mise  en  oeuvre  concrete. 

Le  cours  a  commence  par  une  introduction  aux  caracteristiques  fondamentales  de  stabilite  et  aux  differentes 
approches  du  controle  actif,  suivi  d’un  cours  sur  la  theorie  du  controle,  qui  a  mis  1’ accent  sur  la  robustesse  et  les 
limites  intrinseques  des  controleurs. 

En  ce  qui  concerne  les  systemes  de  combustion,  les  processus  fondamentaux  de  flux  et  de  combustion  qui 
determinent  le  comportement  de  la  dynamique  du  systeme  ont  ete  decrits,  et  differentes  approches  du  controle 
actif  et  passif  basees  sur  la  physique  ont  ete  examinees  en  detail.  Par  la  suite,  la  theorie  associee  a  1’ application 
de  lois  et  de  strategies  de  controle  normalisees  a  la  dynamique  des  chambres  de  combustion  lineaires  a  ete 
discutee,  en  faisant  appel  a  la  methode  de  moyenne  spatiale  pour  construire  des  modeles  reduits  de  la  dynamique. 
Un  certain  nombre  de  modeles  des  processus  de  controle  et  leurs  applications  au  controle  actif  ont  ete  etudies. 
Les  applications  pratiques  aux  turbomoteurs  ont  ete  decrites,  y  compris  les  approches  du  controle,  la  conception, 
certains  resultats  d’ experiences  a  long  terme  et  une  evaluation  du  controle  actif  par  rapport  aux  methodes  du 
controle  passif. 

En  ce  qui  concerne  la  dynamique  des  systemes  de  compression,  1’ analyse  de  modeles  hydrodynamiques  de  la 
dynamique  multi-mode  de  systemes  de  compression  axiale  en  predecrochage  a  ete  presente,  y  compris  le 
couplage  non-lineaire  entre  le  pompage  et  le  decrochage.  Cette  presentation  a  ete  suivie  de  la  description  de 
techniques  analytiques  et  experimentales  pour  le  diagnostic  et  le  controle  des  instabilites  de  compression. 
Differentes  architectures  de  capteurs  et  d’actionneurs  ont  ete  discutes,  ainsi  que  des  techniques  lineaires  et  non- 
lineaires  permettant  d’optimiser  les  performances  en  boucle  fermee  et  la  robustesse.  Le  cours  a  conclu  par  un 
tour  d’ horizon  des  besoins  en  R&D  et  une  evaluation  des  perspectives  futures  en  matiere  de  controle  actif. 

En  conclusion,  le  cours  a  demontre  que  grace  aux  progres  realises  dans  le  domaine  des  technologies  des 
actionneurs  et  des  capteurs,  ainsi  qu’  aux  nouvelles  connaissances  des  processus  physiques  de  controle  des  flux, 
de  la  combustion  et  de  l’acoustique,  le  controle  actif  est  une  option  valable,  meme  en  grandeur  reelle. 
L’ elimination  des  instabilites  dans  les  grands  turbomoteurs  et  son  evaluation  continue  en  ce  qui  concerne  la 
fiabilite,  le  cycle  de  vie  et  les  performances  permettra  de  rehausser  le  niveau  de  confiance  en  vue  d’autres 
applications  telles  que  les  moteurs  d’ avion,  pour  lesquels  les  besoins  en  controle  actif  ont  ete  etablis.  Les  efforts 
actuellement  consentis  dans  ce  domaine  concernent  principalement  la  reduction  des  ecarts  de  temperature  et 
l’elimination  des  instabilites  de  combustion,  associees  a  l’amelioration  des  performances  et  la  reduction  des 
emissions.  Afin  de  reduire  au  minimum  les  risques  associes  a  1’ application  du  controle  actif  aux  moteurs 
d’ avion,  la  premiere  application  concrete  pourrait  etre  le  prolongement  du  cycle  de  vie  des  chambres  de 
combustion,  en  parallele  avec  la  mise  en  oeuvre  des  technologies  du  diagnostic  et  de  l’information  pour  le 
controle  de  l’etat  de  fonctionnement  des  moteurs.  En  ce  qui  concerne  la  propulsion  des  missiles  aerobies, 
1’  elimination  des  instabilites  de  combustion  et  1’ extension  des  limites  de  1’ extinction  pauvre  represented  des 
options  valables  pour  d’eventuelles  applications  du  controle  actif.  Le  controle  actif,  associe  a  des  capteurs  sans 
fil  et  a  des  actionneurs  repartis,  est  appele  a  jouer  un  role  habilitant  dans  le  developpement  futur  des  «chambres 
de  combustion  intelligentes». 

En  ce  qui  concerne  les  systemes  de  compression,  des  progres  appreciates  ont  ete  realises  en  couplant  le 
mecanisme  actionneur  avec  des  aspects  ay  ant  trait  a  la  physique.  Diverses  configurations  d’actionneurs  ont  ete 
developpees  et  demontrees  avec  succes  pour  des  systemes  allant  de  bancs  d’essai  basse  vitesse  a  un  seul  etage  a 
des  moteurs  reels,  mais  le  controle  actif  n’a  pas  ete  mis  en  oeuvre  dans  un  systeme  particulier.  L’une  des 
difficultes  consiste  a  obtenir  des  actionneurs  legers  et  hautement  fiables  dotes  de  suffisamment  de  controle  et  de 
reponse  en  frequences.  Etant  donne  les  difficultes  rencontrees  pour  controler  le  pompage  et  le  decrochage  dans 
des  systemes  en  service,  il  se  pourrait  que  1’ application  prioritaire  soit  la  detection  de  conditions  de 
fonctionnement  anormales. 


IV 


Click  inside  the  blue  boxes  or  on  the  titles  to  view  the  corresponding  section 


Contents 

Page 

—  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  y 

■  Executive  Summary  in  [ 

Synthese  iv 

|  List  of  Authors/Lecturers  vi  j 


Reference 

Introductions  -  Stability  Characteristics  and  Control  Approach  1 

by  V.  Yang 

Active  Control  of  Engine  Dynamics:  Lectures  on  Control  Theory  2 

by  C.A.  Jacobson  and  A.  Banaszuk 

Active  Control  of  Engine  Dynamics:  Fundamentals  and  Fluid  Dynamics  -  Experiments  3 

byK.H.  Yu 

Dynamics  of  Combustion  Systems:  Fundamentals,  Acoustics  and  Control  4 

by  F.E.C.  Culick 

Combustion  Dynamics:  Analysis  and  Control  -  Modeling  5 

by  S.  Candel,  S.  Ducruix,  D.  Durox  and  D.  Veynante 

Combustion  Dynamics:  Application  of  Active  Instability  Control  to  Heavy  Duty  Gas  6 

Turbines 

by  J.  Hermann  and  A.  Orthmann 

Combustion  Dynamics:  Passive  Combustion  Control  7 

by  K.C.  Schadow 

Analysis  of  Compression  System  Dynamics  8 

by  J.D.  Paduano 

Compression  System  Dynamics:  Control  and  Applications  9 

by  R.  M.  Murray,  R.L.  Behnken,  S.  Yeung  and  Y.  Wang 


List  of  Authors/Lecturers 


Special  Course  Directors: 


Prof.  R.A.  Van  den  Braembussche 
von  Karman  Institute 
72,  Chaussee  de  Waterloo 
1640  Rhode-Saint-Genese,  Belgium 


Dr.  K.  C.  Schadow 
Strategic  Analysis,  Inc. 
2896  Calle  Heraldo 
San  Clemente,  CA  92673 
United  States 


Authors/Lecturers 


FRANCE 

Prof.  S.  Candel 

EM2C  Lab.  Ecole  Central  Paris 
Grande  Voie  des  Vignes 
92295  Chatenay  Malabry 

Mr.  S.  Ducruix 

EM2C  Lab.  Ecole  Central  Paris 
Grande  Voie  des  Vignes 
92295  Chatenay  Malabry 

Mr.  D.  Durox 

EM2C  Lab.  Ecole  Central  Paris 
Grande  Voie  des  Vignes 
92295  Chatenay  Malabry 

Mr.  D.  Veyante 

EM2C  Lab.  Ecole  Central  Paris 
Grande  Voie  des  Vignes 
92295  Chatenay  Malabry 

GERMANY 

Mr.  J.  Hermann 
IfTA  GmbH 
Industriestrasse  33 
82194  Groebenzell 

Mr.  A.  Orthmann 
IfTA  GmbH 
Industriestrasse  33 
82194  Groebenzell 

UNITED  STATES 

Dr.  A.  Banaszuk 

United  Technologies  Research  Center 
411  Silver  Lane,  MS  129-15 
East  Hartford,  CT  06108 

Mr.  R.  L.  Behnken 
Control  and  Dynamical  Syst.  107-81 
California  Institute  of  Technology 
Pasadena,  CA  91125 


Dr.  F.  Culick 

205  Guggenheim,  Mail  Stop  205-45 
California  Institute  of  Technology, 
Pasadena,  CA  91125 

Dr.  C.  Jacobson 

United  Technologies  Research  Center 
411  Silver  Lane,  MS  129-15 
East  Hartford,  CT  06108 

Mr.  R.  M.  Murray 
Control  and  Dynamical  Syst.  107-81 
California  Institute  of  Technology, 
205  Guggenheim,  Mail  Stop  205-45 
Pasadena,  CA  91125 

Mr.  J.D.  Paduano 
M.I.T. 

Room  31-265 

Cambridge,  MA  0219-4307 
Mr.  Yong  Wang 

Control  and  Dynamical  Syst.  107-81 
California  Institute  of  Technology, 
205  Guggenheim,  Mail  Stop  205-45 
Pasadena,  CA  91125 

Prof.  V.  Yang 

Dept,  of  Mechanical  Engineering 
The  Pennsylvania  State  University 
104  Research  Building  East 
University  Park,  PA  16802 

Mr.  S.  Yeung 

Control  and  Dynamical  Syst.  107-81 
California  Institute  of  Technology, 
205  Guggenheim,  Mail  Stop  205-45 
Pasadena,  CA  91125 

Prof.  K.  Yu 

Dept,  of  Aerospace  Engineering 
University  of  Maryland 
College  Park,  MD  20742 


LOCAL  COORDINATOR 

Prof.  R.  Van  den  Braembussche 
von  Karman  Institute  for  Fluid  Dynamics 
Chaussee  de  Waterloo,  72 
1640  Rhode-Saint-Genese 
Belgium 


VI 


1-1 


Introductions  -  Stability  Characteristics  and  Control  Approach* 

V.  Yang 

Department  of  Mechanical  Engineering 
The  Pennsylvania  State  University 
University  Park,  PA  16802,  USA 
Email:  vigor@psu.edu 


Summary 

This  lecture  provides  an  overview  of  various  fundamental  aspects  of  active  control  of  gas-turbine  combustion 
dynamics.  The  physical  mechanisms  and  practical  means  for  modulating  flow  and  combustion  processes  are 
discussed. 

1.  Introduction 

The  quest  for  enhanced  performance,  service  reliability,  maintainability,  and  availability  has  been  the  thrust  of 
gas  turbine  engine  research  since  its  invention  in  1905.  While  traditional  approaches  yielded  profound 
improvement  over  the  years  and  require  further  optimization,  intelligent  control  of  gas  turbines  offers  a  radically 
new  avenue  for  advancing  the  state-of-the-art.  By  synthesizing  novel  control  strategies  at  the  component, 
substystem,  and  system  levels,  realization  is  possible  of  desired  engine  characteristics  previously  limited  by 
phenomena  such  as  compressor  surge  and  stall,  lean  blow  out  limit,  and  combustion  instabilities.  Even  relatively 
modest  improvements  in  a  design  can  result  in  substantial  payoffs.  For  example,  only  a  5-10%  improvement  in 
stall  pressure  ratio  is  required  to  lead  to  a  2-5%  reduction  in  gross  takeoff  weight  of  an  engine,  a  2-5% 
improvement  in  range,  and  up  to  a  3%  decrease  in  cost.  Such  data  exemplifies  the  strong  impetus  for  pursing 
active  control  in  gas  turbines  for  fuel  economy  and  augmented  performance. 

In  contrast  to  passive  control,  the  term  ‘active  control’  implies  control  of  a  system  involving  expenditure  of 
energy  from  a  source  external  to  the  system.  Generally,  the  purpose  is  to  minimize  the  difference  or  ‘error’ 
between  the  instantaneous  desired  and  actual  behavior  of  the  system.  Control  may  be  exercised  with  feedback  of 
information  about  the  actual  response  of  the  system  (closed-loop  control)  or  without  feedback  (open-loop  control). 
The  field  of  active  control  of  combustion  is  concerned  both  with  control  of  dynamics,  notably  combustion 
instabilities,  and  with  various  forms  of  the  ‘regular’  problem,  for  example  maintaining  operation  to  optimize  some 
property  of  the  performance. 

Although  the  earliest  proposals  for  active  feedback  control  of  combustors,  and  the  initial  experiments,  were 
motivated  by  the  intention  to  control  combustion  instabilities  in  rockets,  ramjets,  and  afterburners,  subsequent  work 
has  demonstrated  other  possible  applications.  Thus  one  can  now  conceive  of  situations  in  which  the  purpose  of 
introducing  active  combustion  control  (ACC)  may  be  one  or  a  combination  of  two  or  more  of  the  following:  (1) 
improve  the  performance  of  a  combustor  (e.g.,  reduce  pollutant  and/or  noise  emissions,  reduce  specific  fuel 
consumption,  increase  combustion  efficiency,  improve  pattern  factors  in  gas  turbine  combustors,  etc.);  (2)  permit 
modification  of  combustor  design  (e.g.,  reduce  its  length);  (3)  damp  combustion  instabilities;  (4)  increase 
combustor  reliability;  (5)  extend  operational  limits  of  combustors  (e.g.,  permit  stable  operation  at  lower 
equivalence  ratios);  and  (6)  improve  performance  of  other  military  combustion  processes  such  as  shipboard 
incineration,  and  power  and  heat  generation  in  the  field.  Because  the  practical  problem  of  suppressing  combustion 
instabilities  has  been  the  chief  motivation  for  investigating  ACC,  it  is  useful  to  explain  some  broad  aspects  of  the 
subject  by  considering  feedback  control  of  unsteady  motions  in  a  combustor.  The  essential  reason  for  the  presence 
of  instabilities  in  a  combustion  system  is  the  existence  of  internal  feedback  such  that  energy  may  be  transferred  to  a 
fluctuation  at  a  rate  dependent  on  the  fluctuation  itself.  Passive  control  involves  changes  of  design,  (e.g.,  in  the 
composition  or  types  of  reactants,  injection  system,  chamber  geometry)  either  (1)  to  reduce  the  rate  at  which  energy 
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is  transferred  to  the  unsteady  motions  or  (2)  to  increase  losses  of  energy,  for  example  by  the  use  of  suitable 
resonators  to  introduce  a  dissipative  process.  Use  of  active  control  may  be  effective  by  causing  either  (1)  or  (2)  to 
occur  by  sensing  the  instabilities  and  then  using  a  feedback  control  loop  to  modify  one  or  more  input  parameters. 
What  may  be  possible,  or  what  actually  happens  in  a  particular  case,  can  be  established  only  by  understanding  the 
system  in  question. 

In  the  experimental  work  reported  to  date,  relatively  simple  laboratory  burners  are  typically  used,  having 
relatively  large  length/diameter  ratios,  although  demonstration  has  been  made  in  two  full-scale  land-based  gas 
turbine  applications.  The  undesirable  oscillations  often  have  motions  largely  in  the  axial  direction.  Control  has 
been  exercised,  or  at  least  the  levels  of  oscillations  have  been  reduced,  by  applying  several  methods  of  actuation, 
the  most  common  being:  forcing  the  motion  of  a  portion  of  the  boundary,  for  example  of  the  inlet;  injecting 
acoustic  waves  with  a  loudspeaker;  and  modulating  the  primary  or  a  secondary  fuel  supply.  A  typical  arrangement 
for  active  control  of  combustion  instabilities  in  a  dump  combustor  is  sketched  in  Figure  1  involving  actuation,  A(t), 
achieved  by  modulating  the  flow  through  a  fuel  injector.  The  actual  performance  of  the  system  is  monitored  by 
two  pressure  sensors,  for  the  real-time,  s(t),  and  time-average,  S  (t),  condition  monitoring,  respectively  .  Three 
different  levels  of  ACC  are  shown.  The  first  (marked  1)  shows  an  open-loop  operation  in  which  the  actuator  is 
used  without  any  feedback.  The  second  (marked  2)  adds  a  fast  sensor  to  provide  real-time  feedback  for  control  of 
the  actuator  signal.  The  third  (marked  3)  employs  an  additional  sensor  to  detect  the  overall  performance  in  a  time- 
averaged  sense.  This  sensor  output  is  used  to  adjust  the  controller  parameter  to  adapt  to  changes  in  operating 
conditions.  In  general  more  than  two  sensors  could  be  used,  distributed  in  space  and  measuring  several  properties 
of  the  motions,  for  example  velocity  and  radiation  in  addition  to  the  pressure. 

For  the  control  circuit  2  shown  in  Figure  1 ,  the  information  acquired  by  the  sensor  must  be  processed  and  used 
within  the  feedback  loop  to  activate  a  controller  whose  output  drives  the  actuator  according  to  a  control  law.  Most 
demonstrations  to  date  have  used  simple  control  laws  which  dictate  oscillatory  actuation  at  some  phase  relative  to 
the  sensed  response  of  the  system,  and  at  some  amplitude  found  to  give  best  results,  i.e.,  lowest  amplitude  of 
oscillations.  That  approach  is  a  special  form  of  classical  PID  (proportional/integral/derivative)  control  in  which  the 
control  signal  is  proportional  to  the  error  itself,  its  time-integral,  and/or  its  derivative.  The  conditions  for  optimal 
control  influence  have  always  been  obtained  experimentally  with  little  preparatory  design  work,  a  consequence  of 
the  lack  of  knowledge  of  the  systems  under  investigation. 
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Fig.  1  Active  Control  Arrangement  to  Suppress  Combustion  Instabilities  in  Dump 

Combustor. 

According  to  the  preceding  remarks,  there  are  broadly  four  areas  in  which  research  and  development  must 
proceed  to  form  a  firm  basis  for  practical  applications  of  ACC:  sensing,  actuation,  formulation  of  control  laws,  and 
understanding  of  the  systems  to  be  controlled.  As  part  of  the  progress  required,  it  is  essential  to  acquire 
understanding  of  the  scaling  laws,  particularly  with  respect  to  the  power  density  of  a  combustor.  This  short  course 
covers  a  broad  range  of  issues  ranging  from  future  requirements  of  combustion  systems  to  topics  of  basic  research 
that  must  be  addressed  to  realize  the  promise  of  active  control  of  combustion. 
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2.  Background 

Although  active  feedback  control  had  been  posed  and  investigated  for  a  restricted  class  of  problems  in  the 
early  1950s  for  reasons  cited  in  the  preceding  section,  the  idea  was  not  pursued  experimentally  until  the  1980s.  It 
seems  fair  to  recognize  that  the  work  at  Cambridge  University,  supported  by  Rolls  Royce  with  a  view  to 
application  to  afterburners,  marked  the  beginning  of  the  recent  considerable  activity  in  this  area  (see  References  14 
through  19).  Indeed,  the  sequence  of  increasingly  more  elaborate  experimental  projects  within  the  program 
introduced  many  of  the  novel  ideas  which  have  subsequently  been  vigorously  pursued  by  a  large  number  of 
research  groups  throughout  the  world.  In  particular,  many  of  the  types  of  sensing  and  actuation  now  being 
investigated  were  first  used  at  Cambridge. 

The  general  notion  of  active  feedback  control  of  combustion  dynamics  has  recently  attracted  considerable 
interest  of  customers  and  manufacturers,  mainly  those  producing  systems  for  propulsion  and  stationary  power 
generation.  The  chief  reasons  for  this  attention  include:  the  trend  toward  higher  combustor  pressure  (particularly 
in  the  past  twenty  years  or  so)  not  only  for  higher  performance  in  some  sense,  but  also  for  smaller  size,  improved 
efficiency,  and  reduced  emissions  of  pollutants.  While  overall  efficiency  of  a  system  has  in  the  past  been  largely  a 
matter  of  gaining  a  competitive  advantage,  independent  of  any  regulatory  practices,  that  is  no  longer  the  case. 
Increasingly  stringent  specifications  on  pollutant  generation  will  likely  be  met  not  only  by  reducing  the  amount  of 
pollution  produced  in  combustion  of  a  unit  mass  of  fuel,  but  also  by  requiring  less  fuel  to  generate  a  unit  of  power 
output  or  thrust.  Those  requirements  and  the  traditional  methods  of  achieving  desired  improvement  are  discussed 
in  Section  3.  An  implication  of  that  discussion  is  that  the  customary  methods  of  design  changes  (a  strategy  of 
‘passive’  control)  seem  to  be  approaching  their  limits.  Hence  the  interest  in  active  control  is  a  direct  consequence 
of  widespread  practical  motivations. 

On  the  other  hand,  the  subject  of  active  control  of  combustion  remains  primarily  a  matter  of  research.  Apart 
from  a  small  number  of  relatively  recent  observations  of  emission  levels,  practically  all  work  on  ACC  has  been 
concerned  with  control  of  coherent  pressure  oscillations,  i.e.  combustion  instabilities.  The  general  reasons  why 
research  on  active  control  of  combustion  dynamics  has  concentrated  on  control  of  combustion  instabilities  are  easy 
to  understand.  First,  it  is  generally  true  that  as  designs  of  combustors  are  pressed  to  give  higher  performance  - 
normally  a  matter  of  raising  power  density  -  the  likelihood  is  also  raised  that  combustion  instabilities  will  occur. 
Many  examples  exist  for  rockets,  ramjets,  and  afterburners.  Second,  in  the  past  several  years,  instabilities  have 
become  a  serious  problem  in  gas  turbine  combustors  under  quite  different  circumstances.  In  order  to  reduce 
production  of  nitrogen  oxides,  it  is  desirable  to  consume  much  of  the  fuel  with  lean  burning  to  reduce  the 
temperature.  That  implies  operating  a  combustor  as  close  to  lean  blow-out  as  possible.  But  then  the  global 
combustion  process  -  the  flame  -  tends  to  become  unstable.  The  consequent  unsteady  motions  can  couple  to 
global  motions  in  the  chamber,  producing  combustion  instabilities. 

Finally,  there  is  a  class  of  practical  applications  including  heaters  and  incinerators  of  waste,  for  which 
intentionally  pulsed  combustion  is  effective  for  improved  efficiency.  Active  control  of  pulsed  combustion  is 
attractive  to  ensure  optimum  operating  conditions,  avoiding,  for  example,  inadvertent  operation  when  the 
pulsations  can  cause  unacceptable  rates  of  surface  heat  transfer  or  reduced  efficiency. 

3.  Requirements  for  Future  Combustors 

Active  combustion  control  is  a  technology  that  requires  basic  research  and  development  for  all  components  of 
an  active  control  system  -  sensor,  actuator  and  controller.  It  is  therefore  appropriate  to  identify  the  projected  needs 
and  challenges  for  future  combustors  when  determining  the  application  opportunities  for  active  control.  This 
section  provides  a  brief  assessment  of  the  requirements  for  future  combustors  as  used  in  aeroengine  and  surface  gas 
turbines. 

Gas  turbine  engines  have  been  developed  for  either  aeroengine  propulsion  or  surface  power/propulsion.  The 
aeroengine  device,  which  is  used  for  both  military  and  commercial  aircraft,  always  uses  direct  fuel  injection  in  the 
combustor.  That  is,  the  liquid  fuel  is  injected  (often  by  an  airblast  fuel  nozzle)  into  the  combustor,  where  the 
physical  processes  of  atomization,  vaporization  and  fuel-air  mixing  occur.  In  contrast,  surface  power/propulsion 
devices,  which  can  be  used  for  ground  power  generation  or  ship  propulsion,  may  utilize  either  direct- fuel-injection 
or  fuel-air  premixing.  The  former  is  identical  to  aeroengine  combustors,  but  in  the  premixed  arrangement,  the 
aforementioned  physical  processes  are  essentially  completed  prior  to  entering  the  combustor.  One  consequence  of 
fuel-air  premixing  is  that  the  heat  release  is  more  concentrated.  Because  of  the  differences  in  fuel  preparation,  the 
requirements  for  aeroengines  and  premixed  surface  power/propulsion  gas  turbine  combustors  may  be  different. 
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3.1  Aeroengine  Gas  Turbines 

Aeroengine  gas  turbines  provide  propulsion  for  aircraft,  both  military  and  commercial.  In  addition  to 
requirements  on  performance  and  emissions  that  accompany  any  powerplant,  there  is  a  premium  on  achieving  them 
in  a  compact,  light-weight  device  that  is  very  fuel  efficient  and  highly  reliable.  These  demands  are  projected  to 
become  increasingly  severe  for  future  aeroengine  gas  turbines.  It  is  important  to  determine  enabling  technologies 
that  might  mitigate  these  challenges. 

The  basic  performance  trends  for  aeroengine  gas  turbines  have  been  toward  increasing  thrust-to-weight  ratio 
for  military  devices,  and  lower  specific  fuel  consumption  (i.e.  fuel  flow  rate  per  pound  of  thrust)  for  commercial 
devices.  The  former  is  sought  to  increase  maneuverability,  while  the  latter  supports  reduced  operating  costs. 
Among  the  consequences  common  to  both  goals  is  the  trend  toward  higher  pressure  ratios,  with  higher 
temperatures  at  both  the  combustor  inlet  and  exit. 

Based  on  these  performance  trends  and  mission-driven  engine  configuration  studies,  it  is  concluded  that 
operating  conditions  for  combustion  systems  will  continue  their  historical  trends  toward  increasing  stringency. 
With  long-term  goals  of  doubling  thrust-to-weight  ratio  and  reducing  specific  fuel  consumption  by  25  to  50  pet, 
overall  pressure  ratios  in  the  range  of  50  to  75  are  virtually  certain,  and  values  up  to  100  are  possible.  For 
commercial  applications,  bypass  ratios  could  increase  to  as  high  as  25  using  gear-driven  fans.  For  military 
applications  bypass  ratios  will  be  more  modest,  but  turbine  inlet  temperatures  will  increase  significantly  to  values 
associated  with  combustor  equivalence  ratios  of  0.5  -  0.7.  These  targets  reflect  the  range  of  set-point  operation 
over  the  power  curve.  The  desire  for  military  systems  with  shorter  acceleration/deceleration  response  times 
imposes  additional  demands  for  more  rapid  transients  between  the  set-point  conditions.  At  times,  the  static 
stability  of  the  combustor,  and  its  adjacent  components,  will  be  exceeded. 

These  projected  performance  trends  will  impact  the  combustor  design.  Burning-length-to-dome-height  ratios 
will  approach  1.5,  with  a  mean  radius  in  the  range  of  216  to  250  mm  (8.5  to  10  in.),  regardless  of  engine  airflow; 
dome  heights  will  be  in  the  range  of  50  -  150  mm  (2  to  6  in.)  depending  on  the  core  engine  airflow.  Combustion 
intensities  will  range  from  100  to  160  MW  /  m3/  bar  (10  to  16  MBtu  /  hr  /  ft3/  atm).  While  the  general  combustor 
configuration  will  likely  remain  annular,  the  combustor  inlet  section  diffuser  may  be  changed  for  overall  engine 
pressure  ratios  above  70.  Specifically,  passage  heights  in  axial-flow  compressors  at  very  high  pressures  can 
become  so  small  (depending  on  core  engine  airflow)  that  losses  due  to  secondary  flow  begin  to  dominate, 
preventing  final  high  efficiencies  from  being  achieved.  Under  such  circumstances,  the  final  stages  of  compression 
might  necessarily  be  done  through  one  or  more  centrifugal-flow  stages.  This  could  have  severe  impacts  on 
combustor  configuration.  At  high  pressures,  secondary  flow  losses  might  also  present  difficulties  for  feeding 
shower-head  cooling  schemes  in  the  leading  edges  of  turbine  inlet  guide  vanes.  Therefore,  shower-head  cooling 
requirements  might  preclude  the  use  of  ultra-low  pressure  loss  combustors  in  engines  with  very  high  overall 
pressure  ratios.  Also,  the  high  fuel  turndown  ratio  associated  with  high  temperature  turbines  will  make  fuel-staged 
combustion  systems  common. 

In  order  to  cope  with  the  requirements  for  future  combustors,  enabling  technologies  must  be  identified.  For 
the  demands  discussed  above,  advances  in  high  pressure  fuel  pumps,  high  temperature  combustor  liner  materials, 
and  fuel  systems  capable  of  handling  super-critical  fuels  are  required.  Furthermore,  in  order  to  preserve  and 
improve  the  combustor  performance  at  these  severe  conditions,  means  are  required  for  promoting  the  mixing  of 
fuel,  air,  and  combustion  products  in  the  burner,  and  for  preserving  stable  operation  under  both  steady-state  and 
transient  conditions.  That  is,  the  critical  requirement  for  achieving  the  high  combustion  intensities  associated  with 
high  pressure  conditions,  in  reduced- size  devices,  is  improved  mixing  of  fuel  and  air  inside  the  burner.  Fuel-air 
premixing,  such  as  used  in  some  surface  power/propulsion  gas  turbines,  is  precluded  because  of  the  very  short 
autoignition  time  associated  with  very  high  pressure  ratio  cycles.  While  adequate  mixing  and  an  extremely  high 
combustion  efficiency  is  readily  achieved  for  very  fuel-lean  operation,  efficiency  could  become  mixing-limited  for 
higher  equivalence  ratios.  Improved  mixing  is  also  necessary  to  minimize  undesirable  emissions  of  NOx,  CO,  and 
smoke  at  higher  equivalence  ratios.  Further,  the  increased  combustion  intensity  at  any  set-point  may  increase  the 
likelihood  of  coupling  with  acoustic  waves,  promoting  combustor  dynamics  problems.  Such  problems  may  also  be 
exacerbated  by  faster  transient  responses. 

The  chemical  reactions  that  determine  energy  release  and  pollutant  formation  occur  on  the  molecular  scale. 
However,  the  flow  in  a  combustor  is  turbulent,  and  the  mixing  process  must  cascade  down  to  the  smallest  eddy 
before  molecular  processes  can  become  significant.  The  minimum  turbulent  length  scale  (Kolmogorov)  determines 
the  smallest  mixing  length  scale.  At  atmospheric  conditions,  this  scale  is  approximately  0.4  mm  (0.015  in.)  and 
decreases  by  three-orders-of-magnitude  at  100  atm.  In  contrast,  the  dimension  of  the  flow  field  structures  are  of 


1-5 


the  same  order  as  the  combustor  geometry,  which  are  on  the  order  of  100  mm  (4  in.).  Hence,  the  mixing  process 
must  progress  through  an  enormous  dynamic  range  before  molecular  reactions  can  occur  in  significant  amounts. 
While  a  wide  range  of  eddies  always  exists  in  the  combustor,  achieving  the  stringent  standards  for  efficiency  and 
emission  control  requires  that  this  mixing  cascade  occurs  quickly  and  efficiently.  That  is,  to  achieve  worthwhile 
improvements  in  mixing  at  fixed  pressure  loss  will  demand  dramatic  reduction  in  the  characteristic  “integral” 
turbulent  length-scale  associated  with  combustors.  Radical  geometric  changes,  such  as  reducing  the  combustor 
characteristic  length  scale  by  an  order  of  magnitude,  or  greatly  increasing  the  number  of  active  shear  layers  to 
promote  many  length  scales,  appear  to  be  essential. 


3.2  Premixed  Surface  Power/Propulsion  Gas  Turbines 

Surface  power/propulsion  gas  turbines  provide  either  ground  power  or  propulsion  for  ships.  Among  the 
critical  requirements  for  these  gas  turbines  is  high  power  density  (power  per  occupied  volume),  high  durability,  and 
extremely  low  emissions.  The  latter  is  distinctively  different  than  for  aeroengine  gas  turbines,  with  allowed 
emission  levels  more  than  an  order- of-magnitude  lower.  While  this  standard  may  not  be  required  of  all  surface  gas 
turbines  (e.g.  emission  goals  for  ship  propulsion  are  currently  less  strict  than  for  ground  power  gas  turbines), 
economics  should  drive  manufacturers  to  develop  only  one  surface  gas  turbine  design.  Since  the  lowest  levels  of 
emissions  are  obtained  through  the  flame  temperature  control  achieved  with  premixed  combustion,  and  ground 
power  gas  turbines  must  strive  for  the  lowest  emissions  levels  to  be  competitive,  the  industry  standard  for  new 
surface  gas  turbines  is  premixed  combustion.  The  trend  in  development  of  surface  gas  turbines  is  toward  lower 
emissions  levels  and  higher  cycle  efficiencies.  The  former  is  driven  by  (real  and  anticipated)  air  quality 
regulations,  while  the  latter  affects  operating  cost  (i.e.  “cost  of  electricity”).  Currently,  many  ground  power  gas 
turbines  guarantee  NOx  and  CO  exhaust  concentrations  limited  to  25  ppm  @15  pet  oxygen  (i.e.  parts  per  million 
at  a  standard  exhaust  flow  dilution  to  achieve  15  mole  pet  oxygen).  Future  products  will  strive  for  “single  digit” 
(e.g.  9  ppm)  guarantees.  Depending  on  the  application,  such  emission  goals  may  result  in  engine  cycles  other  than 
the  “simple  (Brayton)  cycle”  -  cycles  which,  for  example,  extract  heat  of  compression  (i.e.  “intercool”)  between 
two  compressors. 

The  lowest  level  of  emissions  is  achieved  by  employing  a  premixed  combustion  strategy.  Generally,  a  fixed 
distribution  of  effective  flow  area  divides  the  combustor  airflow  and  delivers  the  greatest  fraction  to  the  set  of 
premixing  fuel  nozzles.  The  maximum  airflow  fraction,  or  leanest  fuel-air  mixture,  is  limited  by  the  lean  blowout 
(LBO)  mixture,  which  is  the  leanest  mixture  which  will  sustain  combustion.  If  the  premixing  airflow  fraction  is 
increased  (starting  from  a  high  fuel-air  ratio),  then  the  fuel-air  ratio,  the  flame  temperature,  and  the  formation  rate 
of  NOx  all  decrease.  However,  as  the  fuel-air  ratio  approaches  the  LBO  level,  the  flame  temperature  will  not 
support  sufficiently  fast  CO  oxidation  rates  and  its  concentration  in  the  combustor  exhaust  increases.  That  is,  CO 
acts  as  a  precursor  to  marginal  stability,  reflecting  either  globally  reduced  oxidation  or  the  presence  of  sub-LBO 
fuel-air  pockets  which  have  extinguished.  Hence,  as  depicted  in  Figure  2,  there  is  a  “window”  of  fuel-air  ratio,  and 
of  corresponding  flame  temperature,  that  will  simultaneously  result  in  low  NOx  and  CO.  The  width  of  the  window 
will  depend  on  both  the  inherent  combustor  stability  characteristics  and  the  level  of  desired  emissions  control.  The 
figure  shows  the  window  width  for  sub-25  ppm  levels;  the  window  is  clearly  narrower  for  lower  limits.  Generally, 
homogeneous  (i.e.  non-catalytic)  combustion  systems  do  not  provide  a  window  width  covering  the  full  mixture  (or 
temperature)  range  experienced  from  low  to  baseload  gas  turbine  power.  Hence,  to  preserve  ultra-low  emissions 
over  a  wide  power  range  will  require  shifting  the  premixing  airflow  fraction  as  the  overall  fuel-air  ratio  changes  to 
remain  within  the  desired  flame  temperature  window.  It  is  also  true  that  as  the  fuel-air  mixture  approaches  the 
LBO  limit,  thermoacoustic  instabilities  become  more  prevalent.  Indeed,  premixed  combustion  with  its  intense  heat 
release  gradients  provides  greater  opportunities  for  coupling  with  the  acoustics  and  fluid  mechanics,  and  remedies 
to  combustion  instabilities  are  a  common  development  challenge. 
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Emission-Based  Flame  Temperature  (F) 

Fig.  2  Flame  Temperature  Window  for  Both  Low  NOx  and  CO  from  Premixed  Combustion. 


4.  Classification  of  Instability  Modes  and  Driving  Mechanisms 

Because  instabilities  arise  from  sources  entirely  internal  to  the  system,  an  external  observer  perceives  the  result 
as  the  dynamical  behavior  of  a  self-excited  system  capable  of  exciting  and  sustaining  oscillations  over  a  broad 
range  of  frequencies.  Typically,  the  oscillations  grow  out  of  a  re-enforcement  between  the  noise  inherent  in  the 
combustion  process  and  the  acoustic  modes  of  the  feed- system/combustion  chamber  combination  without  benefit 
of  any  other  external  influence.  The  prevalence  of  instabilities  in  gas  turbine  engines  is  primarily  due  to  two 
fundamental  reasons: 

1)  combustion  chambers  are  almost  entirely  closed  and  the  internal  processes  tending  to  attenuate  unsteady 
motions  are  weak;  and 

2)  the  energy  required  to  drive  unsteady  motions  represents  an  exceedingly  small  fraction  of  the  heat  released  by 
combustion. 

These  underlying  causes  are  present  in  any  combustion  chamber,  but  are  especially  consequential  for  gas 
turbine  engines  in  which  the  energy  intensity  is  extremely  high,  typically  on  the  order  of  100  MW/m3/bar.  In 
typical  instances,  less  than  0.1%  of  the  chemical  energy  release  rate  is  sufficient  to  generate  pressure  oscillations 
having  peak  amplitudes  equal  to  the  mean  chamber  pressure.  This  striking  result  leads  to  two  immediate 
conclusions.  First,  the  possibility  of  instabilities  in  an  engine  must  be  recognized  and  anticipated  from  the 
beginning  of  a  development  program.  Second,  the  existence  and  severity  of  combustion  instability  can  be  sensitive 
to  very  minor  changes  in  the  system.  Without  enhanced  understanding,  the  occurrence  of  potential  combustion 
instability  problems  must  be  regarded  as  part  of  the  price  for  the  development  of  any  new  system.  Basic  research 
into  understanding,  bypassing,  and  controlling  the  mechanisms  responsible  for  the  initiation  and  growth  of 
combustion  instabilities  is  a  crucial  step  toward  minimizing  the  delays  and  costs  of  solving  these  problems  during 
the  development  process. 

Current  solutions  to  occurrences  of  combustion  instability  in  gas  turbine  engines  involve  three  approaches:  (1) 
use  of  prescribed  air/fuel  ratio  variations  among  individual  elements  of  injectors,  (2)  systematic  introduction  of  a 
pilot  flame,  (3)  use  of  acoustic  dampers  to  suppress  specific  acoustic  modes,  and/or  (4)  implementation  of  active 
control  techniques.  One  or  more  of  these  approaches  may  be  introduced,  depending  on  the  severity  of  the 
combustion  instability  problem,  and  typically  empirical  engineering  approaches  must  be  applied. 

Several  modes  of  oscillations  have  been  commonly  observed.  They  are  often  classified  according  to  their 
spatial  structures  and  driving  mechanisms  as  low,  intermediate,  and  high  frequency  instabilities.  Low  frequency 
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instabilities,  also  known  as  ‘buzz’,  received  much  attention  in  many  gas-turbine  development  programs. 
Characteristically,  this  mode  corresponds  to  the  vibrations  of  a  Helmholtz  resonator,  with  a  frequency  range 
between  a  few  and  several  hundred  Hz.  Two  sources  may  give  rise  to  its  occurrence.  The  first  is  associated  with 
the  interactions  between  the  unsteady  combustion  in  the  chamber  and  a  specific  portion  of  the  fuel  feed  system. 
The  second  arises  from  the  coupling  between  entropy  waves  and  acoustic  motions  in  the  chamber.  It  is  well 
established  that,  fluctuations  of  the  reactant  mixture  ratio  (i.e.,  fuel/air  unmixedness)  may  lead  to  entropy  waves, 
which  then  interact  with  the  nonuniform  mean  velocity  field  in  the  chamber  to  generate  acoustic  waves. 

High  frequency  instabilities,  often  called  ‘screeching’  or  ‘screaming,’  are  the  most  common  and  vexatious,  and 
are  characterized  by  reinforcing  the  interactions  between  acoustic  oscillations  and  combustion  processes  inside  the 
combustion  chamber.  Depending  upon  the  response  of  combustion  processes  to  chamber  oscillations,  energy  can 
be  fed  into  acoustic  waves  such  that  their  amplitude  grows.  The  most  destructive  result  of  these  large  amplitude 
pressure  excursions  is  the  increased  heat  transfer  to  the  chamber  walls  and  excessive  vibration.  Burn-throughs  can 
occur  in  a  few  seconds  or  less,  causing  complete  failure  of  the  engine.  This  type  of  instability  is  usually 
characterized  by  well  defined  frequencies  and  mode  shapes  that  correspond  closely  to  the  classical  acoustic  modes 
of  the  chamber.  Fundamental  modes  of  high  frequency  instabilities  are  thus  categorized  as  longitudinal  and 
transverse,  according  to  the  spatial  character  of  unsteady  motions  within  the  combustion  chamber.  Longitudinal 
modes  propagate  along  in  the  axial  direction  of  the  chamber,  with  no  variation  in  the  transverse  plane  and  are 
usually  observed  in  chambers  with  large  length- to-diameter  ratios.  Transverse  modes  exhibit  no  axial  variation  in 
oscillatory  behavior,  but  propagate  radially  and  tangentially  along  planes  perpendicular  to  the  chamber  axis.  For 
contemporary  engine  designs  in  which  the  chamber  aspect  ratio  and  nozzle  contraction  ratio  are  relatively  small, 
pure  transverse  modes  of  oscillations  dominate  because  of  the  effective  damping  of  the  longitudinal  oscillations  by 
the  nozzle  and  the  distribution  of  the  combustion  along  the  chamber.  Combined  modes  comprised  of  the 
superposition  of  longitudinal  and  transverse  modes  are  often  observed  in  annular  combustors. 

Each  transverse  mode  may  exist  in  three  forms:  radial,  standing  tangential,  and  spinning  tangential  waves.  The 
differences  between  standing  and  spinning  tangential  modes  can  be  visualized  by  plotting  particle  trajectories  for 
these  two  modes  of  oscillations.  Particles  move  back  and  forth  for  the  standing  mode  of  oscillation,  but  have  an 
epicyclic  trajectory  around  the  chamber  in  the  tangential  direction  for  the  spinning  mode  of  oscillation.  The 
standing  mode  particle  trajectory  can  be  explained  by  the  fact  that  the  acoustic  velocity  varies  oppositely  in 
consecutive  cycles  with  respect  to  the  fixed  pressure  nodal  surface.  The  situation  is  similar  for  the  spinning  modes 
of  oscillation,  except  now  the  pressure  nodal  surfaces  rotate  with  angular  frequency  corresponding  to  the  model 
frequency;  therefore,  particles  move  in  a  net  circular  fashion  as  time  elapses.  Spinning  wave  motions  seem  to  be 
usually  more  detrimental  because  of  their  effectiveness  in  agitating  gas  molecules  in  transverse  directions,  thus 
enhancing  heat  transfer  to  the  chamber  walls.  However,  spinning  waves  may  also  be  accompanied  by  an  increase 
in  combustion  efficiency,  presumably  due  to  accelerated  mixing  processes.  This  phenomenon  of  increased 
efficiency  accompanied  by  decreased  stability  is  a  common  trade-off  in  engine  designs,  and  the  ability  to  design  for 
both  efficiency  and  stability  simultaneously  represents  one  potential  payoff  for  instability  research. 

Several  possible  mechanisms  have  been  proposed  that  may  be  responsible  for  driving  combustion  instability. 
Of  the  various  intermediate  processes  occurring  during  the  combustion,  atomization,  vaporization,  droplet 
interaction,  mixing  of  the  vaporized  propellants  and  chemical  kinetics  are  the  most  sensitive  processes  to  the 
oscillations  of  velocity  and  pressure.  For  discussion  purposes,  the  non-steady  effects  considered  here  can  be 
divided  into  two  groups:  effects  associated  with  atomization  and  vaporization,  and  effects  related  to  the  mixing 
process. 

The  atomization  and  jet  breakup  process,  and  its  relationship  to  spray  formation  through  pressure,  temperature 
and  velocity  perturbations,  can  affect  the  energy  release  characteristics  of  the  gas  phase,  and  thus  the  stability  of  the 
combustor.  The  vaporization  process  that  is  directly  related  to  the  local  pressure,  temperature,  and  velocity,  will  be 
affected  by  oscillations  in  these  quantities.  Furthermore,  there  can  be  mixture  ratio  gradients  in  the  vapor  because 
of  the  stratification  of  the  liquid  spray  in  the  injector.  If  the  transverse  acoustic  field  is  imposed  on  such  a  spray, 
the  vapor  will  be  displaced  relative  to  the  droplet,  causing  mixture  ratio  oscillations  in  the  vicinity  of  each 
vaporizing  droplet.  Hence,  there  will  be  an  oscillation  in  the  burning  rate,  which  can  couple  with  the  acoustic  field 
to  produce  a  spinning  mode  of  combustion  instability. 

When  the  vaporization  rate  becomes  extremely  high,  it  is  possible  that  a  droplet  is  heated  rapidly  through  its 
critical  temperature.  With  droplet  shattering,  clouds  of  the  very  fine  secondary  droplets  are  rapidly  gasified.  In 
such  cases,  the  burning  rate  could  be  controlled  by  the  rate  of  gas-phase  mixing.  Again,  this  oscillation  of  the 
burning  rate  is  coupled  with  the  acoustic  field  to  generate  flow  oscillations. 
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5.  Stability  Analysis 

To  begin  to  understand  the  essential  characteristics  of  combustion  instabilities,  it  is  best  first  to  distinguish 
linear  and  nonlinear  behavior.  Linear  behavior  presents  only  one  general  problem,  linear  instability,  which 
received  widespread  attention  during  the  1950s  and  1960s;  see,  e.g.,  the  monograph  by  Crocco  and  Cheng71  and  the 
comprehensive  compilation  of  works  edited  by  Harrje  and  Reardon,7  and  Yang  and  Anderson.72  Any  disturbance 
may  be  synthesized  as  an  infinite  series  of  harmonic  motions.  An  approximate  analysis  developed  over  many  years 
(see  Culick33  and  Culick  and  Yang44)  allows  one  to  use  classical  acoustic  modes  as  the  terms  in  the  series  and  to 
compute  the  perturbations  of  the  complex  wave  number  for  each  mode  due  to  various  contributing  processes  in  a 
combustion  chamber.  The  real  part  of  the  wave  number  gives  the  frequency  shift,  and  the  imaginary  part  gives  the 
growth  (or  decay)  constant  associated  with  each  mode.  Vanishment  of  the  imaginary  part  determines  the  formal 
condition  for  linear  stability,  whose  dependence  on  the  parameters  characterizing  the  system  is  then  known. 

Two  basic  nonlinear  problems  arise  when  dealing  with  combustion  instabilities:  determining  the  conditions  for 
the  existence  and  stability  of  limit  cycles  for  a  linearly  unstable  system  and  finding  the  conditions  under  which  a 
linearly  stable  system  may  become  unstable  to  a  sufficiently  large  disturbance.  In  the  language  of  modern 
dynamical  systems  theory,  these  two  problems  are  identified  as  supercritical  and  subcritical  bifurcations, 
respectively.  The  term  bifurcation  refers  to  the  characteristic  that  the  character  of  the  steady  behavior  of  the  system 
suffers  a  qualitative  change  abruptly  as  a  parameter  of  the  system  is  varied  continuously.  This  may  at  first  seem  an 
unnecessarily  formal  description  of  the  phenomenon.  In  fact,  the  framework  provided  by  the  approximate  analysis 
and  application  of  some  of  the  ideas  of  dynamical  systems  theory  forms  a  widely  useful  and  convenient  basis  for 
understanding  combustion  instabilities. 

Figure  3  is  a  schematic  diagram  suggesting  the  commonly  accepted  point  of  view  of  combustion  instabilities. 
A  measurement  of  pressure  at  a  fixed  location  shows,  roughly,  a  time  dependence  similar  to  the  for  the 
displacement  of  a  simple  mechanical  oscillator.  Hence,  it  is  natural  to  suppose  that  the  fluctuation  of  pressure  from 
its  mean 


Fig.  2  Pressure  oscillations  in  a  combustion  chamber. 


value  satisfies  the  oscillator  equation  with  damping  constant  a ,  natural  frequency  COq ,  and  forcing /(f), 

2  +2a^“  +  ®0P,  =  /(?)  =  /int  +fext  (!) 

dt1  dt 

Usually  there  are  no  significant  external  forces  acting  on  the  flow  in  a  combustion  chamber:  it  is  a  good 
approximation  to  neglect  fext.  Then  the  internal  force  represents  those  processes  not  typically  accounted  for  in  a 
and  notably  combustion  and,  in  some  formulations,  nonlinear  behavior. 

For  the  moment,  we  confine  attention  to  linear  behavior  exhibited  as  the  exponentially  growing  amplitude  in 
Fig.  3.  It  is  convenient  to  assume  that  the  terms  2a  dp' /dt  +  Qblp'  contain  all  linear  processes  except  those 

associated  with  combustion.  Thus,  the  internal  forcing/-^  contains  the  mechanisms  tending  to  excite  the  instability. 
Although  a  priori  determination  of  fnt  is  not  always  feasible,  the  following  heuristic  form  may  be  assumed  as  a 
physically  useful  representation: 

/int  =  q(p')=2ac  ~~~  +  (S>2cP' 
dt 


(2) 
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With  a  view  to  later  remarks  on  active  control  of  combustion  instabilities,  we  interpret  the  preceding  model 
with  the  block  diagram  drawn  in  Fig.  4.  The  equation  of  motion,  Eq.  (1),  is  abbreviated  by  the  relationship 
p'  =  g(f )  between  the  input  (sum  of  internal  and  external  forcing)  and  the  output.  The  internal  forcing  (i.e., 

combustion  response)  depicted  in  Fig.  3  appears  as  a  feedback  path.  Because  the  system  is  linear,  the  Laplace 
transform  may  be  applied  to  present  the  system  in  the  frequency  domain.  The  transfer  function  relating  the 
pressure  to  the  external  force  is 


P(s)  =  G(s) 

Fe(s)  1  -Q(s)G(s) 

[Note  that  the  force  fnt  is  fed  back  positively  to  correctly  represent  the  system  defined  by  Eq.  (1);  hence,  the  minus 
sign,  rather  than  the  more  familiar  plus  sign,  appears  in  the  denominator  of  Eq.  (3).]  The  natural  motions,  possible 
when  no  external  force  is  acting,  are  defined  by  equating  the  denominator  of  the  transfer  function  to  zero. 

Q(s)G(s)-  1=0  (4) 

For  the  simple  example  here,  with  Eqs.  (1)  and  (2)  we  find 

G(s)  =  — - - - —  and  Q(s)  =  2a  cs  +  a2c  (5) 

S  +20CS  +  000 


Substitution  in  Eq.  (4)  gives 

s2  +2(a-ac)s  +  (cc>o  -co2)=0 


(6) 


The  roots  of  this  equation  are 


s  =  -(a-ac)±i‘7(©o  -co? )“(a_ac)2  (7) 

Hence,  as  earlier  argued,  s  has  a  possible  positive  real  part,  and  the  natural  motion  is  unstable  is  ac  >  a ,  assuming 
both  a  and  ac  to  be  positive. 

The  condition  a  -  ac  =  0  defines  neutral  stability;  motions  neither  grow  nor  decay.  When  a  -  ac  is  expressed 
in  terms  of  the  parameters  characterizing  the  system,  the  locus  a  -  ac  =  0  in  the  space  of  parameters  is  called  the 
stability  boundary.  In  the  literature  of  combustion  instabilities,  the  stability  boundary  is  normally  computed  in  a 
quite  different  fashion  but,  as  we  shall  see  later,  the  results  are  equivalent. 

A  continuum,  such  as  the  gaseous  environment  inside  a  combustion  chamber,  is  basically  an  infinite  degree  of 
freedom  system.  For  time-harmonic  behavior  of  the  (linear)  unsteady  motions,  however,  the  chamber  boundary 
conditions  allow  solutions  only  at  discrete  modal  frequencies.  Each  mode  can  basically  be  treated  as  a  one-degree- 
of-freedom  oscillator,  demonstrating  the  utility  of  Eq.  (1).  It  is  with  frequency.  Therefore,  the  degree  to  which 
combustion  destabilizes  a  mode  depends  on  the  frequency  of  the  mode  itself.  If  the  energy  gain  due  to  combustion 
response  is  greater  than  energy  damping,  then  an  instability  of  the  particular  mode  results.  Mathematically,  this 
condition  is  equivalent  to  having  a  positive  real  part  of  an  eigenvalue  in  Eq.  (7). 

Although  practical  situations  are  profoundly  more  complex  than  the  simplified  system  in  Fig.  4,  the  preceding 
remarks  summarize  the  basis  for  treating,  and  if  possible  eliminating,  combustion  instabilities  in  practice. 
Beginning  with  an  unstable  mode,  there  are  clearly  several  ways  to  achieve  the  desired  result  that  the  modes  should 
be  stable.  First,  damping  might  be  increased  with  the  addition  of  attenuating  devices,  such  as  small  resonant 
cavities  or  acoustic  liners,  a  common  practice  in  liquid-propellant  rocket  engines.  This  tactic  will  cause  a  small 
frequency  shift,  but  a  second  method  of  stabilization  involves  changes  of  geometry  to  displace  the  resonant  peaks 
sufficiently  in  frequency  so  that  no  peak  is  lower  than  the  driving  curve.  That  is  one  consequence  of  using  baffles: 
breaking  the  chamber  into  effectively  smaller  compartments  introduces  new  internal  boundary  conditions,  causing 
the  normal  modes  to  occur  at  lower  frequencies.  On  the  other  side  of  the  energy  balance,  the  strategy  consists  in 
reducing  the  driving  in  the  vicinity  of  the  unstable  resonance.  That  is,  generally,  a  more  time-consuming  and 
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Fig.  4  Feedback  loop  of  unsteady  motions  in  a  combustion  chamber. 


expensive  procedure  but  is  commonly  a  necessary  approach  when  it  is  not  possible  to  introduce  sufficient  damping 
to  stabilize  the  system.  Work  to  change  injector  design  or  the  entry  conditions  of  the  injected  propellants,  in  some 
sense  never  thoroughly  understood,  produces  favorable  effects  on  the  driving  curve. 

6.  Implementation  of  Active  Combustion  Control 

The  concept  of  active  combustion  control  has  appeared  in  several  forms  over  the  past  four  decades.  The  first 
attempt  was  made  by  Tsien11  in  an  effort  to  apply  control  theories  to  suppress  the  chugging  instability  in  a  liquid- 
propellant  rocket  engine.  His  analysis  was  based  on  a  combustion  model  which  considered  a  pressure-dependent 
time  lag  between  the  instants  of  propellant  injection  and  burning.  Stabilization  of  the  combustion  conditions  was 
achieved  by  modulating  the  propellant  injection  rate  through  a  capacitor  controlled  by  a  servomechanism  with 
pressure  feedback.  The  problem  of  intrinsic  stability  was  studied  using  the  Nyquist  plot  to  determine  the  suitable 
servo  coefficients.  Similar  approaches  were  used  by  Marble  and  Cox12  and  Lee  et  al.13  to  control  the  low- 
frequency  instabilities  in  bipropellant  liquid  rocket  engines.  However,  no  experimental  results  based  on  this 
“servo- stabilization”  concept  have  been  published,  primarily  because  of  the  limitations  of  instrumentation  at  that 
time. 

With  recent  developments  in  fast-response  sensors  and  actuators,  some  interesting  studies  on  the  active  control 
of  various  problems  have  been  reported.  Ffowcs-Williams14  described  the  concept  of  “anti-sound”  —  the 
elimination  of  unwanted  oscillations  in  an  acoustic  field  by  means  of  acoustic  interference.  The  basic  idea  is  to 
first  determine  the  characteristics  of  a  given  acoustic  field,  and  then  to  use  that  information  to  manipulate  a 
secondary  source  of  sound  which  serves  as  an  acoustic  actuator.  Control  is  achieved  by  producing  waves  out  of 
phase  with  the  unwanted  oscillations.  In  principle,  this  wave-cancellation  technique  is  applicable  to  combustion 
systems;  however,  implementation  to  a  full-scale  combustor  is  quite  unlikely  because  the  energy  density  of  the 
oscillatory  flow  field  may  well  exceed  that  which  can  be  matched  by  such  acoustic  actuators  as  loudspeakers. 
Furthermore,  as  a  result  of  the  intrinsic  richness  of  the  thermo-acoustic  interactions,  implementation  of  a  control 
system  in  a  combustion  chamber  is  much  more  complicated  than  for  normal  temperature  and  pressure 
environments. 

Practical  applications  of  the  active  control  of  combustion  instabilities  have  been  demonstrated  in  several 
research  experiments.  At  Cambridge  University,  Dine15  showed  that  the  instabilities  of  a  flame  burning  on  a  gauze 
in  a  Rijke  tube  can  be  eliminated  as  follows.  First,  the  light  emitted  from  CH  free  radicals  was  monitored  as  a 
measure  of  the  unsteady  heat-release  rate  from  the  flame.  This  information  was  then  processed  and  fed  back  to  a 
loudspeaker  placed  near  one  end  of  the  tube  to  increase  the  acoustic  energy  dissipation  from  the  boundary.  The 
same  problem  was  studied  by  Heckl. 16,17  However,  instead  of  a  photo-multiplier,  a  microphone  was  used  as  the 
sensor  to  excite  the  loudspeaker.  Results  indicated  that  instabilities  can  be  suppressed  over  a  wide  range  of  phase 
difference  between  unsteady  oscillations  and  actuating  pressure  waves,  provided  the  control  gain  is  sufficiently 
large.  This  observation  clearly  demonstrated  that  the  control  of  combustion  instabilities  can  not  be  explained 
simply  by  the  principle  of  anti- sound,  which  requires  that  the  control  excitation  be  precisely  out  of  phase  with 
existing  oscillations. 
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More  recently,  Bloxsidge  et  al. 18,19  reported  the  control  of  low-frequency  combustion  instabilities  in  a 
laboratory  jet-engine  afterburner.  The  mass  flow  into  the  combustion  chamber  was  varied  by  oscillating  a  center 
body  inserted  in  the  choked  inlet  nozzle,  thereby  exerting  the  necessary  modifications  on  the  unsteady  flow  fields. 
The  system  was  partially  successful  in  suppressing  the  instabilities,  with  the  amplitude  of  the  fundamental  mode 
reduced  by  fifty  percent. 

on  01  oo 

Lang  et  al.  and  Poinsot  et  al.  ’  explored  the  active  control  of  instabilities  in  a  small  laboratory  burner,  using 
a  loudspeaker  as  the  control  actuator.  Both  experiments  used  the  same  gaseous  reactants,  but  with  two  different 
types  of  flame  holders:  a  multiple  orifice  plate  with  80  holes  placed  in  a  premixed  propane-air  stream;  and  an  array 
of  three  rearward-facing  steps  through  which  fuel  was  injected  into  the  air  flow.  Acoustic  pressure  was  measured 
by  a  microphone  located  upstream  of  the  chamber.  The  signal  was  then  filtered,  phased-shifted,  amplified,  and  sent 
to  a  loudspeaker  attached  to  the  burner.  In  addition  to  the  demonstration  of  instability  control,  their  work  showed 
that  the  active  control  technique  can  be  used  effectively  to  study  the  initial  transient  behavior  of  instabilities. 

One  feature  common  to  the  above  approaches  is  that  they  all  used  mechanical  means,  such  as  loudspeakers  or 
moving  bodies,  to  suppress  instabilities.  For  practical  systems  containing  high  energy  density,  implementation  of 
these  means  may  not  be  feasible  due  to  the  relatively  large  amount  of  power  required  to  drive  control  actuators.  It 
appears  that  the  most  direct  method  of  control  should  be  based  on  the  manipulation  of  energy  sources  of  oscillatory 
flow  fields.  Langhorne  et  al.23  reported  that  pressure  oscillations  in  a  laboratory  afterburner  can  be  reduced 
significantly  by  a  controlled  secondary  supply  of  fuel  which  is  effective  in  generating  the  energy  necessary  for 
instability  control.  This  method  offers  a  promising  solution  to  problems  of  low-frequency  oscillations  in  full-scale 
combustors.  Sivasegaram  et  al.,  Billoud  et  al.,  Wilson  et  al.,  and  Schadow  et  al.  have  all  demonstrated 
experimentally  the  effectiveness  of  this  technique.  The  theoretical  study  of  Yang  et  al.28  and  Fung  et  al.29  and  the 
numerical  simulations  of  Menon,30  Shyy  et  al.,31  and  Neumeier  and  Zinn32  have  also  demonstrated  the  viability  of 
controlled  fuel  injection.  For  detailed  reviews  of  active  control  of  combustion  instabilities,  see  Culick,33  Candel,2 
McManus  et  al.,1  and  Zinn  and  Neumeir.68 

In  addition  to  its  applications  for  propulsion  systems,  active  control  technology  has  been  used  to  enhance 
mixing  in  incinerator  afterburners  and  to  increase  the  DRE  (destruction  and  removal  efficiency)  for  waste 
materials.  Parr  et  al.9  have  conducted  a  detailed  study  of  the  concept  of  utilizing  vortex  combustion  for 
incineration  in  a  small-scale  gaseous  fuel  system  and  an  extension  to  a  more  practical  system  using  liquid  fuels. 
Acoustic  excitation  was  used  to  stabilize  coherent  vortices  in  the  air  flow,  with  the  fuel  modulated  and  introduced 
into  the  air  vortex  exactly  at  the  instant  of  vortex  formation.  This  concept  has  demonstrated  its  effectiveness  in 
improving  waste  destruction.  The  DRE  for  liquid  benzene  exceeded  99.999%  for  a  afterburner/incinerator  of  56 
kW  energy  release,  even  when  the  waste  surrogate  constituted  17%  of  the  total  fuel  content.  The  controller  also 
reduced  emissions:  CO  dropped  from  2900  ppm  to  as  low  as  2  ppm  and  NOx  was  reduced  to  12  ppm.  Parameters 
critical  to  the  controller  performance  were  the  forcing  level  of  the  fuel  injection,  the  fraction  of  the 
circumferentially  entrained  air,  and  the  phase  angle  of  the  fuel  injection  with  respect  to  the  air  vortex  roll-ups. 

The  most  common  sensor  used  in  ACC  is  the  pressure  transducer.  For  controlling  combustion  instability  this 
is  a  natural  choice,  as  the  instability  is  characterized  by  the  chamber  pressure  oscillations.  Experimentally, 
photomultipliers  have  also  been  successfully  used,  since  their  signals  can  give  a  measure  of  the  unsteady  heat 
release  which  is  at  the  root  of  the  instability.  The  placement  of  either  type  of  sensor  is  important.  For  example,  the 
shapes  of  the  chamber  acoustic  modes  should  be  sufficiently  well-known  to  avoid  placing  a  pressure  sensor  at  a 
pressure  node  point.  Also,  a  photomultiplier’s  signal  could  be  misleading  if  the  sensor  is  positioned  so  that  its  field 
of  view  does  not  completely  cover  the  entire  range  of  motion  of  a  spatially  varying  reaction  zone.  Recent  advances 
in  machine  vision  applied  to  an  array  of  optical  sensors  may  offer  a  solution,  and  also  provide  the  controller  with 
information  regarding  the  global  distribution  of  unsteady  heat  release.  Of  course,  optical  access  (including 
interference  by  sooty  flames)  is  another  problem.  Other  optical  sensors,  such  as  laser-induced  fluorescence  for 
species  measurement  and  LDV  for  velocity  sensing  are  probably  unfeasible  for  practical  applications,  but  may  be 
useful  in  experimental  control  systems.  Optical  sensors  may  be  key  in  pattern  factor  control,  since  the  temperature 
distribution  throughout  the  cross  section  of  a  chamber  is  desired. 

For  combustion  instability  control,  most  ACC  actuators  attack  either  the  acoustics  (directly  with  mechanical 
acoustic  actuation  or  indirectly  through  controlled  fuel  flow),  or  the  hydrodynamics  of  a  reacting  shear  layer  in  a 
dump  combustor  (by  fluid  dynamic  forcing  near  the  origin  of  the  shear  layer).  The  former  approach  is  sensible  in 
that  chamber  acoustics  play  a  defining  role  in  the  energy  feedback  loop  which  causes  high-frequency  instabilities. 
The  latter  approach  also  has  intuitive  merit  since  the  spatial  and  temporal  unsteadiness  of  the  heat  release  (source 
of  energy  for  the  instability)  is  strongly  tied  to  the  turbulent  hydrodynamics  of  the  shear  layer.  Both  actuators  have 
demonstrated  varying  degrees  of  success  in  closed-loop  control,  and  shear  layer  actuation  has  exhibited  positive 
influence  in  open-loop  mode.  Perhaps  tandem  acoustic  and  hydrodynamic  actuation  could  accomplish  more  than 
either  one  alone. 


1-12 


7.  Controller  Design 

A  variety  of  feedback-control  techniques,  summarized  in  Table  I,  have  been  used  for  suppressing  combustion 
instabilities.  The  most  primitive  type  is  the  proportional  (P)-controller  in  a  single-input  and  single-output  (SISO) 
setting,  in  which  stability  and  performance  are  achieved  only  by  an  operational  amplifier  between  the  sensor  and 
actuator.  The  P-controller  can  be  extended  to  form  a  proportional-integral-derivative  (PID)  control  system,  in 
which  the  I-control  is  used  for  achieving  zero  steady  error,  since  it  integrates  the  error  in  time,  and  the  D-control 
serves  to  enhance  the  transient  response,  since  it  regulates  the  tendency  of  motion.35  Conceptually,  there  are  only 
three  control  parameters  in  a  single  PID  controller  module,  so  that  the  controller  design  is  greatly  simplified. 
However,  for  high-order  plant  dynamics,  such  a  low-order  controller  may  not  satisfy  various  performance 
requirements.  For  linear  systems,  a  PID  controller  can  be  extended  to  accommodate  a  filter  with  phase 
compensation  in  the  frequency  domain,  or  to  form  an  integral  state-feedback  controller  in  the  time  domain.  If  all 
states  cannot  be  measured,  an  observer  is  needed  for  output-feedback  control.8,28  It  is  not  difficult  to  design  an 
observer  for  a  finite-dimensional  linear  time-invariant  (FDLTI)  system,  but  it  is  much  more  challenging  to  design 
one  for  a  time- varying  or  nonlinear  system. 

In  the  frequency  domain,  the  open-loop  dynamics  of  an  FDLTI  system  can  be  conveniently  represented  by  the 
Bode  plot,  through  either  physics-based  modeling  or  system  identification,  or  a  combination  of  the  two.  The 
representation  of  system  dynamics  in  the  frequency  domain  simplifies  the  filter  design,  and  the  stability  analysis 
can  be  based  on  the  Nyquist  criterion.  The  robustness  of  a  controller  is  traditionally  predicted  in  terms  of  phase 
and  gain  margins  for  single-input  single-output  (SISO)  systems.  When  uncertainties  are  simultaneously  present  in 
both  phase  and  gain,  the  issue  of  robustness  can  be  expressed  by  the  H ^  -based  structured  singular  value  ( q )  of 
the  closed-loop  system. 

Among  the  various  time-domain  tools  for  controller  design,  the  linear  quadratic  regulator  (LQR)  controller 
appears  to  be  the  most  robust,  with  its  gain  margin  in  the  range  of  [l/2,°o)  and  at  least  60°  phase  margin. 

However,  the  LQR  controller  can  be  applied  only  if  all  the  states  can  be  measured  without  any  appreciable  noise 
contamination.  Otherwise,  a  state  estimator  is  needed  to  meet  this  requirement.  The  resulting  output-feedback 
control  system  is  known  as  the  linear  quadratic  guassian  (LQG)  controller,  if  a  Kalman  filter  is  used  as  the  state 
estimator.  The  scheme  may  be  further  extended  for  nonlinear  systems  using  an  energy  method  in  terms  of  the 
Lyapunov  function.  The  major  deficiency  of  the  LQG  technique  lies  in  its  failure  to  guarantee  any  gain  and  phase 
margin.  The  H ^  -based  structured  singular  value  ( q )  approach  allows  for  quantification  of  robust  stability  and 
performance  for  bounded  uncertainties. 

Non-model-based  controllers,  such  as  least  mean  square  (LMS)  and  artificial  neural  network  back-propagation 
adaptive  controllers,  employ  iterative  approaches  to  update  control  parameters  in  real  time.  However,  those 
methods  often  encounter  difficulties  of  numerical  divergence  and  local  optimization,  and  consequently  may  not 
guarantee  stability  and  performance.  In  addition,  most  adaptive  algorithms  do  not  accommodate  a  physical  model 
of  plant  dynamics.  It  is  often  risky  to  establish  general  rules  for  performance  improvement  and  fault  diagnostics 
based  on  approximate  reasoning,  such  as  fuzzy  logic.  Moreover,  formulation  of  fuzzy  logic  rules  requires  an 
extensive  physical  understanding  and  operations  experience  that  is  not  usually  available  for  combustion  dynamics. 

While  the  control  schemes  summarized  in  Table  I  have  been  employed  in  various  combustion  problems  with 
some  success,  direct  implementation  of  these  techniques  on  practical  propulsion  systems  may  not  be  feasible,  due 
to  lack  of  robustness,  reliability,  and  operationability.  Compared  with  mechanical  devices,  a  combustion  chamber 
with  feedback  control  of  fuel  burning  exhibits  several  distinct  features: 

•  distributed  actuation  arising  from  the  burning  of  injected  fuel; 

•  time  lag  associated  with  the  complex  chain  of  fuel  injection-atomization-ignition-combustion  processes; 

•  intensive  noise  due  to  intrinsic  fluid  dynamic  and  combustion  unsteadiness; 

•  time  variation  of  mean  flow  conditions  due  to  transient  operation  of  the  chamber;  and 

•  model  uncertainties  and  parametric  errors  resulting  from  physical  assumptions  and  mathematical 
approximations  employed  for  simulating  system  dynamics. 

In  view  of  the  above,  this  paper  uses  the  H ^  theory  may  provide  a  reasonable  solution  for  the  design  of  a  robust 

feedback  control  scheme  for  suppression  of  combustion  instabilities.  The  controller  provides  robust  stability  and 
performance  relative  to  specified  bounds  of  model  uncertainties,  parametric  errors  and  exogenous  disturbances 
(e.g.,  chamber  perturbations  and  sensor  noise).  The  control  law  can  be  extended  over  a  wide  range  of  operating 
conditions. 
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Table  I.  Survey  of  Active  Combustion  Control  Techniques 


Control 

Technique 

Application 

References 

Remarks 

PID  design 

•  Nonlinear  generic 
combustion  instability 

•  Fung  and  Yang  [35] 

1.  easy  to  adjust  control 
parameters. 

2.  may  not  fulfill  various 
performance  requirements. 

Bode- 
Nyquist 
frequency 
domain 
design  and 
Root  locus 

•  Generic  combustion 
instability 

•  Low  frequency 
combustion  instability 

•  Low  frequency 
combustion  instability 

•  Coaxial  dump 
combustor 

•  Longitudinal 
combustion  instability 
in  premixed 
combustor 

•  Thermoacoustic 
instability  in  premixed 
laminar  combustor 

•  Liqid-fueled 
combustion  systems 

•  Bloxsidge,  et  al 
[19] 

•  Langhorne,  et  al 
[23] 

•  Fung,  et  al  [29] 

•  Schadow,  et  al.  [27] 

•  Gulati  and  Mani 
[69] 

•  Annaswamy  and 
Ghoniem  [70] 

•  Hantschk,  et  al.  [67] 

1 .  easy  to  identify  systems  and 
design  controller  in 
frequency  domain. 

2.  fail  in  time- varying  and 
nonlinear  systems. 

3.  only  for  SISO,  can  be  more 

general  in  and  ja 

control. 

4.  controllability  and 
observability  can  not  be 
predicted. 

5.  easy  for  filter  design. 

6.  can  serve  as  the  basis  of 
phase-lead  and  phase-lag 
compensator  design. 

Observer- 

based 

design: 

Adaptive 

observer 

and  Model- 

based 

observer 

•  Thermoacoustic 
instability  in  rocket 
motor 

•  Longitudinal 
combustion  instability 

•  Yang,  et  al  [28] 

•  Neumeier  and  Zinn 
[8] 

1 .  nominal  model-based 
observer  can  be  extended  to 
optimal  LQG  regulator. 

2.  adaptive  observer  has  no 
guarantee  of  convergence;  its 
algorithm  is  one  branch  of 
the  gradient  iterative  rules. 

LQR  and 

LQG 

control 

•  Thermoacoustic 

instability  in  premixed 
laminar  combustor 

•  Annaswamy,  et  al. 
[70] 

1 .  LQR  control  has  optimal  and 
robust  properties  of  gain  and 
phase  margins,  but  requires 
measurements  of  all  states. 

2.  LQG  control  has  no  robust 
property  and  is  used  only  for 
rejection  of  intensity-known 
noise. 

LMS 
adaptive 
and  Neural 
Network 
back 

propagation 

•  Generic  combustion 
instability 

•  Boiler  combustion 
systems 

•  Dump  combustor 

•  Large  scale  solid 
rocket  motor 

•  Billoud,  et  al  [25] 

•  Allen,  et  al  [72] 

•  Kemal  and  Bowman 
[74] 

•  Koshigoe,  et  al  [37] 

1 .  sensitive  to  initial  conditions 
and  gradient  dynamic 
parameters. 

2.  has  similar  algorithm  in 

System  ID. 

3.  may  be  replaced  by  off-line 

ID  plus  Bode-Nyquist  or 
observer-based  controller. 

Fuzzy  logic 
control 

•  Longitudinal 

combustion  instability 

•  Menon  and  Sun  [75] 

1 .  only  effective  when  many 
states  can  be  sensored. 

2.  need  experience  to  set  up 
logic  rules  and  scales. 

3.  not  used  solo. 

Lyapunov- 

based 

design 

•  Generic  combustion 
instability 

•  Krstic  [28] 

1 .  need  more  generalized 
control  algorithms. 

2.  nonlinear  H ^  control  is 

based  on  Lyapunov  design, 
but  with  general  algorithms. 
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Executive  Summary 

Thermoacoustic  instability  develops  in  gas  turbine  engines  when  acoustic  modes  in  the  combustor  couple 
with  unsteady  heat  release  in  a  positive  feedback  loop.  The  instability  causes  unacceptably  high  levels 
of  pressure  oscillations  and  often  leads  to  catastrophic  hardware  failure.  It  develops  in  lean  premix 
gas  turbines  for  industrial  pow  er,  military  thrust  augmehors,  and  rocket  engines.  Active  control  using 
fuel  modulation  is  an  effective  w  ayto  reduce  the  pressure  oscillations.  In  this  lecture  w  e  present 
application  of  control  theory  to  analyse  limits  of  achievable  reduction  of  the  level  of  pressure  oscillations 
in  combustors. 


Abstract 

In  this  lecture  we  present  application  of  control  theory  of  single-input  single  output  systems  to  analysis 
of  control  of  combustion  instability.  We  examine  effect  of  control  feedback  loops  on  pressure  oscillations. 
The  modeling  framework  is  linear  and  nonlinear  frequency  domain  description  of  controlled  combustion 
dynamics.  In  particular,  w  ein  vestigatewhat  determines  achievable  reduction  of  the  level  of  pressure 
oscillation  in  combustors.  We  apply  analytical  methods  using  experimentally  obtained  combustion 
models.  Standard  results  of  linear  control  theory  apply  to  linear  combustion  process  models  with 
proportional  actuators.  Random  input  describing  function  analysis  allows  extension  of  fundamental 
limits  studies  to  nonlinear  models  of  combustion  process.  The  results  of  analysis  are  supported  by 
results  of  experiments  and  model  simulations.  In  particular,  w  ereproduce  in  model  simulations  and 
explain  analytically  the  peak-splitting  phenomenon  observed  in  combustion  experiments. 

1  Introduction 

Emphasis  on  reducing  the  levels  of  pollutants  created  by  gas  turbine  combustors  has  led  to  the  develop¬ 
ment  of  premixed  combustor  designs,  especially  for  industrial  applications.  Premixing  large  amounts  of 
air  with  the  fuel  prior  to  its  injection  into  the  combustor  greatly  reduces  peak  temperatures  within  the 


Paper  presented  at  the  RTO  AVT  Course  on  Active  Control  of  Engine  Dynamics ”, 
held  in  Brussels ,  Belgium,  14-18  May  2001,  and  published  in  RTO-EN-020. 


2-2 


combustor  and  leads  to  lower  NOx  emissions.  However,  premixed  combustors  are  often  susceptible  to 
so-called  thermoacoustic  combustion  instabilities  which  arise  due  to  the  destabilizing  feedback  coupling 
between  acoustics  and  heat  release.  These  instabilities  lead  to  large  pressure  oscillations  in  the  com¬ 
bustor  which  cause  increased  environmental  noise  and  decreased  combustor  durability  [1].  Experiments 
show  that  active  control  using  fuel  modulation  is  an  effective  way  of  reducing  the  level  of  pressure 
oscillations  in  combustors  [1]  [2]  [3]  [4]  [5]  [6]  [7]  [8]  [9].  However,  it  has  been  observed  that  the  achieved 
reduction  of  pressure  oscillation  varied  between  experiments  from  6dB  to  20dB.  Moreover,  in  some  cases 
the  attenutation  of  oscillations  at  the  primary  frequency  was  accompanied  by  excitation  of  oscillations 
in  some  other  frequencies  [2]  [3]  [4]  [6]  [9].  This  phenomenon  was  refered  to  as  secondary  peaks  or  peak 
splitting.  A  satisfactory  explanation  of  different  attenuation  levels  and  peak-splitting  phenomena  has 
not  been  presented  in  the  literature.  One  of  the  reasons  was  that  most  of  the  studies  used  nonlinear 
limit-cycling  models  of  combustion  processes  which  limited  mathematical  tools  available  for  analysis. 

In  this  paper  we  investigate  the  factors  that  determine  achievable  reduction  of  the  level  of  pressure 
oscillation  in  combustors  using  fuel  control.  We  apply  analytical  methods  based  on  experimentally 
obtained  combustion  models.  The  results  of  analysis  are  supported  by  results  of  experiments  and 
model  simulations.  In  particular,  we  reproduce  in  models  and  explain  analytically  the  peak-splitting 
phenomenon  observed  in  combustion  experiments. 

To  explain  the  combustion  instability  to  control  engineers  not  familiar  with  combustion  physics,  we 
begin  with  description  of  a  simple  physics-based  model  of  combustion  process.  The  model  describes 
the  coupling  of  the  bulk  acoustic  mode  of  the  combustor  cavity  with  heat  release.  It  has  the  form  of 
a  feedback  interconnection  of  a  lightly  damped  linear  system  (modeling  acoustic  pressure  and  velocity 
in  combustor)  with  a  heat  release  model  involving  transport  delay  and  a  saturating  nonlinear  function. 
Analysis  shows  that  the  delay  can  introduce  a  destabilizing  positive  feedback  in  the  thermoacoustic  loop. 
This  can  lead  to  loss  of  damping  in  the  system  up  to  linear  destabilization  (where  a  pair  of  eigenvalues 
crosses  over  into  the  right  half  plane).  In  the  event  of  destabilization,  the  saturated  nonlinearity  in  the 
heat  release  model  causes  the  system  to  settle  into  a  limit-cycle. 

Turbulent  velocity  perturbations  can  be  modeled  as  a  broad-band  noise  driving  the  system.  Thus, 
even  if  the  heat  release  feedback  does  not  cause  instability,  low  damping  and  high  disturbance  level  can 
result  in  high  pressure  oscillation  level.  This  description  is  only  qualitative,  as  the  model  has  several 
unknown  parameters.  A  quantitative  analysis  is  performed  in  the  paper  using  empirically  obtained 
models  of  combustion  process. 

Next,  we  present  results  of  combustion  experiment  in  a  single  nozzle  rig  operating  at  high  equivalence 
ratios  (rich  fuel)  conditions  controlled  with  proportional  actuators.  We  show  that  data  observed  at  high 
equivalence  ratio  (rich  fuel)  conditions  is  well  fitted  by  a  stable,  noise  driven  model  and  nonlinear  effects 
are  not  apparent.  For  this  condition,  we  use  linear  control  theory  methods  to  explain  the  peak-splitting 
phenomenon  observed  in  the  single  nozzle  rig  experiments.  We  also  study  the  limits  of  achievable 
performance  using  standard  fundamental  limits  results. 

The  linear  analysis  framework  is  appropriate  for  combustion  at  a  high  equivalence  ratio  condition 
where  the  actuator  being  used  for  the  purposes  of  control  is  a  proportional  unsaturated  hence  a  linear 
actuator.  However,  if  either  the  combustion  or  the  control  path  is  nonlinear,  the  linear  analysis  breaks 
down  and  a  nonlinear  analysis  must  be  carried  out  to  adequately  explain  the  phenomenon. 

Even  in  the  case  of  high  equivalence  ratio  condition  where  the  combustion  process  can  be  described 
by  a  linear  model,  a  nonlinear  analysis  is  required  if  on-off  valves,  which  are  typically  cheaper  and 
more  reliable  than  the  proportional  valves,  are  used  as  actuators.  A  nonlinear  analysis  is  also  required 
if  proportional  valve  actuators  work  in  a  saturated  condition. 

In  the  second  half  of  the  paper,  we  employ  a  nonlinear  framework  for  studying  the  results  from 
experiments  in  a  sector  rig  controlled  with  three  on-off  actuators.  Peak  splitting  is  again  observed 
in  the  experiments.  To  provide  a  model-based  explanation  we  consider  a  linear  model  of  the  plant, 
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nonlinear  model  of  the  actuators  and  include  effects  of  a  strong  wide-bandwidth  noise  disturbance. 
Model  simulations  closely  match  the  experimental  results. 

We  show  that  in  the  presence  of  strong  disturbance  the  standard  sinusoidal  input  describing  function 
analysis  is  not  satisfactory.  Instead,  we  use  a  random  input  describing  function  analysis  and  show  it 
to  be  an  appropriate  tool  for  dealing  with  oscillatory  nonlinear  systems  with  a  high  noise  level.  In 
particular,  the  peak  splitting  phenomenon  observed  in  UTRC  sector  rig  controlled  with  on-off  valves 
[8]  and  in  experiments  conducted  at  Cambridge  University  [2]  [3]  [4]  is  explained.  The  use  of  random 
input  describing  functions  allows  us  to  analyse  nonlinear  combustion  models  in  the  presence  of  strong 
driving  broad-band  disturbance.  In  particular,  it  is  possible  to  extend  the  studies  of  limits  of  achievable 
performance  in  this  context  and  gain  valuable  intuition. 

We  conclude  the  paper  with  interpretation  of  the  meaning  of  the  results  in  the  context  of  combustion 
technology. 

2  Physics-based  model  of  combustion  process 

In  this  section,  a  low-order  physics-based  model  which  describes  the  coupling  between  the  bulk  acoustic 
mode  in  combustor  and  heat  release  is  presented.  The  model  parameters  have  not  yet  been  tuned  to 
match  the  experimental  frequency  responses.  Therefore,  the  experimental  data  interpretation  in  this 
paper  will  be  done  using  the  linear  models  obtained  by  fitting  the  experimentally  obtained  frequency 
responses.  However,  we  present  the  UTRC  combustion  model  in  this  section  to  introduce  the  physical 
variables  that  are  believed  to  play  the  most  important  role  in  reduced  order  modeling  of  the  combustion 
instability  seen  in  UTRC  combustion  rigs. 

The  UTRC  model  does  not  pretend  to  be  a  universal  model  of  combustion  instability.  Unsteady 
fluid  dynamics  and  flame  area  variations  that  could  influence  the  heat  release  have  been  neglected.  The 
reason  for  this  simplifying  assumption  is  that  these  phenomena  were  determined  to  be  steady  and  stable 
during  combustion  experiments  at  UTRC  [10].  The  fluctuations  of  the  equivalence  ratio  (normalized 
fuel/air  ratio)  was  determined  to  be  the  major  effect  responsible  for  coupling  the  pressure  fluctuations 
with  heat  release. 

The  abstraction  of  the  physical  problem  is  shown  in  Figure  1.  The  combustor  volume  is  modeled  as 


Figure  1:  Schematic  For  Bulk  Model  Modeling  of  Combustion  Chamber 
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a  lumped  acoustic  capacitance.  The  thermoacoustic  model  equation  is  given  as 
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The  state  variables  are  the  combustor  chamber  pressure  p,  the  upstream  nozzle  mass  velocity  pcui  and 
the  downstream  exit  mass  velocity  pcue.  The  combustion  process  is  controlled  by  variable  w(t)  repre¬ 
senting  the  fuel  mass  flow.  A  stochastic  input  to  the  system  is  lumped  in  the  variable  ut(t)  representing 
the  turbulent  velocity  component  in  the  nozzle.  This  component  is  assumed  to  be  a  broad-band  white 
noise.  The  addition  of  the  heat  release  (expressed  as  the  forcing  term  H  ( Ui(t  —  r)  +  ut(t),w(t  —  r)) 
in  (1))  results  in  a  feedback  system  by  changing  the  local  density  of  the  fluid  thereby  affecting  the 
acoustic  variables.  The  presence  of  parameter  r  (which  models  the  time  delay  associated  with  primarily 
convective  lag  together  with  some  chemical  and  nozzle  mixing  time  lag  from  the  nozzle  to  the  plane  of 
heat  release)  turns  the  dynamics  that  govern  the  thermoacoustic  system  into  that  of  a  delay  equation. 
For  additional  details  on  the  model  and  explicit  characteristics  of  the  forcing  term,  see  [11]. 

The  parameters  in  the  model  equation  (1)  are  described  in  Table  2.  Note  that  the  assumption  that  the 
heat  release  can  be  expressed  as  a  function  of  the  form  H  ( Ui(t  —  r)  +  ut(t),w(t  —  r))  is  just  a  simplifying 
assumption,  and  an  exact  formula  for  the  function  i?(*,  •)  cannot  be  easily  derived  from  basic  physical 
assumptions.  However,  it  is  reasonable  to  assume  that  in  the  lean  condition  fuel/air  ratio  condition 
i?(-,  •)  is  decreasing  in  the  first  argument  and  increasing  in  the  second  argument.  Under  this  assumption 
one  can  easily  see  that  for  some  values  of  delay  the  heat  release  term  will  provide  a  positive  feedback  that 
can  lead  to  reduction  of  effective  damping  of  the  system  up  to  destabilization.  In  most  references  [12]  [13] 
[9]  [5]  pressure  oscillations  in  combustors  are  attributed  to  self-excitation  of  coupled  acoustics  and  heat 
release  system  resulting  in  a  limit-cycling  behavior.  However,  the  addition  of  the  broad-band  disturbance 
term  representing  the  tubulence  allows  explanation  of  high  level  of  pressure  oscillations  using  a  model  of 
the  combustor  as  a  lightly  damped,  linearly  stable  system  driven  by  noise.  Note  that  there  are  important 
differences  between  behavior  observed  in  small  laboratory  combustion  control  experiments  and  full-scale 
industrial  combustors.  Laboratory  combustors  have  typically  lower  damping  than  industrial  combustors. 
At  the  same  time,  laboratory  combustors  may  have  lower  turbulence  levels  than  larger,  more  complex 


devices.  With  low  damping  and  low  noise  levels,  it  is  likely  that  significant  pressure  oscillations  will 
only  occur  due  to  self-excited  limit-cycle  oscillations  [9]  [5].  Industrial  combustors  can  exhibit  noticeable 
pressure  oscillations  in  a  stable,  noise-driven  regime.  In  the  present  paper  we  are  considering  the  latter 
case.  More  discussion  of  the  effect  of  noise  on  pressure  oscillations  in  combustors  in  linearly  stable  and 
unstable  regime  can  be  found  in  [14]  [15]  and  [16]. 

An  actuation  system  model  (valve  and  the  piping)  relating  the  fuel  mass  flow  to  the  electrical  valve 
command  input  should  be  included  to  obtain  the  control  model.  After  including  the  actuation  effects, 
a  realistic  physics-based  control  oriented  model  which  includes  the  bulk  acoustic  mode  and  actuator 
dynamics  valid  in  the  range  where  the  valve  modulating  fuel  has  some  effect  is  a  nonlinear  4-th  order 
model  including  heat  release  delay.  Nonlinearities  represent  the  heat  release  function,  the  area  of  the 
valve  and  the  injection  orifice.  Due  to  the  limited  actuator  bandwidth  and  lightly  damped  acoustic 
mode,  the  model  can  be  simplified  for  the  purposes  of  actual  control  design. 

In  the  following  sections,  system  identification  techniques  are  used  to  identify  a  second  order  linear 
model  with  a  delay  to  describe  the  dynamics  from  electrical  valve  input  to  the  combustor  pressure. 
Such  a  model,  though  attractive  for  control  design  purposes  fails  to  capture  the  nonlinearities  present  in 
the  real  combustor  experiment.  A  more  elaborate  version  of  UTRC  physics-based  model  of  combustion 
described  in  [16]  includes  quadratic  jet  dump  losses  at  the  orifices  [17]  [18]  which  gives  a  nonlinear 
damping  mechanism  and  uses  certain  nonlinear  model  to  capture  nonlinearities  present  in  the  combus¬ 
tion  process  (nonlinear  dependence  of  heat  release  on  equivalence  ratio).  This  results  in  an  additional 
nonlinear  damping  mechanism. 

The  above  discussion  captures  some  of  the  tensions  in  modeling  and  controlling  combustion  insta¬ 
bilities.  If  the  linear  model  equation  is  believed  to  capture  the  physics  for  the  purposes  of  the  control  - 
and  this  hypothesis  is  validated  by  the  experiments  for  certain  combustor  conditions  -  then  the  control 
design  and  analysis  is  easy  and  can  be  carried  out  within  the  framework  of  the  linear  control  theory. 
This  is  done  in  the  first  part  of  the  paper.  However,  if  the  linear  model  is  not  validated  by  the  ex¬ 
perimental  data  or  if  the  control  path  contains  nonlinearities  (such  as  with  use  of  on-off  or  saturating 
actuators),  nonlinear  control  design  and  analysis  tools  have  to  be  applied. 

3  UTRC  combustion  instability  experimental  setup 

The  UTRC  Combustion  Dynamics  and  Control  team  investigated  the  feasibility  of  attenuating  combus¬ 
tion  instabilities  using  active  control  techniques.  A  cost-effective  alternative  to  the  engine  (full  annular 
combustor  with  many  fuel  nozzles)  testing  is  to  test  a  sector  cut  out  from  the  full  combustor  annulus 
containing  one  or  more  fuel  nozzles.  This  paper  presents  experimental  results  in  a  full  scale  single- nozzle 
combustor  and  in  a  three-nozzle  sector  combustor  using  fuel  modulation  for  control. 

The  experimental  setup  consists  of  a  4  MW  single- nozzle  combustor  (see  Figure  2)  and  a  three- nozzle 
sector  combustor,  using  full-scale  engine  fuel  nozzle  at  realistic  operating  conditions  (see  Figure  3).  In 
the  experiments,  between  10%  to  17%  of  the  net  fuel  was  modulated  for  control  purposes  using  linear 
proportional  or  nonlinear  on-off  valves.  For  more  details  on  the  experiments  in  the  sector  rig  see  [7]  [8]. 


4  Identification  and  validation  of  a  linear  model  from  a  frequency 
response  experiment 

Models  of  combustion  instability  dynamics  in  UTRC  single  nozzle  and  sector  (three-nozzle)  rigs  oper¬ 
ating  at  various  equivalence  ratio  conditions  have  been  identified  by  fitting  the  experimentally  obtained 
frequency  responses  from  fuel  valve  command  input  to  the  pressure  sensor  output.  In  the  frequency 
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Figure  2:  UTRC  single- nozzle  combustion  rig 


Figure  3:  UTRC  three- nozzle  sector  rig 

range  around  the  resonant  peak,  the  responses  are  well  fitted  by  a  stable  lighly  damped  second  order 
system  with  (large)  delay.  This  model  agrees  well  with  the  structure  of  the  physics-based  model.  In 
fact,  we  anticipate  that  the  parameters  of  the  physics  based  model  can  be  chosen  to  match  the  identified 
model,  at  least  for  a  high  equivalence  ratio  condition,  where  no  strong  effects  of  nonlinear  phenomena 
have  been  observed  in  the  experimental  data.  As  tuning  of  the  parameters  of  the  physics-based  model 
to  match  the  experimentally  obtained  frequency  response  has  not  yet  been  done,  we  will  rely  on  the 
experimentally  obtained  models  to  explain  phenomena  observed  in  closed-loop  experiments. 

At  the  high  equivalence  ratio  condition,  the  pressure  oscillations  seen  in  the  UTRC  single  nozzle 
rig  are  relatively  small  and  the  proportional  actuator  used  for  control  operates  in  the  linear  range  and 
does  not  saturate.  Therefore,  a  linear  plant  model  and  a  linear  controller  model  were  used  to  analyze 
the  behavior  of  the  controlled  system.  Figure  4  shows  the  structure  of  the  model.  Figure  5  shows  an 
experimentally  obtained  frequency  response  of  the  pressure  to  proportional  fuel  valve  command.  A 
second  order  system  with  delay  was  chosen  to  fit  the  experimentally  obtained  frequency  reponse.  Delay 
r  =  4.4  ms  was  chosen  to  match  the  phase  response  in  300  —  400  Hz  frequency  range.  The  phase  lag 
360 ft  due  to  delay  has  been  subtracted  from  the  experimental  phase  response.  The  phase  response 
obtained  in  this  way  resembled  roughly  that  of  a  2nd  order  system.  A  2nd  order  stable  system  was 
chosen  to  fit  to  the  frequency  response  obtained  by  factoring  out  the  delay.  The  identified  resonant 
frequency  of  the  plant  was  fr  =  233  Hz  and  the  identified  damping  coefficient  was  £ r  =  0.0671.  In  the 
actual  experiment,  pressure  time-series  data  is  available  from  which  the  power  spectral  density  (PSD) 
can  be  evaluated.  In  this  paper,  all  pressure  PSD  plots  actually  display  the  square  root  of  PSD  (a 
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Figure  4:  Linear  model  structure 


Figure  5:  Linear  model  identification  from  a  frequency  response  experiment  in  the  single  nozzle  rig 

quantity  proportional  to  the  magnitude  of  the  transfer  function  from  noise  to  pressure  if  the  noise  is 
white).  Since,  the  noise  driving  the  combustion  dynamics  is  not  available,  a  white  noise  model  is  built 
at  the  plant  input  (see  Figure  4)  to  match  the  experimentally  obtained  uncontrolled  pressure  PSD.  The 
disturbance  noise  model  does  not  necessarily  represent  any  particular  physical  phenomena  and  it  should 
be  interpreted  as  an  equivalent  disturbance  input  that  allows  us  to  match  the  experimentally  obtained 
pressure  PSD  with  the  results  of  the  model  simulations.  In  the  actual  combustion  experiment,  wide 
band  turbulent  air  velocity  fluctuation  in  the  nozzle  is  one  of  the  sources  for  the  presence  of  disturbance. 

By  the  nature  of  the  identification,  the  identified  plant  includes  the  actuation  dynamics  and  the 
thermoacoustic  process  (acoustic  mode  with  the  heat  release  feedback  coupling).  The  frequency  response 
of  the  actuation  system  is  effectively  flat  over  a  wide  band  of  frequencies  around  the  resonant  frequency 
representing  the  combustion  process  and  can  be  modeled  as  a  complex  gain.  This  explains  why  no 
dynamics  are  needed  in  the  model  (which  fits  the  experimentally  observed  response  in  the  frequency 
band  around  the  resonant  frequency  cur)  to  represent  the  actuation  dynamics. 

An  observer-based  phase-shifting  controller  has  been  tested  in  experiment  and  in  the  model.  Figure  7 
compares  the  experimentally  obtained  pressure  PSD  with  the  PSD  obtained  from  running  the  simulation 
(using  a  white  noise  disturbance  input  model)  with  various  phase-shifting  controllers.  (The  open-loop 
PSD  is  shown  in  Figure  6).  The  fact  that  these  are  in  close  agreement  shows  that  the  linear  stable 
model  including  a  broad  band  disturbance  is  capable  of  reproducing  the  results  of  closed-loop  control 
and  it  is  suitable  to  use  the  identified  model  in  interpreting  experimental  results. 
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Figure  6:  Square  root  of  PSD  of  pressure  from  experiment  and  from  model  simulation 


5  Sensitivity  function  analysis  of  peak-splitting  phenomenon 

Figure  7  shows  that  the  largest  attenuation  of  pressure  oscillations  at  the  high  equivalence  ratio  condition 
is  achieved  for  control  phase  shift  value  of  0  =  —60.  However,  the  attenuation  of  the  pressure  oscillations 
in  a  narrow  frequency  band  around  the  frequency  corresponding  to  the  uncontrolled  resonant  peak  is 
accompanied  by  excitation  of  oscillations  in  the  frequency  bands  on  both  sides  of  the  central  attenuation 
band.  In  the  active  control  of  combustion  literature,  this  phenomenon  is  referred  to  as  the  peak-splitting 
phenomenon. 

The  active  combustion  control  performance  objective  (reduce  the  amplitude  of  the  pressure  time- 
series)  can  be  posed  in  frequency  domain  as  bounds  on  the  sensitivity  function 

S{JU)  =  (l  +  Go(ju)Gc(ju)y  (2) 

where  Go(jou)  and  Gc{juo)  denote  the  plant  and  the  controller  transfer  functions  respectively  (see  Figure 

4).  The  closed- loop  transfer  function  from  noise  to  pressure  signal  is 

=  GMu)S(ju).  (3) 

n(jou) 

Therefore,  the  sensitivity  function  gives  the  difference  between  the  open  loop  ( Gc{juo )  =  0)  pressure 
PSD  \Go(joo)n(juj)\2  and  the  closed  loop  pressure  PSD  \G^(juo)S{juo)n(juo)\2  ,  in  decibels  given  by 

20log(\S(ju)\)  =  10log(\Go  (ju)S(juj)n(ju)\2) 

-  10log(\Go  (juj)n(ju>)\2).  (4) 

The  goal  of  the  control  design  is  to  shape  the  sensitivity  function  so  that  the  original  performance 
specification  of  reducing  the  amplitude  of  the  pressure  time-series  is  met.  As  expressed  by  equation  (4), 
the  magnitude  of  the  sensitivity  function  determines  whether  the  controller  attenuates  or  magnifies  the 
effect  of  noise  at  any  given  frequency. 

A  convenient  way  to  visualize  the  attenuation  and  excitation  frequency  bands  is  the  Nyquist  diagram, 
i.e.,  the  parametric  plot  of  the  product  Go(joo)Gc(joo)  in  the  complex  plain.  It  is  easy  to  see  that  the 
points  of  the  plot  of  Go(jw)Gc(ju)  outside  the  unit  circle  centered  at  the  point  (-1,0)  correspond  to 
frequencies  at  which  the  pressure  oscillations  are  attenuated  (\S(joj)\  <  1)  with  control,  whereas  the 
point  inside  the  circle  correspond  to  points  where  the  pressure  oscillations  are  magnified  (\S(ju)\  >  1). 


PSD  of  pressure  from  model  simulation  and  experiment 
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Figure  7:  Effect  of  a  phase-shifting  controller  on  pressure  PSD  in  experiment  and  simulation 

Without  control,  the  power  spectrum  of  the  pressure  oscillations  shows  a  peak  centered  at  the 
resonant  frequency  uor  of  the  lightly  damped  open-loop  plant.  Thus,  in  order  to  reduce  oscillations  in 
this  band,  the  controller  must  be  designed  such  that  |(1  +  G^{juo)Gc(juo))\  »  1  (\S(joo)\  «  1)  in 
this  band.  An  observer-based  controller  (see  [19]  [20]  [21]  for  more  details)  used  in  UTRC  combustion 
experiments  inis  (roughly)  a  2nd  order,  highly  damped,  band-pass  controller  with  the  central  frequency 
close  that  of  the  plant.  The  effect  of  this  controller  is  to  simply  rotate  the  Nyquist  diagram  so  that  the 
distance  of  the  point  G$(juor)Gc(juor)  from  the  point  (-1,0)  is  maximized,  as  is  seen  in  the  Figure  8.  As 
a  result,  the  controller  is  referred  to  as  a  phase-shifting  controller.  For  a  2nd  order  plant  with  small 
delay,  the  phase-shifting  controller  shapes  the  loop  such  that  Go(joj)Gc(juj)  lies  almost  entirely  outside 
the  unit  circle  centered  at  the  point  (-1,0).  Such  a  controller  attenuates  oscillations  in  a  wide  band  of 
frequencies  centered  at  the  resonant  frequency  uor  of  the  open- loop  plant. 

Unfortunately,  large  delay  in  the  plant  makes  it  much  more  difficult  to  achieve  broad  band  attenuation 
of  pressure  oscillations.  Because  of  the  presence  of  large  delay,  the  plant  phase  characteristic  changes 
rapidly  for  frequencies  between  180Hz  to  270Hz  where  the  plant  has  a  considerable  gain  due  to  the 
resonance.  The  fast  roll-off  in  the  phase  due  to  the  presence  of  delay  results  in  an  ”  in-phase”  feedback 
control  signal  on  both  sides  of  an  attenuation  band  centered  at  uor.  On  the  Nyquist  diagram  it  is 
represented  by  the  two  branches  of  the  plot  of  Go(juj)Gc(juj)  inside  the  unit  circle.  Closing  the  loops 
results  in  pressure  oscillation  in  these  two  frequency  bands  resulting  in  the  ’’peak-splitting  phenomenon” : 
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pressure  PSD  with  two  peaks  on  both  sides  of  the  open-loop  pressure  PSD,  as  shown  in  Figure  9. 

Nyquist  diagram  for  0=-60 


Figure  8:  Nyquist  diagram  for  the  phase-shifting  controller  with  optimal  phase  shift. 

The  peak  splitting  phenomenon  observed  in  the  sector  rig  motivated  us  to  study  the  fundamental 
limitations  assosciated  with  the  use  of  active  control  in  the  linear  control  of  combustion  instabilities. 
The  goal  of  the  study  was  to  better  understand  the  effect  of  delay,  limited  actuator  bandwidth  and 
authority  and  unstable  open  loop  poles  on  the  achievable  performance. 

6  A  framework  for  studying  limits  on  achievable  performance 

The  purpose  of  this  section  is  to  investigate  the  fundamental  limitations  imposed  upon  closed-loop 
sensitivity  due  to  the  presence  of  right  half  plane  poles,  delay  and  limitations  on  actuator  bandwidth. 
The  fundamental  limitations  yield  controller  independent  upper  bounds  on  the  achievable  performance. 
The  utility  of  studying  the  fundamental  limitations  is  two- fold.  First,  they  allow  one  to  obtain  control 
design  independent  conclusions  on  the  performance  limits.  Second,  they  allow  the  trade-offs  inherent 
in  any  control  design  to  be  seen  more  clearly. 

The  sensitivity  function  is  used  to  model  the  performance  objective  because  its  magnitude  at  any 
frequency  gives  the  attenuation  or  amplification  factor  for  the  sinusoidal  noise  at  that  frequency.  More¬ 
over,  if  one  were  to  view  the  action  of  control  as  damping  augmentation  of  the  open-loop  dynamics,  the 
closed-loop  damping  ratio  (  equals  the  damping  ratio  of  the  poles  of  the  sensitivity  transfer  function. 
In  frequency  domain,  the  damping  ratio  (  is  related  to  the  performance  bandwidth  A (where  \S\  <  1) 
by 


Aoq 
2c or 


(5) 


where  c or  denotes  the  resonance  frequency. 

We  use  the  linear  second  order  model  with  the  time-delay  identified  in  section  4  as  a  model  for 
the  combustion  process.  The  reasons  for  neglecting  the  actuator  dynamics  and  the  higher  order  plant 
dynamics  are  : 


Run  59,  point  33:  excitation  and  attenuation  frequency  bands 
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Figure  9:  Explanation  of  peak-splitting  phenomenon. 


1.  Any  stable  minimum  phase  dynamics  are  invertible  in  the  controller.  In  fact,  any  infinite  band¬ 
width  controller  always  inverts  these  dyanmics.  These  dynamics  do  not  affect  conservation  equa¬ 
tions  -  which  determine  the  performance  limits. 


2.  The  higher-order  plant  dynamics  are  gain  stabilized  -  on  account  of  robustness  considerations  -  by 
rolling-off  the  control  gain  at  higher  frequencies.  Thus,  the  effect  of  these  higher  order  dynamics 
is  not  important  once  control  bandwidth  restrictions  are  imposed. 


Performance  (stability)  trade-offs  can  be  carried  out  using  certain  conservation  laws  that  govern  the 
area  under  the  sensitivity  (complementary  sensitivity)  curve.  These  laws  yield  bounds  on  stability  and 
obtainable  performance  with  any  LTI  controller,  i.e.,  the  approach  is  controller  independent.  As  an 
example,  consider  the  Bode  integral  formulae  for  the  sensitivity  function.  It  states  that  if  the  open-loop 
system  is  a  stable  rational  function  with  relative  degree  at  least  two  (or  one  if  there  is  delay  present 
in  the  loop)  then,  provided  the  closed-loop  system  is  stable,  the  sensitivity  function  must  satisfy  the 
integral  constraint  [22] 


f 


log  |  S(juo)  |  duo  =  0. 


(6) 


As  a  result,  noise  attenuation  (|  S(juo)  |<  1)  over  a  certain  frequency  band  is  always  accompained  by 
noise  amplification  (|  S(juo)  |>  1)  over  some  other  frequency  range.  The  situation  is  worse  if  the  plant 
has  unstable  poles.  The  sensitivity  integral  then  is  given  by 


roo 

/  log  |  S(juo)  |  duo  =  2nar.  (7) 

Jo 

where  or  is  the  real  part  of  the  resonant  unstable  pole-pair.  Thus,  in  the  presence  of  unstable  poles,  a 
larger  penalty  is  paid  in  terms  of  sensitivity  amplification.  Figure  10  gives  a  graphic  interpretation  of 
the  area  formula  -  sensitivity  reduction  is  always  accompanied  by  sensitivity  amplification. 

The  frequency  domain  performance  objective  for  active  control  of  combustion  is  to  shape  the  sensi¬ 
tivity  function  so  that  the  it  is  small  at  and  near  uor,  i.e., 

|S'(ja;)|  <  e 


(8) 
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Figure  10:  A  typical  sensitivity  function  showing  positive  and  negative  areas 

for  uo  E  Auo\  where  Auo\  is  a  frequency  band  centered  at  uor  (see  Figure  11  for  a  graphical  representation 
of  this  performance  specification). 

The  equalities  (6)  and  (7)  show  that  negative  area  under  the  sensitivity  curve  (\S(juo)\  <  1)  must  be 
balanced  by  positive  area  (\S(juo)\  >  1).  Thus,  attenuation  (\S(juo)\  <  1)  in  one  frequency  band  must  be 
accompanied  by  amplification  (\S(juo)\  >  1)  at  other  frequencies.  If  the  control  bandwidth  is  infinite,  the 
positive  area  may  be  distributed  over  a  wide  frequency  range  so  amplification  at  any  given  frequencies 
may  be  designed  to  be  arbitrarily  small.  However,  if  the  control  bandwidth  is  finite  (so  the  loop  rolls 
off  beyond  certain  low  and  high  frequencies),  the  positive  area  would  have  to  be  accommadated  in  a 
smaller  band  (where  loop  gain  is  high)  and  this  would  necessarily  results  in  peaking  of  the  sensitivity 
function. 

To  model  the  effect  due  to  finite  control  bandwidth,  we  require  the  open  loop  gain  to  satisfy  the 
inequality 

UOn  1  +  fc 

I  L(joj)  \<  S(-)  (9) 

UO 

for  high  frequencies  uo  >  uoc.  Here,  it  is  assumed  that  5  <  ^  and  k  >  0  (relative  degree  of  at  least  two). 
We  impose  a  similar  constraint  on  the  loop  gain 

uo  i+& 

|iWI<^H  (io) 


for  low  frequencies  oj  <  out,.  We  define  the  frequency  band 

Au>2  =  ouc  -  oub 


(11) 
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Figure  11:  Performance  specification  for  sensitivity  function  :  \S(juj)\  <  e  for  uj  E  Aoq  where  Aoq  is  a 
frequency  band  centered  at  ojr. 
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Figure  12:  Performance  specification  for  finite  bandwidth  control  :  |  L(juj)  \<  S(^-)1^~k  for  frequencies 
uj  >  uoc.  S  <  i  and  k  >  0  (relative  degree  of  at  least  two)  and  |  L(juj)  \<  5(-^)1+k  for  frequencies 

UJ  <  UJb. 


as  the  control  band.  Figure  12  illustrates  the  finite  bandwidth  performance  specification  with  A uj\  as 
the  performance  bandwidth  and  A002  as  the  control  bandwidth.  The  restriction  of  the  loop  gain  at  high 
(equation  (9))  and  low  (equation  (10))  frequencies  imposes  additional  constraints  on  the  sensitivity 
function.  Now,  in  addition  to  the  performance  specification  -  \S(juj)\  <  e  for  uj  E  Aoq,  a  control 
bandwidth  specification  -  \S(juj)\  <  a  =  f°r  UJ  >  UJC  and  uj  <  must  also  be  met. 

7  Area  formulae  based  sensitivity  tradeoffs  for  a  second  order  unsta¬ 
ble  system  with  a  delay 

In  this  section,  we  compute  the  performance  limitations  as  peaking  in  the  sensitivity  function  magnitude. 
The  area  formula  for  2nd  order  right-haft  plane  pole  pair  with  real  part  ar  and  a  time-delay  r  is  given 
by  equation  (7).  If  the  plant  is  open- loop  stable,  or  —  0.  It  is  important  to  note  that  the  delay  r  does 
not  affect  the  area  formulae.  This  is  true  as  long  as  no  restriction  on  control  bandwidth  is  placed.  As  we 
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shall  see  momentarily,  the  delay  starts  to  play  an  important  role  as  restrictions  on  control  bandwidth 
comes  in  to  play. 

The  infinite  control  bandwidth  case  in  the  absence  of  any  right  half  plane  zeros  is  not  interesting, 
because  area  formula  does  not  imply  a  peaking  phenomenon,  only  an  area  conservation.  On  the  other 
hand,  waterbed  effect  (which  is  present  in  non-minimum  phase  systems  -  by  using  Poisson  integral 
equation)  leads  to  peaking  for  the  systems  with  right-half  plane  zeros  -  even  with  infinite  control 
bandwidth  [22],  [23]. 

We  wish  to  investigate  the  behavior  of  sensitivity  subject  to  the  loop  bandwidth  restriction  in  (9)  and 
performance  requirement  at  the  resonant  pole  frequency  uor ;  see  Figure  12  for  the  performance  chart. 
The  area  formula  together  with  the  constraints  in  Figure  12  and  high  frequency  roll-off  characteristics 
can  be  manipulated  (as  in  [22]  [24])  to  show  that 

log  II  S  1 1 oo  >  -7 - — (27 xar  +  A uilog- 

I\uo2  ~  Aoq  e 

-  ^  -  (TTTfcF"-  (12) 

where 

II  s  ||oo=  sup  \S(ju)\.  (13) 

uG[0,oo) 

For  a  stable  plant  ( or  =  0),  the  desired  performance  bandwidth  product  Auo\log y  directly  determines 
the  the  amount  of  sensitivity  peaking.  The  inequality  (12)  shows  that  a  large  performance  bandwidth 
product  is  necessarily  accompanied  by  a  large  peaking  in  the  sensitivity  function. 

Using  the  inequality  (12),  Figures  13,  14  and  15  plots  bounds  on  sensitivity  peaking.  Figure  13 
depicts  the  effect  of  varying  the  performance  requirement  (e)  while  Figure  14  compares  the  sensitivity 
bounds  for  different  values  of  the  delay  (r).  Figure  15  plots  the  peaking  ||  S  Hoc  as  a  function  of 
damping  ratio  (r  of  the  unstable  pole  pair.  The  plots  show  that  as  the  ratio  of  the  control  bandwidth 
to  the  performance  bandwidth  (^yj1)  decreases,  the  sensitivity  peaking  becomes  more  and  more  severe. 
Further,  the  peaking  is  accentuated  by  increase  in  the  delay  (r),  increase  in  the  performance  requirement 
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Figure  14:  ||  S  ||oo  -  effect  of  varying  delay  r 
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Figure  15:  ||  S  Hoc  -  effect  of  varying  damping  ratio  of  resonant  poles. 


Figure  16:  PSD  shows  15dB  reduction  of  pressure  oscillations  with  control  in  UTRC  single-nozzle  rig. 
An  on-off  valve  was  used.  No  peak-splitting  observed. 
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Figure  17:  PSD  shows  6.5dB  reduction  of  pressure  oscillations  with  control  in  UTRC  sector  (three- 
nozzle)  rig.  on-off  valves  were  used.  Peak-splitting  limited  effectiveness  of  closed-loop  control. 


(e)  or  increase  in  the  real  part  of  the  unstable  pole  of  the  open- loop  plant  or.  For  an  open- loop  stable 
plant  the  inequality  (12)  is  still  valid  with  or  —  0. 

8  Peak  splitting  phenomenon  in  sector  rig  experiments 

In  early  experiments  with  combustion  instability  in  a  UTRC  single-nozzle  rig  at  low  equivalence  ratio 
conditions,  a  phase  shifting  controller  modulating  liquid  fuel  was  very  effective  [7].  Pressure  oscillations 
were  reduced  by  15dB  (6  times),  as  shown  in  Figure  16.  However,  in  the  sector  rig  control  experiments 
[8],  the  effect  of  phase-shifted  control  in  the  sector  rig  using  on-off  valves  resulted  in  peak  splitting  as 
seen  in  the  Figure  17  (with  one,  two  and  three  nozzles).  The  identification  of  the  model  of  the  plant 
in  the  form  of  second  order  system  with  delay  from  frequency  reponse  using  the  method  described  in 
Section  4  was  performed.  The  delay  value  r  =  7  ms  was  obtained.  (Note  that  the  delay  in  the  sector 
rig  was  larger  as  compared  to  the  single  nozzle  rig.)  The  identified  resonant  frequency  of  the  plant  was 
fr  =  208.9  Hz  and  identified  damping  coefficient  was  £  =  0.0229. 

In  Section  5  we  showed  how  large  delay  could  lead  to  larger  peaking  in  the  sensitivity  function  (see 
Figure  14)  for  the  linear  case.  In  the  sequel  we  use  the  describing  function  framework  to  explain  the 
observed  phenomenon  with  the  on-off  actuators.  The  principal  difficulties  arise  because  of  the  non¬ 
linearity  and  the  presence  of  the  strong  driving  noise.  The  feedback  block  diagram  of  the  controlled 
combustion  process  in  the  sector  rig  is  shown  in  Figure  19.  A  plant  model  was  obtained  (as  described 
in  the  first  part  of  the  paper  )  by  fitting  a  2nd  order  system  with  delay  to  an  experimentally  obtained 
transfer  function  between  one  valve  command  input  and  the  pressure  signal  output  (see  Figure  18).  A 
driving  disturbance  noise  model  (a  broad-band  Gaussian  noise  with  the  level  adjusted  to  match  the 
uncontrolled  pressure  oscillations)  was  also  obtained  in  the  way  that  has  already  been  described  in 


Figure  18:  Frequency  responses  of  pressure  to  valve  command  in  UTRC  sector  rig  experiment. 
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Figure  19:  Model  of  the  controlled  combustion  process  with  on-off  valves. 

the  first  part  of  the  paper  .  The  simulations  of  the  model  with  on-off  actuators  and  a  phase-shifting 
controller  (with  one  to  three  on-off  valves)  were  performed  and  Figure  20  compares  the  square  root 
of  PSD  of  pressure  in  controlled  and  uncontrolled  case  from  experiment  and  from  model  simulation. 
Assymetric  peak  splitting  was  observed  in  sector  rig  experiment  when  the  third  valve  was  turned  on. 
This  was  attributed  to  longer  fuel  line  for  the  thrid  valve  than  for  the  first  two,  which  resulted  in  a 
larger  phase  lag  and  lower  authority.  To  match  the  asymmetry  in  the  simulation,  the  relay  blok  in 
Figure  19  was  splitted  into  two  and  an  extra  delay  was  added  in  series  with  one  of  the  relays.  Note  that 
the  simulation  results  match  well  the  qualitative  and  quantitative  features  of  the  experimental  results. 

We  claim  that  the  peak  splitting  effect  seen  in  sector  rig  experiments  (see  Figures  17  and  20)  is  caused 
by  a  large  delay  (larger  than  in  the  case  of  single  nozzle  rig).  A  purely  linear  analysis  of  peak-splitting 
presented  in  Section  5  has  to  be  modified  however,  because  of  the  on-off  valves  which  cause  the  loop  to 
be  nonlinear.  A  describing  function  analysis  will  be  used  instead. 


9  Sinusoidal  input  describing  function  analysis 


A  first  order  harmonic  balance  can  give  a  prediction  of  the  magnitude  and  frequency  of  possible  limit 
cycles  in  the  closed-loop  systems  if  the  disturbance  input  is  neglected.  The  equation  to  be  solved  is 


G0(ju)Gc(ju)  = 


1 

N(A)’ 


(14) 


where  N  (A)  is  the  describing  function  (see  [25])  of  the  relay  representing  the  on-off  valve  given  as 

4 b_ 

it  A' 

and  b  denotes  the  relay  output  magnitude.  Figure  21  illustrates  a  graphical  way  of  determining  existence 
of  solutions  of  this  equation  for  a  controlled  case  at  which  peak  splitting  can  be  observed.  Intersections 
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Figure  20:  PSD  of  pressure  signal  with  on-off  control  of  one,  two,  or  three  liquid  fuel  nozzles  The  peak 
splitting  phenomenon  observed  in  experiment  and  simulation. 


of  the  plot  of  the  transfer  function  Go(joo)Gc(joo)  with  the  plot  of  —  indicates  the  possibility  of  two 
limit  cycles  with  frequencies  183  Hz  and  238  Hz.  The  predicted  value  of  the  pressure  magnitude  in  the 
two  limit  cycles  was  about  1  psi  for  three  actuated  nozzles  and  a  third  of  that  value  for  one  actuated 
nozzle.  Simulations  of  the  model  show  that  in  the  closed-loop  system  without  noise,  the  two  limit  cycles 
-  at  the  frequencies  close  to  the  ones  predicted  by  the  describing  function  analysis,  i.e.,  183  and  238 
Hz  -  coexist.  Figure  22  shows  time  traces,  phase-portraits,  and  PSD  corresponding  to  both  attractors. 
The  phase  portraits  are  obtained  from  time  shifts  of  the  pressure  signal  by  0,  3,  and  7  sample  periods 
of  .5ms.  Next,  the  disturbance  model  is  included  in  the  simulations.  Figure  23  shows  a  comparison  of 
the  pressure  PSD  with  the  nominal  level  of  noise  and  without  noise  for  one  to  three  actuated  nozzles. 
The  two  PDS’s  are  vastly  different.  In  particular,  the  shapes  of  power  spectra,  the  frequencies  of  the 
peaks,  and  the  values  of  pressure  PSD  at  the  peaks  strongly  depend  on  the  presence  of  noise  and  on 
the  number  of  actuated  nozzles. 


The  plot  of  G0(jo)Gc(jco) 
on  the  complex  plane 


Intersections  of  plots  of 
G0(jco)Gc(jco)  and  -1/  N(A) 


Figure  21:  Graphical  determination  of  the  amplitude  and  frequencies  of  the  possible  limit  cycles  for  a 
controlled  liquid  fuel  model  with  a  describing  function  method. 
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Figure  22:  The  coexisting  attractors  of  the  closed- loop  system  with  three  actuated  nozzles  without  noise 
from  simulation.  Time  traces,  phase-portraits,  and  PSD. 
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Figure  23:  Model  simulation:  effects  of  noise  and  actuator  authority  on  the  pressure  power  spectra 
under  closed-loop  control  with  on-off  valve. 


Here  is  an  interpretation  of  the  observed  effect  of  noise  in  a  language  of  dynamical  systems.  The 
no-noise  attractors  are  relatively  small  in  size.  The  presence  of  large  levels  of  noise  causes  the  state 
of  the  system  to  visit  regions  in  the  phase-space  far  away  from  the  attractors  where  the  dynamics  are 
not  affected  by  saturated  control  but  in  fact  are  similar  to  the  open-loop  dynamics.  The  power  spectra 
represent  an  average  statistics  of  the  motion  of  the  state  of  the  system.  In  the  case  when  noise  is  large 
relative  to  the  saturated  control,  one  observes  more  of  the  spectral  characteristics  of  the  open- loop  plant 
in  the  closed-loop  spectra. 

Another  interpretation  of  the  effect  of  the  noise  (using  the  language  of  control  theory)  is  analogous 
to  the  explanation  to  the  effective  linearization  of  a  relay  characteristic  by  a  control  dither  [26]  [27].  The 
strong  noise  propagates  through  the  loop  and  provides  a  bias  for  the  periodic  signal  resulting  from  a 
limit  cycle  condition  driving  the  on-off  valve.  This  reduces  the  effective  gain  of  the  valve  for  the  periodic 
signal.  This  gain  reduction  causes  the  on-off  valve  to  work  effectively  as  a  proportional  saturated  valve 
with  a  low  gain. 

Our  inability  to  analytically  predict  the  frequencies  and  levels  of  pressure  PSD  peaks  using  standard 
sinusoidal  describing  function  analysis  in  the  presence  of  noise  indicates  a  need  for  a  new  analysis  tool 
that  would  explicitly  take  the  noise  into  account.  Such  an  analysis  tool  is  introduced  in  the  next  section. 

As  we  mentioned  in  the  Introduction,  the  peak-splitting  has  been  previously  observed  in  combustion 
control  experiments  at  Cambridge  University  [2]  [3]  [4].  In  particular,  in  the  experiments  described 
in  [4]  on-off  fuel  injectors  were  used.  The  effect  of  control  on  the  pressure  oscillations  was  analyzed 
with  sinusoidal-input  describing  function  method,  assuming  that  the  closed-loop  system  dynamics  is  in 
a  small  magnitude  limit  cycle.  The  analysis  in  [4]  faces  the  limitations  described  in  this  section  and 
hence  does  not  satisfactorily  explain  the  peak-splitting.  As  we  argued  above,  the  driving  noise  is  needed 
for  model-based  explanation  of  peak-splitting  in  the  case  of  on-off  actuators  in  a  feedback  loop  is  the 
driving  noise. 


10  Random  input  describing  functions 

In  this  section,  the  random  input  describing  function  framework  as  described  in  [25]  is  introduced  to 
analyze  the  feedback  system  in  the  presence  of  the  noise.  Assume  that  a  nonlinear  static  element 
described  by  a  function  /(.)  is  driven  by  a  signal 

u(t)  =  B  +  Asm(out  +  0)  +  r(£),  (16) 

where  B  is  a  constant,  r(t)  is  a  zero- mean  Gaussian  (normal)  random  variable  with  standard  deviation 
cr,  and  Asin(ujt  +  0)  is  a  sinusoidal  signal  with  a  random  phase  0  uniformly  distributed  over  [0,  27r]. 
Introducing  a  sinusoid  with  a  random  phase  allows  a  uniform  treatment  of  the  familiar  sinusoidal 
input  describing  function  and  the  random  input  describing  function.  In  fact,  one  can  show  that  ([25]) 
averaging  the  response  of  the  sinusoidal  process  with  uniformly  distributed  random  phase  is  equivalent 
to  averaging  of  the  response  due  to  deterministic  sinusoid  over  one  period  and  the  resulting  sinusoidal 
input  describing  functions  (deterministic  and  stochastic)  are  actually  identical. 

Using  a  random  input  describing  function  analysis,  the  output  of  the  nonlinear  element  y(t)  =  f(u(t)) 
is  approximated  by 


ya(t)  =  NbB  +  NAAsm(ujt  +  9)  +  NRr(t ),  (17) 

where  the  individual  gains  NB,  NA  and  NB  depend  on  all  three  quantities  i?,  A,  and  a.  The  gains 
are  chosen  to  minimize  the  mean  square  error  between  the  output  of  the  nonlinear  element  and  its 
approximation.  The  form  of  the  best  approximation  in  the  mean  square  error  sense  does  not  have  to 
be  prescribed  from  the  onset.  In  fact,  it  is  possible  to  show  that  an  optimal  linear  filter  approximation 
of  a  static  nonlinear  element  results  in  the  static  gains  being  the  best  filters  [25]. 

The  optimal  gains  are  given  by  the  following  formulas  (from  [25],  p.  371): 

NB(B,A,a)  =  ^E[f(u(0))}  = 

~  a  fon  d6 1-oc  drf(B  +  ^sin(0)  +  r)  exp(-^r),  (18) 

^Z7T J  2  (j B 

NR(B,A,a)  =  ±E[f(u(0))r(0)}  = 

Ion  d0 1-ocdrf(B  +  As'm(0)  +*>exp(-^r),  (19) 

Na(B,  A,  a)  =  %E[f(u( 0))  sin(0)]  = 

,0  A  -  fo*  d6  f-ocdrf(B  +  As in(A) +  r)sin(6>)exp(-^).  ^ 

(z7 r)  2  a  A 

The  gains  will  be  referred  to  as  the  describing  functions  of  the  nonlinear  element.  If  r(t)  =  0  and  B  =  0, 
the  last  formula  reduces  to  the  usual  sinusoidal  input  describing  function.  Note  that  the  describing 
functions  can  be  explicitly  calculated  for  the  case  where  /(.)  is  a  polynomial  or  a  sinusoidal  function. 

Consider  now  a  feedback  interconnection  of  a  linear  system  and  nonlinear  static  nonlinear  function 
/(.)  driven  by  a  sum  of  a  constant,  sinusoidal  signal,  and  a  Gaussian  process  Bi  +  Ai  sin(u)t)  +  ri{t) 
as  shown  in  Figure  24.  One  can  attempt  to  find  a  stationary  solution  of  the  feedback  system  by 
replacing  the  nonlinear  element  by  the  collection  of  the  describing  functions.  It  is  reasonable  to  assume 
that  the  component  ri{t)  of  the  driving  disturbance  is  Gaussian,  however  the  same  can  not  be  said  of 
the  component  r(t)  because  it  is  affected  by  non-Gaussian  process  y(t)  at  the  output  of  the  nonlinear 
element,  of  the  loop  signal  x(t)  which  forms  the  input  to  the  nonlinear  element  (see  Figure  24).  However, 
since  in  the  case  of  combustor  the  linear  transfer  function  in  the  loop  has  poles  close  to  the  imaginary 
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Figure  24:  Structure  of  the  feedback  interconnection 
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Figure  25:  Distribution  of  signals  in  the  loop  from  the  simulation. 


axis,  its  output  is  a  convolution  of  the  past  non-Gaussian  inputs  with  the  slowly  decaying  impulse 
response  of  the  linear  plant.  Since  the  convolution  averages  many  identically  distributed  stationary 
input  processes,  one  might  expect  that  r(t)  too  has  approximately  Gaussian  distribution.  We  do  not 
have  a  precise  formulation  of  a  result  in  this  direction.  Hence,  the  crucial  assumption  about  Gaussian 
distribution  of  the  random  component  r(t)  at  the  input  to  the  nonlinear  element  is  only  verified  by  the 
simulations  (see  Figure  25). 
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The  constant,  sinusoidal,  and  Gaussian  component  of  the  solution  at  every  point  of  the  feedback 
loop  can  be  calculated  using  a  quasi-linear  description.  One  can  then  look  for  forced  response  either 
as  a  stable  driven  system  or  as  self-excited  oscillations.  Assuming  that  the  Gaussian  component  ri(t) 
of  the  disturbance  has  Power  Spectral  Density  <F^(jo;),  the  corresponding  equations  are  as  follows  (cr  is 
variance  of  the  signal  r(t)): 

1.  Stable  driven  system 

E-  °l(0)  E 

1  +  Nb(B,  A,  cr)Gi  (0) 

(21) 

Gi  (juj) 

~  l  +  NA(B,A,*)Gi(ju,)  * 

(22) 

-\l+NR(BtAta)Gl{ju,)''  <S”M 

(23) 

l  f00 

o2  =  —  /  $xx(ju)du. 

J  —  QQ 

(24) 

2.  Self-excited  oscillations  with  driving  noise 

E-  °l(0)  E 

1  +  Nb(B,  A,  cr)Gi  (0) 

(25) 

l  +  NA(B,A,a)G1(ju,)=0 

(26) 

-\l+NR(BtAta)Gl{ju,)''  <S”M 

(27) 

l  f00 

O2  =  —  /  $xx(ju)du. 

J  —  QQ 

(28) 

11  Random  input  describing  function  analysis  of  the  nonlinear  sector 
rig  model 

Consider  the  simplified  plant  model  of  controlled  combustion  process  in  UTRC  sector  rig  illustrated  in 
Figure  19.  One  or  three  actuated  nozzles  is  considered,  represented  by  the  value  of  valve  saturation 
equal  to  3  and  9,  respectively.  The  plant  model  (2nd  order  system  with  delay)  was  identified  from 
a  frequency  response  as  described  earlier  in  this  paper.  In  the  simulation  the  system  is  driven  by  a 
broad  band  noise  with  Power  Spectral  Density  <&a(juj).  Figure  26  presents  the  Nyquist  plot  of  G\(juo)  - 
denoting  the  product  of  the  plant  and  controller  transfer  functions.  The  graphical  sinusoidal  describing 
function  analysis  (ignoring  Gaussian  noise)  predicts  possibility  of  two  limit  cycles  with  frequencies  187Hz 
and  242Hz.  The  frequencies  do  not  change  as  the  number  of  actuated  nozzles  changes.  With  on-off 
relay  actuators,  the  random  input  describing  function  framework  allows  one  to  incorporate  the  effects 
of  Gaussian  noise.  In  the  absence  of  noise,  the  closed  loop  system  exhibits  a  limit  cycle  with  amplitude 
Aq.  The  presence  of  Gaussian  noise  driving  the  system  has  the  effect  of  supressing  the  self-excited 
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Figure  26:  Nyquist  diagram  for  the  plant 


x 

Figure  27:  The  amplitude  of  the  limit  cycle  in  the  presence  of  the  Gaussian  noise 


oscillations.  In  particular,  with  a  relay  nonlinearity,  the  amplitude  of  the  self-excited  oscillations  is 
easily  shown  to  satisfy  the  equation 


(29) 


One  can  show  that  A(a)  <  Aq.  Figure  27  plots  the  numerically  computed  solution  of  the  integral 
equation  (29).  Thus,  the  presence  of  noise  (cr  >  0)  leads  to  a  reduction  in  the  amplitude  of  this  limit 
cycle  and  at  a  critical  positive  value  of  a  =  cro,  the  limit  cycle  disappears  (A(cro)  =  0)  and  the  random 
input  describing  function  gain 


2  b 

Nr=\ - Vcr  >  cr0.  (30) 

V  7T  G 

For  the  values  of  a  <  cro,  the  gain  Nr(ct)  was  numerically  computed  using  the  relationships  (19)  and 
(20).  Figure  28  plots  the  gains  Nr(<j)  and  Na(ct).  Na  is  a  step  function  with  values 

Na  =  ~  n  ).  \  for  a  <cr0, 

Nj[  =  0  for  a  >  cr0 


(31) 
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The  normalized  describing  function  gain 


Figure  28: 


and  transition  at  cro,  the  critical  a  where  the  limit  cycle  ceases  to  exist.  Nr  monotonically  increases 
between  0  and  cro  and  decreases  for  values  of  a  >  cro.  We  have 

Nr(0,A(  0),0)  = 

Nr(0,  A(cr0),cr0)  =  N 

i\fo(0,A(a),a)  <  7V“  Va  ^  a0.  (32) 

The  last  inequality  ensures  that  the  feedback  interconnection  of  G\(juo)  and  A/#(0,  H(cr),  cr)  is  linearly 
stable  for  all  a  ^  a^.  The  second  equality  in  (32)  implies  that  the  largest  loop  gain  occurs  at  the  critical 
value  cro  where  the  loop  is  arbitraily  close  to  destabilization  (eigenvalues  on  the  imaginary  axis).  For 
values  of  a  away  from  cro,  the  eigenvalues  move  in  to  the  LHP  thereby  ensuring  asymptotic  stability  for 
all  a  7^  <tq.  For  the  critical  value,  the  linear  analysis  is  inconclusive  in  predicting  the  stability  of  the 
loop. 

Therefore,  in  the  presence  of  a  large  Gaussian  noise  (such  that  a  >  cr0),  limit  cycle  is  absent  and  the 
Gaussian  processes  balance  alone  explains  the  power  spectra  observed  in  the  simulation.  The  Gaussian 
input  describing  function  for  the  relay  in  the  absence  of  constant  bias  and  sinusoidal  function  is 


NR(0,0,a) 


(33) 


The  equation  for  the  standard  deviation  a  at  the  input  of  the  relay  element  (with  saturation  value  b )  is 


a  = 


Gijju) 


\2$u(ju)du). 


(34) 


For  a  given  noise  characteristics  this  equation  may  be  solved  for  a  graphically  or  by  the  method  of 
successive  iterations.  While  in  general  the  latter  method  is  not  guaranteed  to  converge,  in  our  case  it 
indeed  converges  for  Figures  29  and  30  plots  the  results  of  the  method  for  the  cases  6  =  3  (one  nozzle 
actuated)  and  6  =  9  (three  nozzles  actuated)  respectively.  In  either  case,  the  computed  solutions  for  a 
agree  well  with  the  result  from  the  simulation. 


2-26 


One  actuated  nozzle,  b=3. 

1.  Graphical  solution  for  <7  : 


2.  Iterative  solution  for  <7:  shown  15  iterations  for  <7  (dots)  starting  at  ct=l  and  the  value 
of  <7  from  a  simulation  (continuous  line). 


Figure  29:  Solution  for  cr 


Three  actuated  nozzles,  b=9. 
1.  Graphical  solution  for  <7  : 


2.  Iterative  solution  for  <7:  shown  15  iterations  for  <7  (dots)  starting  at  <7=1  and  the  value 
of  <7  from  a  simulation  (continuous  line). 


Figure  30:  Solution  for  a 


Simulated  open-loop 


For  h>=3  (one 
controlled  nozzle) 


For  fc>=9  (three 
controlled  nozzle) 
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Figure  31:  Pressure  PSD  from  the  Random  Input  Describing  Function  calculation  and  from  the  simu¬ 
lation 

12  Limitations  of  achievable  control  performance  with  on-off  actua¬ 
tors 

Note  that  the  analysis  presented  in  the  previous  section  shows  that,  except  for  a  critical  a  =  cro,  the 
Fourier  transform  of  the  Gaussian  component  of  combustor  pressure  is  well  approximated  by  the  formula 

Pg(juj)  =  Go(jid)S(juj,  A,  a)rii  (ju), 

where  nfijoo)  is  the  Fourier  transform  of  the  driving  disturbance  and 

^  '  1  +  Go(jw)Nji(0,  A, a)Gc(jui) 

is  a  modified  sensitivity  function  that  depends  on  the  magnitude  of  the  limit  cycle  A  and  standard 
deviation  a  of  the  Gaussian  component  at  the  input  of  the  relay  nonlinear  element.  In  fact,  we  have 
shown  that  indeed  there  are  values  of  a  and  A  for  which  the  limit  cycle  and  Gaussian  process  balance 
is  achieved  in  the  control  loop.  We  are  now  in  a  position  to  extend  the  linear  analysis  presented  in 
the  first  part  of  the  paper  to  the  case  of  control  with  on-off  actuators.  The  only  difference  is  that  the 
controller  transfer  function  Gc(juo)  needs  to  be  replaced  by  the  product  A/#(0,  A,  a)Gc(juS).  Note  that 
for  any  fixed  value  of  a  and  A  all  the  results  of  the  linear  analysis,  including  interpretation  of  peak 
splitting  and  analysis  of  fundamental  limits,  are  applicable. 

13  Practical  implication  for  combustion  process  control 

Analysis  provided  in  this  paper  indicates  that  the  peaking  phenomenon  defined  as  excitation  of  oscilla¬ 
tions  with  closed-loop  control  is  to  a  large  extent  inevitable  for  combustion  processes  with  large  delay 
controlled  with  actuators  of  limited  bandwidth.  This  is  reflected  in  the  fact  that  the  sensitivity  for  the 
linear  actuator  case  and  modified  sensitivity  function  to  the  on-off  actuator  case  function  will  achieve 


(35) 

(36) 
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No  performance  penalty  with  increased 
actuator  authority  in  zero  delay  case 


No  performance  penalty  with  increased  actuator 
authority  in  low  damping  or  unstable  plant  case 


Figure  32:  Model  simulation:  effects  of  delay  and  damping  on  pressure  power  spectra  under  closed- loop 
control  for  a  nominal  noise  level. 

values  exceeding  1.  However,  note  that  the  peaking  in  the  sensitivity  function  does  not  always  imply 
the  peak  splitting  in  closed-loop  PSD  of  pressure.  It  is  the  product  Go(joj)S(joj)  or  Go(jw)S(jw,A,<j) 
that  determines  whether  or  not  the  peak  splitting  will  be  seen.  In  the  high  equivalence  condition  the 
damping  of  the  combustion  plant  is  relatively  large.  This  means  that  the  plant  transfer  function  Go(joo) 
has  a  significant  gain  in  the  frequency  bands  where  the  sensitivity  function  is  peaking.  Thus,  peak 
splitting  is  likely  to  occur.  On  the  other  hand,  in  the  low  equivalence  ratio  regime  the  plant  damping 
is  low.  In  this  case  the  peaking  will  not  occur,  as  the  plant  transfer  function  Go(jou)  has  a  very  small 
gain  in  the  frequency  bands  where  the  sensitivity  function  is  peaking.  This  explains  why  there  was  no 
significant  peak  splitting  observed  in  experiments  with  control  in  some  low  equivalence  ratio  conditions. 

Reducing  the  plant  delay  would  extend  the  band  of  frequencies  in  which  attenuation  of  the  pressure 
oscillations  is  achieved.  The  excitation  bands  would  occur  where  the  plant  has  very  small  gain,  and 
hence  no  peak  splitting  would  be  observed.  Similarly,  decreasing  the  plant  damping  would  have  a 
beneficial  effect  on  peak  splitting  due  to  two  effects.  Firstly,  reducing  the  plant  damping  would  reduce 
the  frequency  band  A oo\  shown  in  Figure  11  in  which  the  sensitivity  function  is  small.  This  would 
reduce  the  peaking  implied  by  formula  (12).  Secondly,  decreasing  the  plant  damping  would  lower  the 
plant  gain  in  the  excitation  frequency  bands. 

The  figure  32  shows  that  in  both  these  cases  there  is  relatively  smaller  performance  penalty  (in  terms 
of  peak  splitting).  The  results  have  been  computed  for  large  noise  standard  deviation  a. 

We  are  now  in  a  position  to  explain  the  difference  between  the  experimental  results  in  single-nozzle 
rig  shown  in  Figure  16  and  sector  rig  shown  in  Figure  17.  We  can  attribute  the  higher  uncontrolled 
oscillations  level  in  the  single  nozzle  rig  to  a  lower  damping  of  the  plant.  Moreover,  the  plant  delay 
identified  from  the  frequency  responses  was  higher  in  the  sector  rig  than  in  the  single-nozzle  rig.  As  we 
have  argued  above,  a  low  damping  factor  and  a  low  delay  value  would  prevent  the  peak  splitting. 

Practical  implications  of  this  analysis  are  as  follows.  Even  though  peaking  in  the  sensitivity  function 
is  unavoidable  in  current  combustion  process  control  due  to  large  process  delay  and  small  actuator 
bandwidth,  it  leads  to  serious  limitation  of  achievable  control  performance  (peak  splitting)  only  in  the 
case  of  large  plant  delay  and  large  plant  damping,  like  in  the  case  of  high  equivalence  ratio  condition. 
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In  this  case  the  open-loop  pressure  oscillations  are  relatively  small  and  control  objectives  are  modest, 
so  that  the  required  level  of  pressure  oscillations  could  be  met  even  in  the  presence  of  performance 
limiting  factors  described  in  this  paper.  In  the  case  when  the  performance  specification  cannot  be  met, 
an  actuation  mechanism  that  involve  smaller  value  of  process  delay  has  to  be  developed.  This  could  be 
achieved  by  fuel  injection  closer  to  the  flame  area  or  by  an  increased  mixing  rate. 


Conclusion 

In  the  first  part  of  this  paper,  we  conducted  linear  analysis  of  combustion  instability  in  UTRC  rigs  with 
control.  It  was  experimentally  determined  that  linear  analysis  was  applicable  for  the  high  equivalence 
ratio  and  large  delay  in  the  feedback  loop  and  limited  actuator  bandwidth  are  major  factors  that  limits 
the  effectiveness  of  the  active  control.  An  intuitive  Nyquist  based  analysis  was  used  to  analyze  the 
performance  characteristics  of  the  simple  phase-shifting  controller.  In  order  to  study  the  fundamental 
limitations  imposed  upon  performance  due  to  the  presence  of  delay,  unstable  dynamics  and  limited 
controller  bandwidth,  a  more  sophisticated  controller  independent  analysis  was  carried  out  with  in 
the  framework  of  linear  control  theory.  In  particular,  the  peak-splitting  phenomenon  observed  in  our 
experiment  and  reported  by  other  researchers  was  explained  with  the  aid  of  this  analysis.  In  the 
second  part  of  this  paper  it  has  been  shown  that  random  input  describing  function  analysis  is  an 
appropriate  tool  to  study  effect  of  the  strong  driving  disturbance  in  a  nonlinear  model.  The  describing 
function  analysis  predicts  that  for  sufficiently  large  levels  of  disturbance,  the  loop  effectively  behaves 
linearly  with  the  feedback  gain  dependent  upon  the  variance  of  the  Gaussian  noise.  As  a  result,  the 
fundamental  limitations  studied  in  the  the  first  part  of  this  paper  can  be  used  to  explain  the  peak 
splitting  phenomenon  even  in  the  nonlinear  case. 
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Summary 

Combustion  reactions  in  a  confined  system  are  very  difficult  to  predict  as  they  involve  unsteady  flow 
dynamics,  non-equilibrium  chemical  kinetics,  and  additional  complexity  introduced  by  potential 
interaction  between  them.  Dynamic  response  of  the  reactants  feed  systems,  vibration  characteristics  of 
the  structure,  and  the  enclosed  fluid  may  also  interact  with  the  heat  release  processes  making  it  difficult  to 
assess  the  relative  importance  of  various  mechanisms.  In  the  first  part  of  this  lecture,  fundamental  flow 
and  combustion  processes  that  determine  the  behavior  of  combustion  system  dynamics  will  be  briefly 
discussed.  Also,  while  experiments  on  combustion  system  dynamics  and  control  have  been  performed  for 
centuries,  the  modern-day  combustion-control  experiments  involving  a  fast-response  dynamic  feedback 
loop  have  been  conducted  only  in  the  last  15  years.  Depending  on  the  particular  application  and  design, 
several  different  active  control  approaches  have  been  utilized.  Different  approaches  of  actively 
controlling  combustion  will  be  summarized  and  the  essential  features  as  well  as  the  new  insight  obtained 
in  those  experiments  will  be  discussed.  The  second  part  of  this  lecture  will  provide  a  brief  review  of 
recent  experimental  studies,  categorized  by  applications.  While  earlier  studies  were  motivated  mainly  by 
instability  suppression  in  propulsion  applications,  recent  research  and  developments  on  active  combustion 
control  have  considered  a  large  variety  of  applications  involving  a  wide  range  in  scope.  Some  of  the  new 
interests  have  come  from  power  generation  and  incineration  industries  as  well  as  more  traditional 
propulsion  industry.  The  scope  and  the  hardware  considered  in  these  investigations  vary  widely, 
stemming  from,  for  instance,  the  use  of  simple  Rijke  tube  for  control  algorithm  development  to  full-scale 
implementation  into  an  industrial  gas  turbine. 

1.  Active  Control  Classification 

Active  combustion  control  (ACC)  is  an  emerging  art  of  regulating  combustion  performance  using  a 
dynamic  hardware  component  that  rapidly  modifies  combustion  input.  ACC  is  an  attractive  idea  because 
it  relies  on  proper  timing  of  fuel  injection  rather  than  spatial  changes  of  flowfield  as  required  in  passive 
approaches.  Since  timing  adjustment  is  simpler  than  the  potential  geometry  modifications  associated  with 
passive  control,  ACC  provides  flexibility  in  performance  and  eliminates  costly  design  changes.  With  the 
recent  advances  in  electronics,  it  is  becoming  a  very  popular  technology  in  propulsion  and  power 
industries. 

The  relative  performance  of  active  control  action  can  only  be  defined  within  the  context  of  the 
applications.  Such  performance  is  also  closely  correlated  with  the  sensors  and  actuators  as  well  as  the 
controllers.  Furthermore,  there  are  usually  more  than  one  performance  parameters  that  are  important,  and 
the  practical  problem  of  active  control  implementation  often  takes  a  form  of  a  constrained  optimization  of 
a  coupled  system  output.  Consequently,  the  research  and  development  of  active  combustion  control 
technology  have  taken  vastly  different  approaches  and  forms.1"3  Thus,  a  lot  of  work  that  have  been  done 
until  now  are  rather  unique  in  certain  elements,  and  it  is  difficult  to  classify  them  into  standard  categories. 
Nevertheless,  in  the  following,  an  attempt  is  made  to  create  a  general  classification  for  much  of  the 
experimental,  numerical,  and  control-oriented  analytical  works  as  well  as  component  related  research. 


Paper  presented  at  the  RTO  AVT  Course  on  “ Active  Control  of  Engine  Dynamics ”, 
held  in  Brussels,  Belgium,  14-18  May  2001,  and  published  in  RTO-EN-020. 
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1.1  Hierarchy  of  Active  Control 

First,  much  of  the  experimental  research,  which  has  been  conducted  to  date,  can  be  grouped  into  three 
general  categories  that  indicate  the  degree  of  system  complexity.  Figure  1  shows  a  schematic  of  an  active 
control  component  diagram.  It  shows  three  essential  sub-components  of  an  active  control  system  — 
actuator,  controller,  and  sensor. 


(a) 


Controller 


Controller 


Figure  1.  Schematic  of  an  active  control  system 
(a)  Open-loop  control,  (b)  Closed-loop  control,  and  (c)  Adaptive  control 

Open-Loop  Control 

An  open-loop  control  system  consists  of  only  actuator  and  controller,  as  shown  in  Fig.  la.  Because 
the  controller  output  is  pre-programmed,  there  is  no  need  for  a  sensor.  This  is  a  simplest  form  of  active 
control,  and  it  relies  on  perturbing  the  input  to  the  combustor  enough  to  obtain  the  desired  output.  In 
order  to  be  of  practical  use,  the  input  action  of  the  actuator  may  need  to  be  amplified  by  the  flow  structure 
or  coupled  with  other  physical  processes. 

The  useful  actuator  must  be  able  to  alter  sufficiently  the  combustion  process  or  those  processes  that 
closely  affect  the  combustion  process,  given  the  proper  control  action.  Some  of  the  more  common 
actuators  include  fuel  injectors,  acoustic  drivers,  and  mechanical  shakers.  Typical  control  action  consists 
of  generating  oscillatory  inputs  having  sufficient  amplitude  and  frequency  to  obtain  the  desired  outcome. 

Due  to  its  inherent  simplicity,  an  open-loop  system  is  very  easy  to  implement.  To  determine  whether 
this  approach  is  adequate  for  a  given  system,  an  open-loop  transfer  function  of  the  combustor  is  required. 
While  such  transfer  function  can  be  obtained  not  just  by  experimental  method  but  also  by  analytical  or 
numerical  approaches,  this  step  is  considered  most  critical  as  the  optimized  performance  depends  on  the 
fixed  control  action. 

Some  of  the  examples  of  open-loop  control  include  not  only  instability  suppression  but  also 
combustion  enhancement  and  emission  reduction.  The  details  of  these  experiments  will  be  discussed  in 
the  ensuing  sections. 
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Closed-Loop  Control 

A  closed-loop  control  adds  a  sensor  element  to  the  open-loop  control.  Figure  lb  shows  the  schematic 
of  a  closed-loop  control.  The  role  of  the  sensor  is  to  monitor  the  combustor  output  in  real  time  and 
actively  modify  the  control  action  accordingly.  Since  a  feedback  action  is  required  with  the  close-loop 
control,  it  is  desired  that  the  frequency  response  of  the  closed-loop  sensor  exceed  the  operating  frequency 
of  the  actuator  and  the  controller. 

For  dynamic  feedback  consideration,  desirable  parameters  for  sensing  are  pressure  fluctuations,  heat 
release  fluctuations,  and  temperature  fluctuations.  In  earlier  investigations,  pressure  and  lumination 
sensors  were  most  commonly  used  as  temperature  sensing  via  a  thermocouple  yielded  rather  slow 
frequency  response.  With  proliferation  of  diode  lasers,  however,  sensing  temperature  fluctuation  and 
product  species  concentration  has  also  become  a  viable  option.  In  fact,  sensor  development  has  been  one 
of  the  key  areas  that  helped  the  renewed  interest  in  the  technology. 

Also,  employing  a  closed-loop  system  placed  an  added  importance  to  the  control  algorithms.  The 
control  algorithm  can  be  as  simple  as  a  given  phase  lag  between  sensor  and  actuator  to  some  that  may 
require  extensive  control  logic.  Some  of  the  more  notable  control  techniques  are  summarized  in  Section 
1.4.  In  a  closed-loop  control,  because  of  the  feedback  design,  one  of  the  key  elements  a  controller 
designer  must  consider  is  the  stability  characteristic  of  the  controller.  Also,  the  robustness  of  the 
controller  to  parameter  variation  needs  to  be  considered. 

Adaptive  Control 

Adaptive  control  refers  to  a  self-adjusting  controller  that  can  modify  the  controller  action  depending 
on  the  transient  external  circumstance.  In  a  simple  closed-loop  control  as  defined  in  Fig.  lb,  the  optimum 
control  action  may  change  over  time  depending  on  the  other  output  that  are  not  being  sensed.  For 
instance,  such  output  may  amount  to  the  altitude  or  the  speed  of  vehicle  in  a  propulsion  system,  and  for  a 
power  generation  device,  it  may  amount  to  the  overall  power  output  level.  In  any  rate,  having  an  extra 
layer  of  control  allows  one  to  adjust  the  closed-loop  filter  in  such  a  way  that  the  control  action  is 
optimized  for  all  conditions. 

Figure  lc  shows  a  schematic  of  an  adaptive  controller.  Typically,  the  parameter  that  requires  a 
change  in  the  controller  setting  varies  much  more  slowly  than  the  closed-loop  controller  of  Fig.  lb. 
Consequently,  the  adaptive  filter  may  not  need  to  operate  at  the  same  frequency  response  as  the  primary 
controller.  In  the  same  token,  an  open-loop  adaptive  control  filter  may  also  be  used  if  the  slow  change  in 
time-averaged  parameters  is  already  known.  However,  a  typical  adaptive  filter  may  require  an  additional 
sensor  that  provides  transient  response  of  the  short-time  averaged  output. 

A  more  extended  view  of  an  adaptive  control  system  is  a  control  system  that  provides  a  "self- 
calibration.”  In  that  sense,  any  of  the  closed-loop  controller  which  allows  an  on-line  system  identification 
may  be  considered  an  adaptive  control  system.  Thus,  in  this  expanded  definition,  most  of  the  closed-loop 
controller,  except  those  that  require  an  off-line  system  identification,  would  be  considered  an  adaptive 
controller.  The  real  distinction,  then,  is  how  fast  the  system  identification  and  implementation  of  the 
modified  control  action  can  be  implemented  in  the  controller.  Some  of  the  earlier  experiments  that 
incorporated  an  adaptive  technique  used  a  single  sensor  and  adaptive  numerical  filters  that  updated  the 
controller  action  at  the  same  sampling  rate  by  averaging  the  signal  over  a  short  time  period.4 

1.2  Actuators 

In  any  practical  application,  actuators  and  sensors  are  the  key  components  that  enable  the  use  of  the 
active  control  approach.  In  that  sense,  combustion  response  to  actuators  is  the  single  most  important 
characteristic  that  determines  the  potential  of  the  active  control  approach  and  sets  the  boundaries  of  the 
control  ability.  This  is  evident  from  the  fact  that  an  actuator  is  an  essential  part  in  all  three  control 
systems  classified  in  Fig.  1.  The  characteristics  of  actuated  combustion  performance  is  what  sets  active 
control  approach  apart  from  other  passive  methods. 
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Some  of  the  ACC  actuators  that  have  been  used  to 
date  include  (1)  compression  drivers  that  add  acoustic 
energy  at  particular  frequencies,  (2)  small  flow  injectors 
that  add  secondary  mass  flux  at  particular  timing,  (3) 
large  flow  valves  that  modulate  the  total  mass  flux,  (4) 
mechanical  devices  that  either  trip  the  transient  boundary 
layers  or  change  the  shear  layer  mixing,  (5)  fluidic 
devices  that  add  momentum  to  the  flow  without  changing 
the  mass  flux,  and  (6)  special  electrodes  that  initiates 
current-stabilized  electric  discharge5,6.  Also,  some  of  the 
recent  actuator  development  work  have  considered 
utilizing  various  material  properties  including 
piezoelectric  and  magnetostrictive  characteristics  as  well 
as  electro-mechanical  behavior.  Also,  other  physical 
mechanistic  characteristics  such  as  atomization 
modulation  and  electrostatic  potential  have  been  explored 
for  actuator  consideration  with  mixed  results. 

simple  tube  combustor. 

Acoustic  Devices 

Acoustic  devices  create  pressure  waves,  which  influence  the  combustion  performance  in  several 
different  ways.  One  way  is  a  direct  interaction  between  acoustics  and  combustion  via  Rayleigh  criterion, 
which  changes  the  amount  of  acoustic  energy  gain.  Joos  and  Vortmeyer7  showed  the  importance  of 
combustion-acoustic  interaction  by  recording  simultaneously  self-sustained  oscillations  of  the  acoustic 
pressure,  acoustic  velocity,  and  combustion  via  OH-  radical  emission.  They  showed  that  oscillation 
amplitude  was  suppressed  when  pressure  and  energy  oscillations  became  out  of  phase. 

In  many  earlier  experiments  involving  active  combustion  control,  loud  speakers  were  used  to  control 
pressure  oscillation  phase.  They  were  widely  used  because  of  the  easy  availability  and  good  frequency 
response  characteristics.  Figure  2  shows  a  schematic  of  a  typical  set-up  employed  in  some  of  these 
experiments,  which  demonstrated  suppression  of  combustion  instabilities.8"10  Lang  et  al.8  employed  a  10- 
W  loudspeaker  system  to  suppress  longitudinal  instability  using  a  simple,  constant-gain,  phase-shift 
controller  with  very  little  energy  consumption.  Gleis  et  al.10  proposed  the  use  of  active  control  system  to 
study  the  onset  of  self-sustained  instability  in  simple  premixed  laboratory  burners. 

Another  way  that  acoustics  alter  the  combustion  performance  is  by  generating  large  coherent  structure 
that  affect  the  large-scale  mixing  process.  Jets,  wake  flows,  and  shear  layers  are  particularly  sensitive  to 
acoustic  forcing  at  certain  frequencies,  which  create  large  vortices.  For  instance,  such  flow  features 
amplify  initial  excitation  with  a  relatively  small  amplitude,  thus  allowing  manipulation  of  the  mixing 
between  fuel-and-air  or  reactants-and-products. 

Figure  3  shows  a  premixed  combustor  at  Ecole  Centrale  Paris,  where  some  of  the  early  active  control 
experiments  were  conducted.  Yu  et  al.11  used  a  pair  of  loudspeakers  to  organize  large  coherent  vortices  in 
the  wake  of  the  V-gutter  flameholder.  The  volumetric  heat  release  was  increased  by  up  to  50%  depending 
on  the  frequency.  Figure  4  shows  a  comparison  of  flame  structures  with  and  without  acoustic  excitation. 
The  observed  heat  release  pattern  in  that  experiment  closely  followed  the  vortex  motion  which  was 
responsible  for  combustion  enhancement.  The  increase  in  volumetric  heat  release  was  a  function  of  the 
vortical  structures  with  the  highest  increase  observed  when  the  Strouhal  number,  based  on  the  inlet 
velocity  and  flameholder  dimension,  was  between  0.4  and  1.6.  The  flame  structures  in  Fig.  4b  and  4c 
caused  40%  and  30%  increase  in  volumetric  heat  release  respectively  compared  to  that  in  Fig.  4a.  Phase- 
lock- averaged  C2  chemiluminescence  image  in  Fig.  4c  also  shows  the  nature  of  periodic  heat  release 
associated  with  the  vortical  structure. 

Acoustic  devices  can  also  be  used  to  change  the  turbulence  intensity  directly.  For  instance,  large- 
amplitude  excitation  can  increase  the  turbulent  transport  property  sufficiently  to  enhance  molecular-level 
mixing,  which  in  turn  increases  the  turbulent  flame  speed.  This  approach,  however,  would  require  a 
substantial  amount  of  acoustic  energy  to  be  effective. 
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Figure  2.  Typical  active  control 
demonstration  experiments  using  a 
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Premixed 


Figure  3.  Open-loop  active  control  experiment  at  Ecole  Centrale  Paris.  [Yu  et  al  1991] 


The  compression  drivers  are  effective  in  controlling  certain  type  of  combustion  devices,  particularly 
those  in  which  the  burner  is  not  pressurized  or  the  initial  turbulence  intensity  is  low.  Gulati  and  Mani9  ran 
a  similar  experiment  as  that  of  Lang  et  al.8  and  reported  that  the  control  performance  deteriorated  at 
higher  output  conditions.  While  they  suggested  a  need  for  a  better  controller,  the  results  also  indicated 
the  deterioration  in  actuator  effectiveness.  If  the  difference  in  turbulence  intensities  between  flows  with 
and  without  actuation  became  less  significant,  the  potential  performance  benefit  associated  with  active 
combustion  control  action  would  also  be  reduced. 

Another  way  an  acoustic  device  can  be  utilized  as  an  actuator  is  by  focusing  acoustic  energy  to  a 
localized  area.  McManus  et  al12  used  acoustic  devices  to  acoustically  force  the  boundary  layer  just 
upstream  of  the  flow  separation.  In  contrast  to  setting  up  a  global  acoustic  field  inside  a  combustor,  they 
attempted  to  localize  the  actuation  where  the  local  disturbance  can  easily  be  amplified.  Later,  such  idea 
led  to  the  development  of  "zero-mass-flux"  actuator,  also  know  as  synthetic  jets.  Typically,  these 
actuators  utilize  piezoelectric  mechanism  to  obtain  very  high  frequency  response. 

Mass  Flux  Modulation 

Mass  flux  modulation  can  be  considered  an  extension  of  localized  acoustic  oscillations  but  with  net 
flow  rate.  Choudhury  et  al.13  used  a  series  of  pulsed  jets  whose  flowrates  were  controlled  by  a  rotating 
valve  to  affect  the  flowfield  just  upstream  of  the  rearward-facing-step  flame  holder.  Poinsot  et  al.14 
successfully  implemented  a  closed-loop  pulsed-fuel-injection  strategy  in  a  bluffbody  flameholder 
combustor  and  demonstrated  about  20  dB  reduction  in  oscillation  amplitude. 

Gutmark  et  al. 15,16  studied  acoustically  forced  jet  flame  characteristics  using  a  loudspeaker  mounted  in 
the  plenum  chamber  and  found  that  the  stability  characteristics  were  affected  if  the  forcing  frequencies 
were  close  to  the  Kelvin-Helmholtz  frequency  or  preferred  mode  frequency.  A  similar  system  was  later 
installed  in  a  fuel  line  to  modulate  the  fuel  flux  in  a  controlled  fashion.17,18 

Fuel  flux  modulation,  especially  that  involving  liquid  fuel,  can  be  obtained  via  high-frequency- 
response  fuel  injectors  and  servo  valves.  Langhome  et  al.19  used  an  automotive  fuel  injector  to  obtain  on- 
off  modulation  of  fuel  flux.  The  modulated  fuel  flux  was  pre- vaporized  before  being  injected  into  the 
combustor.  Yu  et  al.20  utilized  a  swirl  atomizer  which  was  close-coupled  to  an  automotive  fuel  injector  to 
obtain  finely  atomized  pulsed  fuel  sprays.  Such  sprays  were  injected  directly  into  the  self-sustained 
vortex  structure  in  the  combustor  to  minimize  the  controller  fuel  consumption.  The  same  authors  later 
utilized  air-assisted  atomization  of  pulsed  fuel  sprays  to  further  reduce  the  controller  fuel  droplet  size.21,22 
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Typical  fuel  injectors  suffer 
from  limited  frequency  response. 
This  is  due  to  the  fact  that  the 
displacement  amplitude  of 
electromechanical  actuation 
decreases  with  frequency. 
Consequently,  performance  of  a 
typical  actuation  device,  designed 
for  certain  displacement  amplitude, 
deteriorates  at  high  frequencies. 
Neumeier  &  Zinn23  developed  a 
high  frequency  actuator  that  takes 
advantage  of  a  special  material 
property  using  magnetostrictive 
device.  Under  actuation,  such  a 
device  produces  a  small  change  in 
material  length  but  with  relatively 
large  actuation  force  suitable  for 
liquid  flow  modulation. 

For  actuating  large  mass  flux 
such  as  in  air  flow  modulation, 
electro-pneumatic  transducers  and 
electro-hydraulic  servo  valves  can 
be  employed.  These  valves 
typically  contain  a  vibrating 
mechanical  device  that  restricts  the 
orifice  size  within  a  certain 
frequency  range,  typically  reaching 
an  upper  limit  of  several  hundred 
Hertz.  Parr  et  al.24  and  Gutmark  et 
al/5  used  such  devices  to  create  periodic  vortical  structures  in  air  flow  and  actively  controlled  vortex 
combustion  effectively  reducing  an  incinerator  size.  While  one  drawback  of  the  large  capacity  drivers  is 
their  high  cost,  Wilson  et  al.26  developed  a  more  affordable  actuator  using  a  piezoelectric  wafer,  that  can 
be  implemented  in  a  similar  system. 

Heat  Flux  Modulation 

In  most  cases  involving  instability  suppression,  the  end  goal  of  actuation  is  to  bring  about  controlled 
modulation  in  heat  release.  While  the  previously  considered  actuation  approaches  utilize  either 
combustion-acoustic  interaction  or  modulation  of  reactant  flow  rate  to  achieve  this,  there  are  other 
actuation  approaches  that  try  to  control  heat  release  directly.  One  such  approach  is  to  generate  electric 
plasma.  Afanasiev  et  al.5  utilized  electric  arc  discharge  to  add  electric  energy  to  the  combustion  system. 
While  the  arc  discharge  also  produced  acoustic  emission,  the  net  effect  was  to  produce  unsteady  heat 
addition.  Because  the  electric  resistance  of  the  flowfield  was  a  function  of  the  ionized  combustion 
products,  the  amount  of  electric  energy  added  became  a  function  of  transient  combustion  energy  release. 

Schadow  et  al.27  used  periodically  generated  flame  kernels  as  an  actuation  device.  The  transient 
flame  kernels  were  generated  by  igniting  a  flowrate-matched  premixed  flow  with  periodic  sparks. 
Hermann  et  al.28  used  a  pilot  burner  as  an  actuator.  The  flow  rate  of  pilot  gas  was  modulated  with  a  direct 
drive  servo  valve  and  the  associated  heat  release  modulation  from  the  pilot  burner  was  then  used  for 
actuation  of  the  main  burner.  The  flow  rate  for  pilot  burner  ranged  between  5  %  to  10  %  of  the  main  fuel 
flux. 
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Figure  4.  Flame  structures  associated  with  open-loop  combustion 
control.  Reynolds  No.  =  60,000,  u’/U~0.1  (a)  Baseline  case  with 
Strouhal  No.,  /D/U  =0,  (b)  Strouhal  No.  =  0.8,  and  (c)  Strouhal  No. 
0.4.  [Yuetal.  1991] 
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Moving  Surfaces 

Unlike  acoustic  devices  which  utilize  vibrating  diaphragm  to  generate  acoustic  waves  that  propagate 
at  sound  speed,  moving  surface  devices  oscillate  in  such  a  fashion  to  create  local  disturbances  that 
propagate  at  convection  velocity  of  the  flow.  This  would  be  due  to  either  high  damping  characteristics  of 
the  moving  mass  or  because  the  oscillation  frequency  is  outside  the  range  that  favors  acoustic  energy 
propagation  in  the  ducted  system.  As  a  result,  the  actuation  from  a  moving  surface  devices  amounts  to 
the  modification  in  the  boundary  condition  or  the  change  in  convective  mass  flux. 

Bloxsidge  et  al. 29,30  utilized  an  actively  controlled  moving  plug  to  suppress  low  frequency  instability 
typically  referred  to  as  reheat  buzz  phenomenon.  The  plug  was  oscillated  using  a  mechanical  shaker 
device  at  relatively  low  frequencies  using  a  band-pass  filtered  feedback  circuitry.  The  instability 
frequency  was  at  88  Hz  with  substantial  cyclic  deviation.  According  to  the  authors,  the  primary 
mechanism  was  the  change  in  acoustic  boundary  conditions.  A  similar  shaker  device  was  applied  to  a  V- 
gutter  flameholder  by  Trouve  et  al.31  The  flameholder  was  oscillated  in  a  rocking  motion  in  an  effort  to 
create  organized  vortices  that  would  affect  volumetric  heat  release.  However,  the  limited  frequency 
response  of  such  devices  made  it  difficult  to  produce  significant  changes  in  the  reacting  flowfield.  The 
combustor  flowfield,  which  was  actuated  at  frequencies  substantially  different  from  the  characteristic 
flow  frequency  and  the  system  acoustic  frequency,  behaved  in  a  quasi-steady  fashion. 

Piezoelectric  film  and  shape  memory  alloy  actuators  can  produce  oscillations  in  high  and  low 
frequency  ranges  respectively.  These  materials  are  the  type  of  smart  structure  module,  and  are  being 
considered  for  flow  control  applications.  Although  there  has  not  been  any  reported  use  of  these  materials 
in  combustion  control  applications  as  of  yet,  these  actuators  could  also  be  useful  if  the  frequencies  of 
application  interest  matches  the  range  of  actuators. 

1.3  Sensors 

Sensors  with  the  proper  time-response  characteristics  are  needed  in  closed-loop  feedback  control 
applications.  While  it  is  important  that  the  ACC  sensors  provide  a  timely  response  of  the  result  due  to 
actuation,  they  do  not  have  to  directly  monitor  the  particular  system  property  that  the  control  approach  is 
trying  to  optimize.  It  is  sufficient  that  the  sensor  provides  the  information  that  is  a  precursor  to  the 
system  property  that  the  controller  wants  to  optimize.  Sensors  with  two  different  response  time-scales 
may  be  considered.  The  sensor  for  direct  feedback  application  requires  sufficiently  short  time  response 
consistent  with  the  ACC  goals.  On  the  other  hand,  a  slow-response  sensor  could  still  be  used  for  the  use 
with  the  outer  adaptive  loop. 

The  availability  of  sensors  is  closely  linked  to  the  diagnostic  capability  as  well  as  the  manufacturing 
practices.  With  the  proliferation  of  compact  diode  lasers  and  micromachining  technology,  new  sensors 
are  being  developed  at  a  fast  pace.  This  in  turn  will  enable  better  optimization  of  combustor  performance. 
Like  actuators,  sensor  characteristics  determine  the  boundary  of  controllable  performance  such  as 
frequency  range  and  instability  amplitude.  However,  unlike  actuators,  sensors  are  not  a  " show-stopper"; 
instead,  they  simply  enhance  the  potential  for  control-performance  optimization. 

While  the  specification  required  for  sensors  depends  on  the  particular  application  and  the 
environment  at  which  the  sensors  are  to  be  used,  general  consideration  of  the  approach  demands  that  the 
sensors  be  rugged,  suitable  for  high  temperature,  and  have  good  frequency  response. 

Pressure  and  Heat  Release 

Some  of  the  performance  parameters  that  active  control  approach  often  addresses  include  pressure 
oscillations  and  heat  release  characteristics.  Therefore,  conventional  sensors  typically  include 
measurements  on  dynamic  pressure  or  instantaneous  heat  release.  For  dynamic  pressure  measurements, 
piezoresistive-type  or  piezoelectric-type  transducers  are  often  employed  because  of  their  high  sensitivities 
and  high  natural  frequencies.  Leadless  sensors  for  pressure  measurements  in  hostile  environment  are  also 
being  considered  recently.32  For  heat  release  measurements,  optical  techniques  are  often  preferred  over 
conventional  thermometry  or  heat  flux  transducers,  because  of  the  cost  consideration  as  well  as  the 
frequency  response. 
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Microphones  or  dynamic  pressure  transducers  have  been  used  to  provide  rapid  response  feedback  to 
actuation  output.  Pressure  measurements  have  often  been  associated  with  combustion  instability 
suppression.  In  such  a  case,  the  sensor  signal  provides  the  direct  information  on  the  parameter  that  is 
being  controlled.  Depending  on  the  type  of  performance  being  controlled,  pressure  measurement  may  be 
made  at  any  location.  However,  for  longitudinal  instability  suppression,  the  pressure  sensor  should  not  be 
mounted  at  acoustic  node  location.14 

Photodiodes  and  photomultipliers  have  also  been  widely  used  in  earlier  experiments.4,33  Such 
luminosity  sensors  can  be  combined  with  a  narrow-band  intereference  filter  to  provide  information  on 
chemiluminescence.  The  most  widely  used  radical  species  are  CH,  C2,  and  OH  radicals,  as  the 
chemiluminescence  from  these  radicals  appear  almost  exclusively  in  the  reaction  zone.  Depending  on  the 
flame  characteristics  and  flow  conditions,  radiation  intensity  within  certain  wavelengths,  corresponding  to 
the  chemiluminescence  from  those  radicals,  can  be  used  as  an  indicator  of  heat  release.  The  wavelengths 
typically  chosen  are  431.5  nm,  516.5  nm,  and  306.5  nm  for  CH,  C2,  and  OH  radicals,  respectively.34 

Chemiluminescence  is  often  used  in  lean  premixed  flame  environments,  such  as  in  gas  turbines.  The 
intensity  of  chemiluminescence  decreases  at  higher  pressure  due  to  the  dominant  effect  of  quenching  rate, 
but  the  increase  in  volumetric  reaction  rate  and  higher  concentration  of  radical  species  partly  compensate 
for  the  adverse  pressure  dependence.  As  a  result,  the  decline  in  radical  chemiluminescence  intensity  at 
higher  pressure  is  rather  gradual  and  it  would  still  be  possible  to  use  chemiluminescence  as  an  indicator  of 
reaction  dynamics.  However,  chemiluminescence  measurements  would  not  be  a  good  indicator  in  the 
presence  of  soot  or  any  other  blackbody  radiation  that  can  interfere  with  the  chemiluminescence  intensity 
in  the  selected  bandwidths. 

Concentration  and  Temperature 

Flue  gas  analyzers  are  often  used  to  measure  the  chemical  composition  of  combustion  products,  such 
as  NOx,  CO,  or  unburned  hydrocarbons.24,35  Most  gas  analyzers  utilize  electrochemical  sensors  or  a 
chromatographic  system  to  measure  concentration  of  certain  species,  but  typically  a  steady  sampling  of 
subject  gas  is  required.  Consequently,  the  response  time,  associated  with  in-situ  sampling,  is  limited, 
usually  on  the  order  of  10  sec.  Thus,  while  the  output  of  conventional  gas  analyzers  can  be  used  as  a  slow 
sensor  for  the  adaptive  loop  in  emissions  monitoring,  it  is  not  appropriate  for  a  fast-response  feedback 
sensor. 

For  in-situ  monitoring  as  required  in  a  fast-response,  close-loop-control  application,  optical 
techniques  are  again  gaining  a  popularity.  Also,  the  optical  techniques  are  no  longer  limited  to  emission 
spectroscopy,  as  active  laser  diagnostic  techniques  have  been  made  more  practical  in  the  last  few  years. 
In  particular,  the  advancement  in  small,  affordable  diode  lasers  has  contributed  significantly  to  the  sensor 
development.  Some  of  the  diode-laser-based  sensors  have  already  been  field  tested  with  active  control 
loop  using  either  in-situ  or  fast  extractive  sampling  approach.  Furlong  et  al. 36,37  demonstrated  the  use  of 
diode-laser  sensors  in  more  practical  environment  by  successfully  implementing  the  sensor  in  a  compact 
waste  incinerator35  which  was  closed-loop  controlled. 

For  active  control  sensor  application,  absorption  techniques,  which  provide  measurements  averaged 
over  a  path,  are  most  widely  used.38  For  determining  vibrational  gas  temperature  and  species 
concentration,  absorption  measurements  at  multiple  wavelengths  have  been  used.39  Typical  wavelengths, 
used  for  such  absorption  measurements,  have  been  in  the  near-infrared  or  in  the  infrared  ranges.  Hanson 
&  Baer  and  co-workers  at  Stanford  ’  ’  have  developed  diode-laser  absorption  sensors  for  number  of 
combustion-related  species,  including  H20,  CO,  C02,  NO,  N02,  N20,  as  well  as  02  and  various 
hydrocarbon  species.  Some  of  the  specific  wavelengths  that  have  been  successfully  tested  are  1.34  jam 
and  1.39  jam  for  H20,  1.5  jam  and  2.3  jam  for  CO,  and  1.5  jam  and  2.0  jam  for  C02. 

MEMS  Actuators  and  Sensors 

Some  of  the  interest  in  MEMS  (Micro-Electro-Mechanical-System)  devices  come  from  the  facts  that 
the  micromachining  technology  is  rapidly  emerging  and  it  provides  potential  reduction  in  cost.  With 
potential  reduction  in  size,  it  may  also  be  possible  to  further  enhance  performance  by  considering  an 
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option  of  a  large-scale  distributed  control  system.  Along  the  same  line,  it  may  be  possible  to  extend 
active  combustion  control  to  miniaturized  combustion  systems  being  considered  for  various  applications 
such  as  micro-UAV  or  micro  power  generation  systems. 

While  MEMS  actuators  and  sensors  are  not  yet  practical  enough  to  be  used  in  hostile  combustion 
environment,  there  are  still  much  interest  in  research  and  development  community  for  the  inherently  fast 
time  response  associated  with  their  sizes.  Ho  &  Tai41  reviewed  the  MEMS  devices  suitable  for  flow 
control  applications.  There  has  been  much  effort  on  concept  demonstration  by  building  micro  sensors  and 
actuators  such  as  micro  flap  actuators42,43  and  micro  pressure  sensors.44  However,  most  of  these  systems 
are  still  too  fragile  for  rugged  applications.  More  research  is  needed  to  make  them  practical. 

1.4  Control  Algorithm 

While  actuator  is  the  component  that  enables  the  use  of  active  combustion  control  approach  in  a 
target  system,  control  algorithm  is  the  part  which  can  make  the  technique  successful.  Thus,  the 
optimization  of  performance  is  closely  linked  to  the  characteristics  of  the  control  algorithm.  In  the  same 
context,  the  role  of  sensor  is  to  extend  the  capability  of  control  algorithm  by  providing  pertinent  system 
response  data  on  controller's  action. 

In  the  simplest  form  of  ACC,  the  controller  executes  a  pre-determined  control  action  without  the  help 
of  sensors.  An  open-loop  controller,  if  it  can  be  implemented  effectively,  is  a  preferred  choice  over  a 
closed-loop  controller  which  is  more  complex.  However,  the  applicability  of  an  open-loop  controller  is 
somewhat  restricted  because  it  is  generally  not  possible  to  determine  the  transient  response  of  the  system 
to  actuation.  Unless  such  information  is  known  a  priori,  it  would  be  difficult  to  determine  a  proper  course 
of  control  action.  Thus,  a  use  of  feedback  loop  is  often  employed  out  of  necessity  to  gain  understanding 
on  system  response  characteristics. 

In  actively  controlling  combustion  through  the  use  of  a  feedback  loop,  a  number  of  different  control 
algorithms  have  been  implemented  over  the  years  with  various  results.  However,  unless  these  algorithms 
were  applied  to  the  same  system  under  the  same  conditions,  it  is  not  fair  to  draw  any  conclusions  based  on 
system-specific  controller  response.  For  the  same  token,  one  controller  may  work  better  under  certain 
situation  than  others  further  complicating  their  comparison.  In  the  following,  some  of  the  different 
control  algorithm  approaches  are  described  and  the  corresponding  results  are  examined  where  applicable. 

Proportional  Control 

Proportional  control  describes  the  simplest  type  of  closed-loop  control  algorithms,  which  has  also 
been  most  widely  used.  This  type  of  algorithms  can  be  further  classified  into  P-controller  (proportional), 
Pi-controller  (proportional-integral),  PID-controller  (proportional-integral-derivative),  and  other  similar 
varieties  depending  on  the  second-order  correction.45,46  In  the  simplest  form,  there  are  one  input  from  the 
sensor  and  one  output  to  the  actuator.  The  sensor  signal  is  transformed  into  a  proportional  output  using 
an  operational  amplifier.  In  Pi-control,  an  adjustment  can  be  made  to  the  baseline  value  by  integrating 
the  errors  in  time,  while  the  derivative  portion  in  PID-control  can  resolve  the  time  response  more 
precisely. 

Fung  &  Yang47  provided  a  theoretical  analysis  describing  various  proportional  control  approaches 
applied  to  nonlinear  combustion  instabilities.  They  established  an  optimization  procedure  for  gain 
selection.  Most  of  the  control  algorithms  used  in  earlier  experiments  belong  to  this  category.  While  the 
controller  is  very  flexible  in  term  of  control  parameter  adjustment,  it  may  not  be  sophisticated  enough  to 
respond  to  other  performance  challenges. 

Neural  Network 

Neural  network  describes  an  adaptive  logic  system  which  is  modeled  after  the  structure  of  the  brain. 
In  a  simple  neural  network,  various  inputs  from  different  sensors  are  multiplied  by  respective  weighting 
function.  A  transfer  function  is  used  to  convert  the  combined  results,  which  are  then  used  as  the  input  to 
the  actuators.  Because  of  the  apparent  adaptation  to  different  operating  conditions,  neural  network 
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belongs  to  a  class  of  controllers  that  are  termed  adaptive  control.  A  potential  problem  associated  with 
neural  networks  occurs  during  the  training  period  when  the  controller  is  learning  the  response  to  various 
actuation.  Clearly,  this  type  of  control  algorithm  would  be  more  appropriate  in  cases  where  improper 
actuation  never  cause  drastic  failure.  For  added  safety,  a  control  algorithm  utilizing  a  neural  network  can 
be  pre-trained  using  simulation  data.  This  would  help  setting  up  safety  margins  for  final  training  of  the 
neural  network  via  direct  experiments. 

Gutmark  et  al.33  first  applied  such  an  algorithm  in  active  combustion  control  system  using  multiple 
input  signals.  The  authors  used  a  neural  network  filter  consisting  of  seven  hidden  neurons  to  transform 
the  two  input  signals  to  one  output  signal.  Flame  emulator  was  trained  using  the  back  propagation 
method..  Blonbou  et  al.48  applied  two  neural  networks  to  suppress  instabilities  in  a  Rijke  tube.  Liu  & 
Daley49  used  neural  networks  to  develop  a  mode  observer  and  output  model,  which  was  used  to  drive 
acoustic  actuation  system.  Vaudrey  &  Saunders50  described  the  neural  network  training  process  which 
was  used  to  predict  the  frequency  response  of  a  tube  combustor. 

Fuzzy  Logic 

Fuzzy  logic  describes  a  multi-valued  logic  which  allows  conventional  evaluation  of  the  combustor 
response  using  so  called  fuzzy  sets,  that  are  constructed  on  the  basis  of  expert  knowledge  either  pre¬ 
programmed  or  obtained  through  training.  The  controller  works  in  a  similar  fashion  as  in  neural  networks 
except  the  actual  sensor  nodes  in  neural  networks  are  replaced  by  fuzzy  functions  and  fuzzy  rules.  By 
reducing  the  infinite  number  of  possibilities  into  a  finite  number  of  combinations,  the  control  response  for 
a  given  situation  can  be  simplified.  If  the  response  for  many  of  the  combination  states  can  be  formulated 
by  expert  knowledge,  fuzzy  logic  can  effectively  reduce  the  training  requirement.  Furthermore,  because 
of  the  simplified  logic,  controller  response  can  be  enhanced.  Fuzzy  logic  can  be  a  powerful  tool  if 
extensive  physical  understanding  and  operational  experience  are  available.  It  is  especially  useful  if  the 
control  process  is  very  complex  and  is  difficult  to  model.  However,  depending  on  the  resolution  of  the 
fuzzy  subsets,  the  controlled  state  may  not  be  fully  optimized. 

The  use  of  fuzzy  logic  in  active  combustion  control  is  rather  limited.  Menon  &  Sun51  applied  fuzzy 
logic  rules  to  suppress  longitudinal  mode  instability  in  a  numerical  experiment.  Also,  recently,  a  fuzzy 
logic  controller  was  successfully  tested  in  a  liquid-fueled  dump  combustor  experiment  at  Naval  Air 
Warfare  Center  in  China  Lake. 

Model-Based  Control 

Model-based  control  describes  a  wide  variety  of  adaptive  control  approaches  in  which  physically 
based  models  were  used.  Some  of  the  physical  processes  that  can  be  modeled  include  not  only  system 
acoustics,  flow  dynamics,  reaction  dynamics,  actuators  and  sensors,  but  also  prevalent  coupling  between 
these  processes. 

In  some  of  the  control-oriented  investigations,  the  system  dynamics  were  represented  in  the  frequency 
domain  using  the  Bode  plot.46,52  This  made  it  convenient  to  design  the  control  filter  for  stability 
consideration,  based  on  the  Nyquist  criterion.  While  this  approach  can  serve  as  the  basis  for  determining 
the  proper  phase  delay,  it  may  not  work  with  nonlinear  systems  or  in  an  unsteady,  transient  operation.53 

Annaswamy  et  al.54  conducted  a  model-based  control  design  using  the  linear  quadratic  Gaussian 
(LQG)  method,  and  showed  that  the  LQG  controller  performed  better  than  proportional  controllers  in  a 
bench-top  combustor  similar  to  those  from  earlier  experiments  (Fig.  2).  The  LQG  design  is  similar  to 
linear  quadratic  regulator  (LQR)  controller,  but  uses  a  Kalman  filter  to  estimate  the  states.  While  the 
LQG  controller  is  robust  in  gain  and  phase,  it  does  not  guarantee  the  gain  and  phase  margins  when 
uncertainties  in  the  states  are  present.55  Robustness  of  such  control  could  be  an  issue. 

Other  Adaptive  Control 

There  are  many  adaptive  algorithms  that  are  not  based  on  physical  models.  Some  of  them  have 
employed  an  adaptive  filter  and  a  least  mean  squared  (LMS)  algorithm  to  update  control  coefficients.4,55"57 
However,  the  convergence  of  coefficients  may  be  sensitive  to  initial  conditions.  If  all  states  are  not 
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known,  an  observer-based  approach  can  be  considered  to  provide  a  real-time  identification  of  the  unstable 
modes.58,59  Although  a  model-based  observer  can  be  extended  to  the  LQG  controller,  designing  an 
observer  with  a  wide  robustness  range  for  a  nonlinear  system  can  be  a  challenge.53 

2.  Combustion  Oscillations  and  Control  Mechanisms 

Combustion  instabilities  in  propulsion  systems  occur  as  some  disturbances  in  pressure  or  velocity  are 
amplified  by  combustion  heat  release  and  generate  acoustic  energy  in  a  periodic  manner.  The  acoustic 
energy  reinforces  the  disturbances  continually,  making  the  cycles  self-sustained.  As  the  increased  level  of 
thermal  and  mechanical  loads  from  combustion  instabilities  can  present  serious  problems  to  the 
performance  and  structures  of  the  systems,  some  types  of  combustion  controls  may  be  needed.  Passive 
approaches  of  changing  the  system  design,  such  as  fitting  baffles,  resonators,  or  acoustic  liners  into  the 
combustors,  usually  require  costly  modification  and  often  prove  to  be  impractical  because  of  narrow 
range  of  frequencies  that  can  be  controlled.  In  comparison,  active  control  is  a  very  attractive  solution. 
Culick60  provided  theoretical  review  of  combustion  instabilities  and  discussed  the  pertinent  issues 
associated  with  actively  controlling  nonlinear  acoustics  in  combustion  chambers. 

In  suppressing  combustion  instabilities,  one  can  damp  the  oscillation  amplitude  with  an  out-of-phase 
combustion-acoustic  coupling.  This  is  done  by  introducing  secondary  heat  release  oscillations  at  a  proper 
phase  with  respect  to  the  pressure  oscillations,  which  are  monitored.  By  maintaining  a  proper  phase 
difference,  a  negative  coupling  which  lowers  acoustic  energy  density  is  sought.  Since  this  mechanism  is 
governed  by  Rayleigh's  criterion61,  the  approach  may  be  described  as  a  Rayleigh  suppression  method. 

Another  possible  approach  of  active  control  is  to  directly  remove  the  sources  of  heat  release 
oscillations.  When  the  sources  of  heat  release  oscillations  which  sustain  the  instabilities  are  known,  the 
sources  may  be  broken  up  directly.  If  the  source  is  related  to  the  large-scale  coherent  vortical  structures 
in  the  shear  layers,  a  direct  shear  layer  control  may  be  attempted  to  disrupt  the  coherency  in  the  shear 
layers. 


2.1  Rayleigh  suppression 

Combustion-acoustic  interactions  may  become  either  a  source  or  a  sink  of  acoustic  energy  depending 
on  their  phase  difference.  Mathematically,  the  equation  for  the  acoustic  energy  balance  can  be  derived 
from  the  standard  governing  equations  (Appendix)  and  can  be  expressed  as  the  following: 

As  «  - — -  d+T  P  —  dr  +  smaller  terms 
y  1  p 

where  As  is  the  change  in  acoustic  energy  density  after  one  cycle,  p'  the  acoustic  pressure,  p  the  mean 
pressure,  qr  the  fluctuating  component  of  energy  release,  and  T  the  oscillation  period.  This  relation, 
commonly  known  as  Rayleigh's  criterion  in  literature,  shows  that  acoustic  energy  density  may  increase  or 
decrease  in  time  depending  on  the  phase  of  q '  with  respect  to  that  of  p Chu  and  Kovasznay62  discussed 
higher  order  source  terms  stemming  from  linear  disturbances,  while  Culick60,63,64  established  the 
foundation  for  approximate  analysis  of  nonlinear  acoustics  using  Galerkin’s  approach. 

Thus,  given  a  proper  phase  difference,  oscillations  in  combustion  heat  release  can  effectively  damp 
the  instabilities.  In  many  active  control  studies,  total  fuel  flow  into  the  combustors  is  modulated  in  order 
to  induce  heat  release  oscillations  at  a  desired  phase.  Poinsot  et  al.14  used  loudspeakers  as  the  actuator  in 
imposing  acoustic  modulations  to  the  upstream  flow.  As  the  heat  release  modulations  followed  the  fuel 
flow  modulations,  the  instability  amplitude  would  either  grow  or  decay  depending  on  the  phase  relation 
with  the  pressure.  Thus,  a  feedback  system  was  used  to  maintain  a  proper  phase  difference  between  the 
pressure  signal  and  the  actuator  signal.  Langhorne,  Dowling,  and  Hooper19  sought  a  more  practical 
approach  by  using  solenoid  valves  instead  of  loudspeakers.  The  valves  directly  regulated  the  amount  of 
secondary  fuel  injection  into  the  combustor.  Gutmark  et  al.18  also  used  loudspeakers  to  generate  fuel  flow 
modulation.  Using  a  phase-lock  controller,  they  were  able  to  lock  into  the  instability  frequency  and  shift 
the  actuator  phase  accordingly.  The  combustor  pressure  or  chemiluminescence  signal  was  used  as  the 
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reference  signal  in  this  study.  In  all  three  experiments,  significant  reductions  in  sound  pressure  level  were 
observed  with  the  control. 

The  success  of  fuel  flow  modulation  techniques  depend  on  their  ability  to  induce  heat  release 
modulation  in  a  timely  fashion.  For  example,  heat  release  modulation  follows  fuel  mass  modulation  with 
a  certain  delay  time,  which  is  associated  with  atomization,  fluid  mixing,  and/or  chemical  reaction 
processes.  Unless  this  delay  time  is  orders  of  magnitude  smaller  than  the  instability  period,  it  must  be 
taken  into  account  to  correctly  determine  the  proper  phase  of  modulation.  In  many  cases,  experimental 
measurements  are  the  only  sure  way  of  obtaining  the  correct  values  of  time  delay  as  it  depends  on  many 
parameters  and  specific  operating  conditions.  As  the  phase  information  on  heat  release  is  a  posteriori ,  the 
implementation  of  fuel  modulation  techniques  usually  requires  experimental  testing  procedures. 

2.2  Direct  shear  layer  control 

As  the  combustion  instabilities  are  sustained  by  acoustically  coupled  heat  release  oscillations  which 
amplify  acoustic  energy,  de-coupling  of  combustion  process  can  also  lead  to  suppression  of  combustion 
instabilities.  Unlike  the  previous  approach  in  which  acoustic  energy  is  damped  by  out-of-phase 
combustion-acoustic  coupling,  the  direct  shear  layer  control  is  an  approach  to  remove  the  source  of  heat 
release  oscillations  by  suppressing  the  development  of  large-scale  coherent  structures  in  the  shear  layer. 

A  number  of  recent  studies,  using  combustors  with  either  rearward  facing  steps34,65"67  or  bluff  body 
flame  holders68,  revealed  that  coherent  structures  in  shear  layers  play  the  dominant  role  in  modulating  the 
heat  release.  Schadow  et  al.69  identified  these  structures  as  drivers  of  combustion  instabilities  in  their 
dump  combustor.  By  comparing  phase-resolved  spatial  chemiluminescence  pictures  with  vortex  structure 
visualizations,  Yu,  Trouve,  and  Candel11  showed  that  heat  release  oscillations  closely  follow  the  vortex 
trajectories.  Since  the  oscillations  in  heat  release  rate  is  responsible  for  sustaining  the  instabilities, 
controlling  the  shear  layers  may  be  the  key  to  combustion  instability  control. 

The  physical  mechanisms  of  the  combustion  instabilities  that  are  in  consideration  are  illustrated  in  Fig. 
5.  The  instability  cycles  consist  of  a  series  of  linked  events  that  are  coupled  by  combustion-acoustic 
interactions34:  acoustic  oscillations  at  the  flame-holder  sheds  vortical  structures,  burning  of  these  structures 
provides  heat  release  modulations,  and  more  acoustic  energy  is  generated  from  combustion-acoustic 
coupling  interactions  balancing  the  intrinsic  losses.  The  link  between  acoustic  oscillations  and  heat  release 
may  be  broken  up  not  only  by  inducing  out-of-phase  coupling  interactions  but  also  by  disrupting  the 
coherency  in  shear  layers. 


Figure  5.  Self-sustained  combustion  instability  cycles  and  possible  controlling  mechanisms.  The 
combustion  instability  in  consideration  is  driven  by  large-scale  coherent  structures  in  the  shear  layers. 
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Some  encouraging  results  were  shown  in  earlier  experiments.  In  passive  control  experiments,  using 
nonstandard  inlet  duct  cross  sections,  Schadow  and  Gutmark70  showed  that  changing  the  initial  shear  flow 
conditions  can  be  very  effective.  Taking  more  active  approaches,  McManus,  Vandsburger,  and 
Bowman12  were  able  to  change  combustor  performances  by  directly  exciting  the  shear  layer  using  a 
loudspeaker-driven  cavity.  Yu,  Trouve,  and  Candel11  obtained  similar  results  by  acoustically  forcing  the 
upstream  inlet  flow. 

3.  Suppression  of  Combustion  Instability 

Combustion  instability  refers  to  the  occurrence  of  unwanted  pressure  oscillations  with  a  large 
amplitude.  Any  ducted  system  featuring  a  source  of  heat  release  is  susceptible  to  combustion  instabilities. 
Combustion  instabilities  may  cause  significant  practical  problems  by  producing  excess  vibrational  or 
thermal  loads  to  a  subjected  system.  Over  the  years,  excessive  amplitude  pressure  oscillations  have  been 
found  responsible  for  causing  structural  failure,  performance  degradation,  and  equipment  damage  in 
propulsion  systems.71  Many  different  approaches  have  been  adopted  to  study  physical  mechanisms  for 
such  phenomena.72  Recent  interest  from  the  industrial  gas  turbine  industry  stems  from  the  desire  to 
operate  the  gas  turbines  at  very  lean  fuel-air  ratios  for  NOx  reduction  consideration.  However,  it  is  well 
known  that  a  lean  premixed  combustion  system  is  especially  susceptible  to  combustion  instabilities. 

Combustion  instability  suppression  has  been  a  subject  of  focused  research  efforts  in  recent  years  and 
has  been  the  dominant  driving  force  for  ACC  studies.  As  a  result,  the  bulk  of  ACC  literature  is  related  to 
instability  suppression.  In  the  following,  some  of  the  more  recent  efforts  for  actively  suppressing 
combustion  instabilities  are  surveyed. 


3.1  Aeroengines 

Since  the  genesis  of  closed-loop  active  combustion  control  work  was  for  instability  suppression  in 
aeroengines  in  the  late  1980’s,  much  effort  has  been  focused  in  this  area.  While  a  lot  of  progress  has  been 
made,  there  are  still  a  lot  of  work  left  to  be  done.  One  such  challenge  is  to  use  liquid  fuel  for  control  and 
minimize  the  fuel  amount  by  directly  pulsing  it  into  the  combustion  chamber.  Because  of  the  combustion 
delays  associated  with  liquid-fuel  atomization,  droplet  heating,  vaporization  and  burning  processes,  it  has 
been  difficult  to  perform  fast-response  in-situ  control  using  liquid  fuel.  Such  a  challenge  is  currently 
being  addressed  by  a  coordinated  research  effort  in  U.S.,  which  seeks  to  increase  the  operational 
capability  of  future  advanced  air-breathing  propulsion  systems  using  actively  controlled  JP-10  fuel 
management.73 

Ramjet  Dump  Combustor 

Low  frequency  instabilities  associated  with  longitudinal  mode  were  the  subject  of  numerous  earlier 
investigations.  Many  experimental  ’  ’  ’  and  computational  studies  ’  have  shown  the  critical  role  of 
large  coherent  vortical  structures  in  driving  these  instabilities  and  the  importance  of  combustion-acoustic 
interaction.  The  initial  attempt  to  suppress  these  instabilities  used  the  passive  approaches.70  However, 
with  the  emergence  of  ACC  demonstration  experiments1417’33,  much  attention  has  shifted  to  more  flexible 
ACC  technology.  Computational  efforts  for  actively  controlled  ramjet  soon  followed.79,80 

The  earlier  investigation  on  ACC  for  ramjet  used  gaseous  fuel  which  is  not  practical  for  application. 
The  renewed  research  effort  in  this  area  stems  from  the  desire  to  extend  ACC  to  liquid-fueled  combustors 
and  explore  the  use  of  ACC  approach  in  practical  liquid-fueled  ramjets.  Recent  progress  in  liquid-fuel 
actuator  technology  and  enhanced  understanding  of  the  combustor  dynamics  provided  an  ideal 
background  to  further  advance  ACC  technology  to  liquid-fueled  ramjets.  The  typical  strategy  is  to  inject 
a  small  amount  of  secondary  fuel  flux  in  a  periodic  fashion  and  actively  adjust  its  timing  with  respect  to 
the  combustor  processes.  ’  ’ 

In  this  type  of  approach,  the  timing  of  fuel  injection  follows  the  similar  consideration  as  that  stated  by 
Rayleigh's  criterion.61,83  However,  one  must  utilize  an  additional  strategy  to  effectively  supply  a  two- 
phase  flow  into  a  desired  location.  The  interaction  of  small  droplets  with  large  flow  features  is  sensitive 
to  flow  Strouhal  number.  Recent  experiments  "  and  computations  "  suggested  that  only  those 
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Figure  6.  A  model  ramjet  dump  combustor  for  liquid-fueled  ACC  study  at  NAWC,  China  Lake. 


droplets  with  Stokes  number  on  the  order  of  unity  are  affected  by  fluid  motion  and  yet  have  enough 
momentum  to  be  dispersed  further  outside  the  carrier  fluid  path. 

Yu  et  al.20  showed  that  vortex-droplet  interaction  mechanism  could  be  utilized  to  control  the  fuel 
droplet  dispersion  inside  an  axisymmetric  ramjet  combustor,  shown  in  Fig.  6.  Figure  7  shows  the  spatial 
and  temporal  distribution  of  fuel  droplets  in  the  combustor  as  a  function  of  pulsed  injection  timing.  The 
vortex  shedding  process  was  used  as  a  reference  for  fuel  injection  timing.  Subsequent  experiments 
revealed  that  instability  was  suppressed  when  the  controller  fuel  was  injected  in  advance  of  the  vortex 
shedding  or  synchronized  with  the  vortex  shedding  event.  Adjusting  the  fuel  injection  timing  to  follow 
the  vortex  shedding,  on  the  other  hand,  resulted  in  higher  amplitude  oscillations. 


fuel  injection  timing 


Figure  7.  Spatial  dispersion  of  controller  fuel  droplets  with  respect  to  the  vortex  location  in  a  ramjet  dump 
combustor.  The  location  of  fuel  droplets  was  obtained  by  phase-lock  averaging  Mie-scattering  flow 
visualization  images,  (a)  vortex  shedding  cycle  associated  with  the  instability,  (b)  closed-loop  controlled  fuel 
injection  at  timing  t  =  Tvortex?  (c)  t  =  Tvortex  +  T/4,  (d)  t  =  Tvortex  +  T/2,  (e)  t  =  TVOrtex  +  3T/4  [Yu  &  Scahdow  1999] 
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While  the  precise  timing  for  proper  fuel 
injection  must  be  rig-dependent,  the  above 
experiments  shed  new  light  on  the  physical 
mechanism.  As  was  shown  in  Fig.  4,  heat 
release  oscillation  in  a  premixed  combustor  goes 
through  the  low  cycle  in  the  leading  part  of  the 
vortex  and  the  high  cycle  in  the  trailing  part  of 
the  vortex.  This  is  caused  by  the  entrainment  of 
the  fresh  reactants  by  vortex  action,  which 
initially  lowers  the  temperature  in  the  leading 
part  of  the  vortex.  As  the  entrained  reactants 
mix  with  the  high  temperature  products  in  the 
trailing  part  of  the  vortex,  the  local  heat  release 
cycle  goes  up.  Then,  the  strategy  for  active  fuel 
injection  is  to  deliver  additional  fuel  in  the 
leading  part  of  the  vortex,  where  the  heat  release 
oscillation  tends  to  be  in  the  low  cycle  without 
the  additional  supply.  This  would  reduce  the 
amplitude  of  heat  release  fluctuation,  thus 
leading  to  potential  instability  suppression. 
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Figure  8.  Onset  of  active  instability  suppression 
Figure  8  shows  the  onset  of  liquid-fueled  by  adjusting  the  timing  of  pulsed  fuel  injection 
active  instability  suppression,  which  was  from  Tvortex  +  T/4  to  Tvortex  at  time  t=0.  [Yu  & 
obtained  by  shifting  the  fuel  injection  timing  Scahdow  1999] 

from  a  quarter  cycle  after  the  vortex  shedding 
(corresponding  to  Fig.  7c)  to  the  synchronized 

fuel  injection  phase  (Fig.  7b).  The  oscillation  amplitude  attained  with  the  vortex-synchronized  fuel 
injection  is  much  lower.  The  sketch  in  Fig.  9  illustrates  the  desired  spatial  distribution  of  secondary 
(controller)  fuel  droplets  with  respect  to  the  vortex. 


Aeroengine  Gas  Turbines 


Use  of  liquid  fuel  is  also  an  important  consideration  in  typical  gas  turbines  for  aircraft  or  marine 
applications.  While  the  presence  of  swirl  may  introduce  additional  complexity  in  gas  turbine  flow  field, 
the  overall  ACC  approach  is  quite  similar  to  that  of  dump  combustor.  Cohen  et  al.90  demonstrated  active 
instability  suppression  using  a  full-scale  engine  nozzle  at  realistic  operating  conditions.  The  instability 
was  a  result  of  operating  the  gas  turbine  at  lean  premixed  conditions  for  low  NOx  purpose.  Since  there  is 
a  tradeoff  between  low  thermal  NOx  and  increased  CO  emission  at  very  lean  conditions,  the  desirable 
operating  band  for  a  lean  premixed 


combustor  is  very  narrow  and  often  falls 
within  the  unstable  combustor  regime.  By 
incorporating  a  simple  fuel  actuator  and 
ACC  strategy  into  a  full-scale  engine  fuel 
nozzle,  the  authors  were  able  to 
demonstrate  a  substantial  reduction  in 
instability  amplitude  without 
compromising  NOx  and  CO  emission 
levels.  McManus  et  al.91  implemented  a 
pulse-width-modulation  technique  in  an 
evaluation  study  geared  toward  liquid- 
fueled  gas  turbines.  Przybylko92  discusses 
some  of  the  challenges  associated  with 
active  combustion  control  in  gas  turbines 
including  pattern-factor  control  and  high- 
cycle  fatigue  as  well  as  emission  control. 


Figure  9.  Illustration  of  liquid- fueled  active  instability 
suppression  in  a  ramjet  dump  combustor  using  timing- 
controlled  secondary  fuel  injection. 
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Afterburners 

Afterburner  geometry  is  somewhat  similar  to  a  Rijke  tube,  with  a  straight  duct  and  a  heat  release 
source.  The  instabilities  are  often  of  two  types  -  relatively  high  frequency  "screech”  associated  with 
transverse  mode  oscillations  and  a  low  frequency  "rumble"  related  to  longitudinal-mode  oscillations. 
While  the  transverse  instabilities  can  be  attenuated  with  passive  devices  such  as  acoustic  liner  or 
flameholder  geometry,  the  longitudinal  mode  is  difficult  to  alleviate.  Langhorne  et  al.19  used  a  secondary 
fuel  injection  scheme  to  suppress  low  frequncy  instabilities  in  a  model  afterburner.  This  technique  has 
become  a  standard  model  for  practical  active  control  approach. 

3.2  Industrial  Gas  Turbines 

Because  of  the  increasing  concern  on  pollutant  emissions  such  as  NOx  and  CO,  much  of  the  recent 
interest  in  ACC  technology  has  come  from  power  generation  industry.  Because  the  thermal  mechanism  is 
responsible  for  the  bulk  of  the  NOx  formation,  the  standard  approach  is  to  lower  the  combustion 
temperature  by  lean  premixed  operation.  As  reviewed  previously,  combustion  instability  is  a  concern  for 
lean  premixed  combustion  systems,  because  the  premixing  reduces  the  margin  of  combustor  stability  and 
thus  system  operability. 

Research  and  Development 

The  earlier  attempt  on  closed-loop  feedback  control  utilized  a  slow  adjustment  of  the  average  flow 
rate.  Brouwer  et  al.93  used  a  closed-loop  modulation  of  the  swirl  airflow  to  modify  the  fuel  injection 
characteristics  in  a  can-type  model  combustor.  The  characteristic  time  response  appeared  to  be  on  the 
order  of  a  second.  This  approach,  which  may  not  be  considered  a  dynamic  control  under  the  current 
definition,  was  used  to  optimize  the  combustion  performance.  Jackson  and  Agrawal94  also  applied  a  slow 
control  using  a  cost-minimization  approach  to  optimize  the  combustion  temperature  and  NOx.  Richards 
et  al.95  utilized  an  open-loop  cyclic  fuel  injection  to  change  the  transient  equivalence  ratio  outside  the 
instability  band  thereby  achieving  suppression  of  oscillations.  The  success  of  such  an  approach,  however, 
would  be  tied  closely  with  the  dynamics  of  the  combustor  and  pollutant  generation  mechanism. 

Fast-response,  dynamic  actuation  of  secondary  fuel  injection  is  now  being  widely  used  in  gas  turbine 
burners.  The  physical  mechanism  and  the  extent  at  which  controlled  oscillations  lead  to  a  better  emission 
performance  were  investigated  by  Poppe,  Sivasegaram,  and  Whitelaw96  using  a  sector  of  gas  turbine. 
Their  results  suggested  that  the  effect  of  oscillations  on  the  degree  of  premixedness  may  play  an 
important  role  in  NOx  reduction  mechanism.  Jones  et  al.97  applied  a  closed-loop  controlled  secondary 
fuel  injection  at  subharmonic  frequencies  to  suppress  longitudinal  mode  instability.  Also,  much  progress 
has  been  made  on  model-based  control  approaches.  Annaswamy  et  al.98  investigated  the  performance  of 
optimal  control  designs  including  LQG-LTR  and  Hoc  methods  in  a  1  kW  tube  combustor. 

Practical  Implementation 

One  distinguishing  feature  of  gas  turbine  flowfield  is  the  presence  of  swirling  flow.  Depending  on 
the  flameholder  design,  the  presence  of  swirl  can  change  the  instability  characteristics.  Sivasegaram  & 
Whitelaw99  reported  a  reduction  in  oscillation  amplitude  with  swirl  for  a  disk-stabilized  flame  and  an 
increase  for  a  sudden-expansion  dump.  Paschereit  et  al.100  studied  both  the  axisymmetric  mode  and  the 
helical  mode  oscillations  in  a  swirl-stabilized  burner,  and  applied  a  closed-loop  control  to  suppress  the 
instabilities. 

Seume  et  al.101  developed  a  fast-response  feedback  active  control  system  as  an  insurance  measure  for 
unpredictable  occurrence  of  combustion  instability  in  practical  gas  turbines.  Sattinger  et  al.102  describes 
the  successful  implementation  of  an  observer-based  control  algorithm  in  a  sub-scale  combustor.  Hermann 
et  al.103  described  the  implementation  of  fast-response  closed-loop  ACC  system  in  the  Siemens  type 
V94.3A  stationary  gas  turbine.  The  ACC  system  was  implemented  in  a  260  MW  Siemens  gas  turbine 
along  with  other  passive  measures  to  maximize  the  performance  and  to  suppress  any  unwanted  self- 
excited  oscillations  that  may  occur  in  the  annular  combustion  chamber  under  certain  operating  conditions. 
Figure  10  shows  the  schematic  of  the  Siemens  ACC  set-up. 
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Figure  10.  Schematic  representation  of  ACC  setup  for  the  Siemens  Model  Vx4.3A  heavy  duty  gas  turbine. 

[Hermann  et  al.  2000] 


3.3  Rockets 

Combustion  instabilities  are  major  concerns  in  solid-propellant  rockets  as  well  as  liquid  rockets. 
Analytical  approach  addressing  the  problems  of  rocket  combustion  instabilitiess  goes  back  many  decades. 
Sirignano  and  Crocco104  used  the  method  of  characteristics  to  study  the  longitudinal  mode  combustion 
and  flow  oscillations.  Also,  the  oscillations  in  transverse  modes  were  theoretically  examined  by  Zinn105 
for  liquid-propellant  rockets.  Zinn  and  Powell106  applied  Galerkin’s  method  to  describe  liquid  rocket 
instabilities.  In  solid-rocket  problems,  Culick60,63,64  established  the  approximate  analysis  also  using 
Galerkin’s  approach. 

Experimentally,  passive  control  requiring  geometry  modification  is  very  expensive  and  time 
consuming  in  rockets.  Thus,  ACC  has  received  an  increasing  amount  of  attention,  particularly  for  larger 
motors  where  the  instability  frequency  is  low.  For  such  a  case,  modulated  injection  of  mono-propellant 
could  be  considered.  However,  partly  due  to  the  hostile  motor  environments  in  which  traditional 
actuators  do  not  function  properly,  experimental  work  in  this  area  has  been  rather  limited.  Some  of  the 
recent  approaches  have  considered  the  use  of  C02  lasers  for  actuation. 

Recent  modeling  work  for  ACC  has  been  expanded  to  include  rocket  applications.  Mohanraj  et  al.107 
developed  a  heuristic  combustor  model  which  was  applied  to  a  gas  rocket  for  instability  suppression. 
Some  of  the  control  strategies  being  discussed  for  rockets  include  not  only  the  heat  flux  modulation  effect 
but  also  mass  injection  approach.  Mettenleiter  et  al.108  described  the  recent  development  in  the  numerical 
simulation  of  ACC  applied  to  solid  rocket  motors.  The  primary  effect  considered  was  the  modulation  in 
mass  loading. 

4.  Increase  in  Volumetric  Heat  Release 

For  limited- volume  applications  such  as  in  propulsion  systems  or  ship-board  equipment,  increasing 
the  volumetric  heat  release  is  an  important  consideration.  A  fast  open-loop  control  was  shown  to  be  an 
effective  tool  in  increasing  the  combustion  performance.  Typically,  acoustic  forcing  or  periodic  fuel 
injection  approaches  are  utilized  to  organize  coherent  structures  or  large  vortices,  which  are  then 
manipulated  to  obtain  desired  mixing  characteristics.  For  diffusion  flames,  the  mixing  between  fuel  and 
oxidizer  can  be  controlled  in  an  active  manner,  while  for  premixed  flames,  the  mixing  between  the 
reactants  and  the  products  are  targeted. 
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4.1  Generation  of  Coherent  Structure 

The  interest  in  coherent  structure  generation  stems  from  the  potential  of  controlling  combustor 
performance.  In  a  typical  combustion  system,  reacting  shear  layers  and  their  dynamic  features  are 
sensitive  to  flow  excitation.  Small  amount  of  excitation,  typically  less  than  a  few  percent  of  the  mean 
flow  velocity,  can  dramatically  alter  the  flow  field  increasing  the  entrained  volume  significantly.109  The 
change  is  produced  by  organized  vortical  structures  which  become  highly  dispersive  under  certain 
wavelength  conditions.  The  most  interesting  conditions  occur  when  forcing  is  applied  at  a  Strouhal 
frequency,  which  is  based  on  the  jet  diameter,  ranging  between  0.24  and  0.64. 110 

Acoustic  forcing  of  combustor  inlet  flow  has  been  used  to  control  shear  layer  mixing  through  vortex 
dynamics  and  optimize  combustion  performances.  The  key  to  such  a  control  approach  is  to  modify 
turbulent  mixing  between  fuel  and  air  or  between  the  reactants  and  the  products  by  exciting  the  large 
coherent  vortices.  McManus  et  al.111  excited  the  vortical  structures  in  a  dump  combustor  through  periodic 
forcing  of  the  boundary  layer  that  led  up  to  the  mixing  layer.  This  affected  the  flow  separation  behavior 
and  drastically  altered  combustion  characteristics,  with  the  data  suggesting  up  to  15%  increase  in 
volumetric  heat  release.  The  results  appeared  to  be  related  to  the  increase  in  turbulent  transport  property 
due  to  large  coherent  structures  that  were  generated. 

Yu  et  al.11  showed  that  acoustic  forcing  in  the  proper  frequency  range,  accelerated  the  small-vortex 
growth  in  the  initial  shear  layers,  creating  large-scale  vortical  structures.  The  early  entrainment  by  faster 
growing  vortices  broadens  the  reaction  zone,  and  the  continued  entrainment  by  propagating  large-scale 
vortical  structures  improves  the  mixing  between  fresh  reactant  and  hot  gases  in  the  reaction  zone.  They 
further  showed  that  the  optimum  frequency  for  enhancing  the  volumetric  heat  release  was  related  to  the 
hydrodynamic  features  in  the  reaction  zone.  The  increase  in  volumetric  heat  release,  deduced  from  time- 
averaged  C2  emission  measurements,  was  nearly  50  %. 


4.2  Control  of  Vortex  Dynamics 

Since  turbulent  jets  are  highly  responsive  to  acoustic  forcing  which  organizes  coherent  vortex 
structures  in  the  shear  layers,  the  dynamics  of  organized  vortices  can  be  further  modified  by  controlling 
the  timing  between  various  vortex  generation  mechanisms.  Yu  et  al.112  injected  secondary  periodic  jets 
directly  into  the  shear  layers  that  were  excited  with  acoustic  forcing.  This  allowed  a  complex  interaction 
between  the  vortices,  which  could  be  controlled  by  changing  the  timing  and  duration  of  the  vortex 
shedding. 


acoustic  drivers  (4  places) 


Figure  1 1.  50  kW  diffusion  flame  burner  at  NAWC,  China  Lake. 
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Figure  12.  Phase-lock  averaged  fuel  flow  visualization  and  illustration  of  vortex  dynamics.  The  timing  of 
pulsed  fuel  injection  was  such  that  (a)  fuel  injection  led  the  air  vortex  shedding  by  rc/2,  and  (b)  fuel 

injection  trailed  the  air  vortex  shedding  by  tc/2. 


The  vortex  dynamics  and  growth  behavior 
can  be  optimized  by  the  use  of  closed-loop 
control.  Figure  11  shows  the  50  kW  diffusion 
flame  burner  used  in  the  experiments  by  Yu  et 
al.113  Figure  12  shows  the  sequence  of  phase- 
lock  averaged  Mie-scattering  images  showing 
the  concentration  of  fuel  injected  in  a  periodic 
fashion.  The  timing  of  fuel  injection  was 
closed-loop  controlled  with  respect  to  the  air 
vortex  shedding.  Figure  12a  shows  a  condition 
in  which  the  pulsed  fuel  jet  was  started  prior  to 
the  air  vortex  shedding.  A  pair  of  counter¬ 
rotating  vortices  (labeled  2  and  3  in  the 
illustration)  associated  with  fuel  jet  starting 
was  observed  to  be  pulled  into  the  low-pressure 
central  region  between  the  air  vortices.  The 
main  part  of  the  fuel  was,  however,  injected 
into  the  core  of  the  subsequently  shed  air 
vortex,  1 ,  forming  a  concentrated  lump  of  fuel. 
The  fuel  lump  stayed  in  the  core  and 
propagated  with  the  air  vortex,  preventing 
further  mixing.  On  the  other  hand,  fuel  jet, 
which  was  injected  just  after  the  air  vortex 
shedding,  evolved  differently,  as  shown  in  Fig. 
12b.  First,  the  fuel  flow  was  observed  to  be 
strained  by  the  high-velocity  air  flow  following 
the  air  vortex,  1.  The  starting  fuel  vortex  2, 
then,  interacted  with  the  air  vortex  1, 
intensifying  the  surrounding  flow  entrainment. 


Figure  13.  Chemiluminescence  and  incandescence 
from  the  diffusion  flames  of  Fig.  12.  (430±5  nm) 

(a)  inefficiently  controlled,  long  flames  with  high 
soot  production  corresponding  to  Fig.  12a, 

(b)  efficiently  controlled,  short  flames  that  are  free 
of  soot,  corresponding  to  Fig.  12b,  and 

(c)  uncontrolled  flames  with  a  moderate  amount  of 
soot  production 
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Figure  13  shows  the  time-averaged  flame  structures  associated  with  each  condition  corresponding  to 
Figure  12  conditions.  They  revealed  that  the  latter  condition  corresponding  to  Fig.  12b  resulted  in  much 
more  efficient  flames  with  most  of  the  heat  release  occurring  close  to  the  vortex  path.  The  condition  of 
Fig.  12a,  as  well  as  the  uncontrolled  fuel  injection,  produced  inefficient  burning  with  much  longer  flame 
lengths.  Their  results  indicated  that  the  flame  length  could  be  shortened  by  an  order-of-magnitude  by 
applying  a  proper  closed-loop  control. 

5.  Reduction  of  Hazardous  Emissions 

With  increasing  concerns  on  environmental  issues,  there  is  a  growing  urgency  for  industry  to  address 
reduction  of  hazardous  emission.  ACC  has  an  enormous  potential  as  an  enabling  technology  in  the  area 
of  pollutant  reduction.  Because  the  chemical  processes  that  lead  to  the  formation  of  pollutants  are 
sensitive  to  the  rate  coefficients  and  the  concentration  of  other  intermediate  species,  temporal  control  of 
quasi-equilibrium  concentration  or  local  temperature  will  have  a  significant  impact  on  the  overall  reaction 
products.  The  difficulty  is  that  many  of  the  chemical  processes  have  the  characteristic  time  scales  that  are 
well  below  the  characteristic  actuator  response  time. 

Consequently,  one  often  tries  to  convert  the  problem  into  another  one  that  may  be  more  practical  to 
handle.  For  instance,  the  present  interest  in  lean  premixed  combustion  comes  from  the  fact  that  it 
generates  very  low  levels  of  NOx  emission,  compared  to  more  widely  used  diffusion  flame  processes. 
While  this  reduces  the  combustor  operating  margin  by  introducing  the  problem  of  combustion 
instabilities,  ACC  may  be  used  to  suppress  instabilities  and  extend  the  operating  margins.  Typically,  the 
most  problematic  instabilities  have  a  time  scale  that  is  comparable  to  available  actuator  response. 

5.1  NOx  Reduction 

Some  of  the  standard  approaches  for  reducing  the  level  of  NOx  in  gas  turbines  include  lean  premixed 
combustion,  steam  injection,  staged  combustion,  and  rich-quench-lean-type  combustion.114  Lean 
premixed  combustion,  as  stated  before,  is  susceptible  to  combustion  instabilities  that  may  be  suppressed 
by  ACC  approaches  that  were  reviewed  in  Section  3.2.  In  non-premixed  combustion  or  premixed 
combustion  at  high  temperature,  NOx  formation  can  be  discouraged  by  minimizing  the  time  the  flow  is 
exposed  to  high  temperature.  This  also  favors  the  notion  of  active  flow  control  processes  such  as  vortex- 
stabilized  combustion  which  can  provide  large  variation  in  flow  temperature.  Also,  active  injection  of 
coolant  to  quench  the  products  of  vortex  combustion  can  be  considered  for  NOx  reduction  purpose.  Haile 
et  al.115  conducted  open-loop  control  experiments  on  a  25  kW  domestic  boilers  and  on  a  850  kW  furnace 
obtaining  substantial  reduction  in  NOx  levels. 

5.2  Soot  Reduction 

Many  power  generation  and  propulsion  systems  use  hydrocarbon  fuels  that  have  high  propensity  to 
soot.  Excessive  emission  of  soot  is  undesirable  not  only  for  environmental  consideration  but  it  also 
contributes  to  plume  signature  and  reduces  combustion  efficiency.  Soot  control  technologies  are 
somewhat  similar  to  those  for  NOx  consideration  as  sooting  process  is  readily  affected  by  the  mixing 
process.  An  example  of  soot  reduction  using  vortex  dynamic  control  can  be  seen  in  Fig.  13.  The 
conditions  of  Fig.  13b  not  only  produced  more  concentrated  flames  but  the  flames  became  blue  and  free 
of  soot.  This  can  be  contrasted  with  the  uncontrolled  flames  of  Fig.  13c  that  resulted  in  substantial 
production  of  soot. 

One  additional  mechanism  that  may  be  considered  for  ACC  of  soot  is  the  hydrodynamic  path  of  the 
reactant  streams.  Lin  &  Faeth116,117  showed  that  soot  production  was  suppressed  if  the  flow  conditions 
were  made  such  that  the  flow  streamlines  crossed  the  flame  sheets  from  the  fuel  side  to  the  oxidizer  side. 
This  encouraged  the  oxidation  of  soot  and  prevented  soot  particle  growth  from  nucleation.  While  it  may 
be  possible  to  actively  control  the  flow  velocities  and  direction  to  take  advantage  of  this  effect,  it  may  be 
difficult  to  control  the  streamlines  in  highly  turbulent  flows. 


5.3  Incinerator 
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One  example  of  successful  transition  of  laboratory  results  to  practical  implementation  can  be  found  in 
compact  waste  incinerator  being  developed  by  NAWC  scientists.  Parr  et  al.24  conducted  a  systematic 
scale-up  of  their  vortex-stabilized  emission  reduction  concept  and  applied  to  an  afterburner  of  a  ship¬ 
board  compact  waste  incinerator.  In  a  typical  incinerator,  the  combustion  products  from  a  primary  kiln 
where  the  waste  is  first  incinerated  still  contain  a  substantial  amount  of  incompletely  burnt  pollutants  and 
must  be  treated  further.  While  an  afterburner  can  be  used  to  reduce  the  emission  of  harmful  pollutants 
into  the  stack,  existing  afterburners  require  a  relatively  large  volume  to  ensure  complete  reaction  at 
relatively  low  combustion  temperature  for  thermal  NOx  consideration.  To  reduce  the  size  of  an 
afterburner  per  given  capacity,  one  may  consider  a  dynamic  control  of  the  secondary  pyrolysis  processes. 
Parr  et  al.24  used  an  open-loop  control  to  actively  stabilize  coherent  vortices  inside  the  afterburner  and 
properly  timed  injections  of  additional  fuel,  surrogate  waste,  and  air  flow  to  control  the  local  mixture  ratio 
and  the  residence  time.  The  physical  understanding  was  acquired  in  a  5  KW  laboratory  burner  using 
simultaneous  PLIF  images  of  air,  fuel,  and  intermediate  species  corresponding  to  various  destruction  and 
removal  efficiencies  of  a  waste  surrogate.  The  initial  experiment  was  then  scaled  up  to  50  kW  and 
eventually  to  1.2  MW  conditions.35 

6.  Other  Potential  Benefits 

The  advantages  of  ACC  techniques  in  combustion  instability  suppression  have  been  well 
documented.  There  are  also  clear  evidences  of  improved  performance  regarding  volumetric  heat  release 
and  pollutant  reduction.  While  potential  benefits  of  ACC  processes  are  inherently  huge,  the  practically 
attainable  limits  have  not  been  properly  quantified  in  most  cases.  Since  it  is  possible  to  modify  the 
mixing  characteristics  in  the  initial  shear  layer  of  the  flameholding  zone  using  flow  excitation,  active 
control  techniques  can  be  used  to  change  the  flammability  characteristics.  Extension  of  flammability 
limits  is  one  area  which  has  been  demonstrated  by  other  experiments. 

Gutmark  et  al.118  showed  that  the  jet  flames  could  be  stabilized  better  if  the  excitation  frequency  was 
close  to  the  most  amplified  frequency  given  by  the  linear  stability  theory.  This  range  of  frequencies  can 
be  defined  by  Strouhal  number,  f0/U,  based  on  the  jet  momentum  thickness,  0.  Their  results  showed  that, 
in  the  range  of  Strouhal  number  between  0.01  and  0.04,  the  maximum  jet  velocity  at  the  blow-off  limit 
could  be  increased  by  up  to  a  factor  of  three,  depending  on  the  equivalence  ratio  and  the  excitation 
frequency.  A  dump  combustor  experiment  by  McManus  et  al.12  also  showed  that  lean  blowout  limit 
could  be  extended  from  §  (equivalence  ratio)  of  0.48  to  (])  of  0.45  by  directly  exciting  the  shear  layer.  In 
liquid-fueled  combustor  experiments,  Yu  et  al.119  showed  that  controlled  injection  of  secondary  fuel  at  the 
dump  extended  the  blowoff  limit  substantially  by  providing  effective  pilot  flames.  The  lean  limit  was 
extended  to  (])  of  less  than  0.2. 


7.  Outlook  for  Future  Implementation 

Active  control  has  an  enormous  potential  as  an  enabling  technology  in  applications  involving 
chemical  reaction.  In  recent  years,  as  the  demand  for  power  and  the  environmental  awareness  increased 
rapidly,  there  has  been  a  considerable  amount  of  attention  given  to  ACC.  The  interest  in  ACC  technology 
also  stems  from  the  general  trend  of  future  combustors  requiring  higher  pressure  and  temperature 
operation  for  improved  efficiency.  Future  challenges,  which  include  the  need  for  increased  portability, 
reduced  emission,  and  more  autonomous  operation,  could  be  addressed  by  implementing  ACC 
technology  in  practical  systems. 

Already,  there  has  been  a  successful  example  of  ACC  implementation  in  an  actual  system,  in  Siemens 
Model  V94.3A  land-based  gas  turbine.103  This  ACC  system  uses  a  closed-loop  actuation  of  pilot  gas 
injection.  While  it  is  uncertain  that  any  performance  increase  from  the  first  generation  ACC  system 
would  result  in  a  better  profit  margin  for  the  users,  it  is  nearly  certain  that  future  regulation  will  soon 
require  some  means  of  obtaining  a  better  performance.  One  lesson,  that  the  Siemens  example  has  shown, 
is  that  ACC  approach  is  certainly  a  viable  option  even  at  full  scale.  The  other  lesson  is  that  a  thorough 
understanding  of  the  fundamental  physical  processes  has  played  the  key  role  in  the  successful  system 
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implementation.  As  many  other  examples  in  this  report  have  shown,  fluid  dynamics  and  combustion  play 
a  critical  role  in  ACC  processes.  Understanding  of  these  processes  is  an  important  prerequisite  for  any 
successful  system  implementation. 

The  progress  in  actuator  and  sensor  technologies  and  the  increased  understanding  of  the  flow  and 
control  processes  are  creating  an  opportunity  to  revolutionize  the  combustion  control  systems.  ACC 
techniques  are  based  on  precise  scheduling  of  temporal  events,  and  do  not  require  unnecessary  geometry 
changes.  This  switch  in  emphasis  from  spatial  to  temporal  precision  will  allow  more  flexibility  into  the 
combustor  development,  encouraging  modular  design  approaches  in  the  future.  The  use  of  an  open- 
architecture  system  design,  separating  the  various  components  such  as  actuator,  sensor,  and  controller  will 
make  the  future  system  upgrade  more  practical  and  convenient.  To  fully  realize  the  potential  benefits  of 
ACC,  however,  it  is  important  to  understand  various  physical  processes.  Thus,  a  lot  more  research  and 
development  are  still  needed  especially  for  the  propulsion  applications,  in  which  more  constraints  are 
placed  on  the  types  of  hardware  and  acceptable  fuels. 
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Appendix.  Rayleigh's  criterion 

The  Rayleigh's  criterion  is  derived  in  this  section.  For  simplicity,  we  consider  inviscid  nonconducting 
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where  the  Lagrangian  derivative  operator  D/Dt  [  ]  =  d/dt  [  J  +  u  d/dx  [  J  and  the  usual  notations  of  the 
variables  are  used.  In  the  energy  equation,  q  is  the  rate  of  volumetric  heat  release  added  to  the  fluid. 


If  we  further  assume  perfect  gas  with  constant  volume  process,  (A  1)  through  (A  4)  can  be  reduced  to 
the  following: 
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(A  5)  is  often  called  Euler's  equation  while  (A  6)  is  the  energy  equation  written  in  the  form  of  pressure 
change  with  the  help  of  the  continuity  and  the  equation  of  state. 


Now,  we  expand  each  of  the  variables  into  the  sum  of  a  mean  value  and  a  small  fluctuating 
component  and  put p  =p  +  p\  q  =q  +  q\  p  =  p  +  p'  and  u  =  u  +  u'  into  the  equations.  Since  the  mean 
values  must  also  satisfy  (A  5)  and  (A  6),  the  resulting  equations  can  be  simplified.  After  neglecting 
smaller  terms,  we  obtain 
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Multiplying  (A  7)  by  u'  and  (A  8)  by  p'/(yp ),  and  adding  the  two  equations,  they  can  be  written  in  the 
following  form: 
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The  terms  on  the  left  hand  side  of  (A  9)  are  similar  to  the  Lagrangian  derivative  of  the  acoustic  energy 
density  e  while  those  on  the  right  hand  side  represent  the  acoustic  sources.  Since  we  are  considering  only 
those  cases  in  which  the  heat  release  becomes  the  dominating  source  of  acoustic  energy  generation,  (A  9) 
can  be  reduced  to: 
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Then,  the  acoustic  energy  of  the  fluid  traveling  at  the  mean  flow  speed  can  be  approximated  by 
integrating  (A  10),  and  the  change  in  acoustic  energy  density  after  one  cycle  is 
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The  equation  (A  1 1)  is  the  mathematical  expression  of  the  Rayleigh's  criterion. 
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ABSTRACT 

This  pair  of  lectures  is  intended  to  provide  the  basic  ideas  for  understanding  and  controlling  the  dynamics 
of  combustion  systems.  Any  combustion  system  may  be  regarded  as  the  combination  of  two  dynamical  systems: 
the  combustor  itself,  including  the  dynamics  of  the  combustion  gases;  and  the  combustion  processes.  The  two 
dynamical  systems  are  therefore  spatially  intermingled  in  a  practical  system.  For  purposes  of  theory,  analysis, 
and  understanding,  formal  distinction  of  the  two  systems  is  an  essential  aspect  of  the  subject.  Internal  feedback 
is  provided  by  the  sensitivity  of  the  combustion  dynamics  to  the  dynamical  motions  within  the  combustor.  That 
view  of  the  global  dynamics  of  a  combustion  system  sets  the  organization  of  these  two  lectures.  All  matters  of 
controlling  a  dynamical  system  rest  on  its  dynamical  behavior.  A  major  advantage  of  the  general  formulation 
described  here  is  the  ease  with  which  the  principles  of  classical  and  modern  feedback  control  can  be  applied. 
Reduced-order  models  are  easily  constructed  either  as  formal  results  of  the  theory  or  as  ad  hoc  representations 
consistent  with  the  general  physical  model.  Such  a  general  framework  also  provides  a  convenient  basis  for  assessing 
various  methods  of  analysis  and  design  and  their  results.  The  principles  and  methods  covered  in  these  lectures  are 
intended  to  form  part  of  the  foundation  for  working  out  procedures  applicable  to  full-scale  combustion  systems. 
The  validity  of  the  methods  for  analyzing  combustion  dynamics  has  been  established  by  many  years  of  successful 
applications  to  combustion  instabilities  in  solid  propellant  rockets.  The  last  section  of  these  notes  shows  how 
natural  is  the  merging  of  those  methods  with  the  principles  of  active  feedback  control. 


1.  A  BRIEF  SURVEY  OF  COMBUSTION  INSTABILITIES  IN  PROPULSION  SYSTEMS 

We  are  concerned  in  these  two  lectures  with  the  dynamics  of  combustion  systems  quite  generally.  The 
motivation  for  addressing  the  subject  arises  from  particular  problems  of  combustion  instabilities  observed  in  all 
types  of  propulsion  systems.  Typically  the  instabilities  are  observed  as  pressure  oscillations  growing  spontaneously 
out  of  the  noise  during  a  firing.  As  a  practical  matter,  combustion  instabilities  are  more  likely  encountered  during 
development  of  new  combustion  systems  intended  to  possess  considerable  increases  of  performance  in  some  sense. 
The  present  state  of  theory  and  experiment  has  not  provided  a  sufficiently  strong  foundation  to  provide  a  credible 
basis  for  prediction.  Hence  there  are  few  guidelines  available  to  help  designers  avoid  combustion  instabilities. 

Under  such  conditions,  it  is  extremely  important  to  pay  attention  to  the  experience  gained  in  the  laboratory 
as  well  as  in  full-scale  tests  of  devices.  Moreover,  because  of  the  many  properties  of  the  behavior  common  to  the 
various  systems,  much  is  to  be  gained  from  understanding  the  characteristics  of  systems  other  than  the  one  that 
may  be  of  immediate  concern.  It  is  therefore  proper  to  begin  with  a  survey  of  some  typical  examples  drawn  from 
many  years’  experience.  Theory  is  an  indispensable  aid  to  making  sense  of  observational  results.  Conversely, 
discussion  of  various  experimental  observations  is  a  natural  place  to  introduce  many  of  the  basic  ideas  contained 
in  the  theory. 

During  the  past  few  years,  considerable  effort  has  been  expended  on  the  problem  of  applying  active  feedback 
control  to  combustion  systems.  It’s  an  attractive  proposition  to  control  or  eliminate  instabilities  with  feedback 
control,  particularly  because  one  implication,  often  made  explicit,  is  that  the  use  of  feedback  will  somehow  allow 
one  to  get  around  the  difficult  problems  of  understanding  the  details  of  the  system’s  behavior.  Many  laboratory, 
and  several  full-scale  demonstrations,  support  that  point  of  view.  However,  for  at  least  two  reasons,  serious 
application  of  feedback  control  must  be  based  on  understanding  the  dynamics  of  the  system  to  be  controlled: 

Paper  presented  at  the  RTO  AVT  Course  on  “Active  Control  of  Engine  Dynamics ”, 
held  in  Brussels,  Belgium,  14-18  May  2001,  and  published  in  RTO-EN-020. 
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(i)  all  experience  in  the  field  of  feedback  control  generally  has  demonstrated  that  the  better  the 
controlled  plant  is  understood,  the  more  effective  is  the  control; 

(ii)  without  understanding,  development  of  a  control  system  for  a  full-scale  device  is  an  ad  hoc 
matter,  likely  to  involve  expensive  development  with  neither  guarantee  of  success  nor  assur¬ 
ance  that  the  best  possible  system  has  been  designed. 

Therefore  we  begin  these  lectures  with  an  abbreviated  survey  of  combustion  instabilities  observed  in  various 
systems.  The  theoretical  framework  is  constructed  to  accommodate  these  observations,  but  later  emerges  also  as 
a  perfect  vehicle  for  investigating  the  use  of  active  feedback  control. 

1.1.  Introduction  and  Historical  Background.  For  the  kinds  of  propulsion  systems  normally  used, 
combustion  chambers  are  intended  to  operate  under  conditions  that  are  steady  or  vary  slowly.  The  central 
questions  addressed  in  these  lectures  concern  the  stability  and  behavior  subsequent  to  instability  of  steady  states 
in  combustors.  If  a  state  is  unstable  to  small  disturbances,  then  an  oscillatory  motion  usually  ensues.  Such 
combustion  instabilities  commonly  exhibit  well-defined  frequencies  ranging  from  15  hz  or  less  to  many  kilohertz. 
Even  at  the  highest  amplitudes  observed  in  practice,  the  instabilities  consume  only  a  small  fraction  of  the  available 
chemical  energy.  Thus,  except  in  extremely  severe  instances,  the  oscillations  do  not  normally  affect  the  mean 
thrust  or  steady  power  produced  by  the  systems.  Serious  problems  may  nevertheless  arise  due  to  structural 
vibrations  generated  by  oscillatory  pressures  within  the  chamber,  or  by  fluctuations  of  the  thrust.  In  extreme 
cases,  internal  surface  heat  transfer  rates  may  be  amplified  ten-fold  or  more,  causing  excessive  erosion  of  the 
chamber  walls. 

An  observer  perceives  an  unstable  motion  in  a  combustion  chamber  as  “self-excited,”  a  consequence  of  the 
internal  coupling  between  combustion  processes  and  unsteady  motion.  Except  in  cases  of  large  disturbances 
(e.g.  due  to  passage  of  a  finite  mass  of  solid  material  through  the  nozzle),  the  amplitude  of  the  motion  normally 
seems  to  grow  out  of  the  noise  without  the  intrusion  of  an  external  influence.  Two  fundamental  reasons  explain 
the  prevalence  of  instabilities  in  combustion  systems: 

(i)  an  exceedingly  small  part  of  the  available  energy  is  sufficient  to  produce  unacceptably  large 
unsteady  motions; 

(ii)  the  processes  tending  to  attenuate  unsteady  motions  are  weak,  chiefly  because  combustion 
chambers  are  nearly  closed. 

These  two  characteristics  are  common  to  all  combustion  chambers  and  imply  that  the  possibility  of  instabilities 
occurring  during  development  of  a  new  device  must  always  be  recognized  and  anticipated.  Treating  combustion 
instabilities  is  part  of  the  price  to  be  paid  for  high-performance  chemical  propulsion  systems.  It  is  a  corollary 
of  that  condition  that  the  problem  will  never  be  totally  eliminated.  Advances  in  research  will  strengthen  the 
methods  for  solution  in  practical  applications,  and  will  provide  guidelines  to  help  in  the  design  process. 

The  fact  that  only  a  small  part  of  the  total  power  produced  in  a  combustor  is  involved  in  combustion  instabil¬ 
ities  suggests  that  their  existence  and  severity  may  be  sensitive  to  apparently  minor  changes  in  the  system.  That 
conclusion  is  confirmed  by  experience.  Moreover,  the  complicated  chemical  and  flow  processes  block  construction 
of  a  complete  theory  from  first  principles.  It  is  therefore  essential  that  theoretical  work  always  be  closely  allied 
with  experimental  results,  and  vice  versa.  No  single  analysis  will  encompass  all  possible  instabilities  in  the  various 
practical  systems.  There  are  nevertheless  many  features  common  to  all  combustion  chambers.  Indeed,  it  is  one 
theme  of  these  lectures  that  the  characteristics  shared  by  propulsion  systems  in  many  respects  dominate  the 
differences.  While  it  is  not  possible  to  predict  accurately  the  occurrence  or  details  of  instabilities,  a  framework 
does  exist  for  understanding  their  general  behavior,  and  for  formulating  statements  summarizing  their  chief  char¬ 
acteristics.  For  practical  purposes,  the  theory  often  serves  most  successfully  when  used  to  analyze,  understand, 
and  predict  trends  of  behavior,  thereby  also  providing  the  basis  for  desirable  changes  in  design.  Experimental 
data  are  always  required  to  produce  quantitative  results  and  their  accuracy  in  turn  is  limited  by  uncertainties  in 
the  data. 

In  the  U.S.,  and  possibly  in  other  countries,  notably  Germany  and  Russia  before  and  during  World  War  II, 
combustion  instabilities  were  first  observed  in  liquid  rocket  engines.  Subsequent  to  the  war,  considerable  effort 
was  expanded  in  Russia  and  in  the  U.S.  to  solve  the  problem,  particularly  in  large  engines.  Probably  the  most 
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expensive  program  was  carried  out  during  development  of  the  F-l  engine  for  the  Apollo  vehicle  (Ofelein  and  Yang, 

1993). 

Liquid-fueled,  air-breathing  propulsion  systems  commonly  suffer  combustion  instabilities.  Axial  oscillations 
in  ramjet  engines  are  troublesome  because  their  influence  on  the  shock  system  in  the  inlet  diffuser  can  reduce 
the  inlet  stability  margin.  Owing  to  their  high  power  densities  and  light  construction,  thrust  augmenters  or 
afterburners  are  particularly  susceptible  to  structural  failures. 

For  any  afterburner,  conditions  can  be  found  under  which  steady  operation  is  not  possible.  As  a  result, 
the  operating  envelope  is  restricted  by  the  requirement  that  combustion  instabilities  cannot  be  tolerated.  Due  to 
structural  constraints  placed  on  the  hardware,  combustion  instabilities  in  afterburners  are  particularly  undesirable 
and  are  therefore  expensive  to  treat. 

In  recent  years  combustion  instabilities  in  the  main  combustor  of  gas  turbines  have  become  increasingly 
troublesome.  The  chief  reason  is  ultimately  due  to  requirements  that  emission  of  pollutants,  notably  oxides  of 
nitrogen,  be  reduced.  A  necessary  strategy,  particularly  for  applications  to  flight,  is  reduction  of  the  average 
temperature  at  which  combustion  takes  place.  Generation  of  NO  by  the  thermal  or  ‘Zel’dovich’  mechanism  is 
then  reduced.  Lower  combustion  temperature  may  be  achieved  by  operating  under  lean  conditions,  when  the 
flame  stabilization  processes  tend  to  be  unstable.  Fluctuations  of  the  flame  cause  fluctuations  of  energy  release, 
which  in  turn  may  produce  fluctuations  of  pressure,  exciting  acoustical  motions  in  the  chamber. 

Finally,  almost  all  solid  rockets  exhibit  instabilities,  at  least  during  development,  and  occasionally  motors  are 
approved  even  with  low  levels  of  oscillations.  Actual  failure  of  a  motor  itself  is  rare  in  operation,  but  vibrations 
of  the  supporting  structure  and  of  the  payload  must  always  be  considered.  To  accept  the  presence  of  weak 
instabilities  in  an  operational  system  one  must  have  sufficient  understanding  and  confidence  that  the  amplitudes 
will  not  unexpectedly  grow  to  unacceptable  levels.  One  purpose  of  these  lectures  is  to  provide  the  foundation  for 
gaining  the  necessary  understanding. 

In  the  most  general  sense,  a  combustion  instability  may  be  regarded  as  an  unsteady  motion  of  a  dynamical 
system  capable  of  sustaining  oscillations  over  a  broad  range  of  frequencies.  The  source  of  energy  associated 
with  the  motions  is  ultimately  related  to  the  combustion  processes,  but  the  term  ‘combustion  instability,’  while 
descriptive,  is  misleading.  In  most  instances,  and  always  for  the  practical  problems  we  discuss  here,  the  combustion 
processes  themselves  are  stable:  uncontrolled  explosions  and  other  intrinsic  chemical  instabilities  are  not  an  issue. 
Observations  of  the  gas  pressure  or  of  accelerations  of  the  enclosure  establish  the  presence  of  an  instability  in 
a  combustion  chamber.  Excitation  and  sustenance  of  oscillations  occur  because  coupling  exists  between  the 
combustion  processes  and  the  gasdynamical  motions,  both  of  which  may  be  stable.  What  is  unstable  is  the  entire 
system  comprising  the  propellants,  the  propellant  supply  system,  the  combustion  products  that  form  the  medium 
supporting  the  unsteady  motions,  and  the  containing  structure. 

If  the  amplitude  of  the  motions  is  small,  the  vibrations  within  the  chamber  are  usually  related  to  classical 
acoustic  behavior  possible  in  the  absence  of  combustion  and  mean  flow.  The  geometry  of  the  chamber  is  therefore 
a  dominant  influence.  Corresponding  to  classical  results,  traveling  and  standing  waves  are  found  at  frequencies 
approximated  quite  well  by  familiar  formulas  depending  only  on  the  speed  of  sound  and  the  dimensions  of  the 
chamber.  If  we  ignore  any  particular  influences  of  geometry,  we  may  describe  the  situation  generally  in  the 
following  way,  a  view  valid  for  any  combustion  instability  irrespective  of  the  geometry  or  the  type  of  reactants. 

Combustion  processes  are  sensitive  to  fluctuations  of  pressure,  density,  and  temperature  of  the  environment. 
A  fluctuation  of  burning  produces  local  changes  in  the  properties  of  the  flow.  Those  fluctuations  propagate  in  the 
medium  and  join  with  the  global  unsteady  held  in  the  chamber.  Under  favorable  conditions,  the  held  develops  to 
a  state  observable  as  a  combustion  instability.  As  illustrated  schematically  in  Figure  1.1,  we  may  view  the  process 
abstractly  in  analogy  to  a  feedback  ampliher  in  which  addition  of  feedback  to  a  stable  oscillator  can  produce 
oscillations.  Here  the  oscillator  is  the  combustion  chamber,  or,  more  precisely,  the  medium  within  the  chamber 
that  supports  the  unsteady  wave  motions.  Feedback  is  associated  with  the  influences  of  the  unsteady  motions  on 
the  combustion  processes  or  on  the  supply  system,  which  in  turn  generate  fluctuations  of  the  held  variables.  The 
dynamical  response  of  the  medium  converts  the  local  fluctuations  to  global  behavior.  In  the  language  of  control 
theory,  the  held  in  the  chamber  is  the  ‘plant,’  described  by  the  general  equations  of  motion. 
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Figure  1.1.  Schematic  Diagram  of  a  Combustion  System  as  a  Feedback  Amplifier 


The  diagram  in  Figure  1.1  illustrates  the  main  emphases  of  these  lectures.  Broadly,  the  subjects  covered  divide 
into  two  categories:  those  associated  with  the  plant,  the  fluid  mechanics  and  other  physical  processes  comprising 
the  combustor  dynamics ;  and  those  connected  primarily  with  the  feedback  path,  chiefly  combustion  processes 
and  their  sensitivity  to  time-dependent  changes  in  the  environment,  the  combustion  dynamics.  The  theory  we 
will  describe  encompasses  all  types  of  combustion  instabilities  in  a  general  framework  having  the  organization 
suggested  by  the  sketch.  External  forcing  functions  are  accommodated  as  shown  in  the  sketch,  but  the  causes 
associated  with  the  feedback  path  are  far  more  significant  in  practice. 

Figure  1.1  is  motivated  by  more  than  a  convenient  analogy.  For  practical  purposes  in  combustion  systems,  we 
generally  wish  to  eliminate  instabilities.  Traditionally  that  has  meant  designing  systems  so  that  small  disturbances 
are  stable,  or  adding  some  form  of  energy  dissipation  to  compensate  the  energy  gained  from  the  combustion 
processes,  that  is,  passive  control.  However,  in  the  past  few  years  interest  has  grown  in  the  possibility  of  active 
control  of  instabilities.  If  that  idea  is  to  be  realized  successfully,  it  will  be  necessary  to  combine  modem  control 
theory  with  the  theory  described  here  in  Sections  2  7.  It  is  advantageous  to  think  from  the  beginning  in  terms 
that  encourage  this  merger  of  traditionally  distinct  disciplines,  the  subject  of  Section  9. 

We  will  later  have  more  to  say  about  control,  both  active  and  passive.  Any  method  of  control  is  rendered 
more  effective  the  more  firmly  it  rests  on  understanding  the  problem  to  be  solved.  Understanding  a  problem  of 
combustion  instabilities  always  requires  a  combination  of  experiment  and  theory.  For  many  reasons,  including 
intrinsic  complexities  and  inevitable  uncertainties  in  basic  information  (e.g.,  material  properties,  chemical  dy¬ 
namics,  turbulent  behavior  of  the  flow  field,  . . . ),  it  is  impossible  to  predict  accurately  from  first  principles  the 
stability  and  nonlinear  behavior  of  combustion  systems.  Hence  the  purpose  of  theory  is  to  provide  a  framework 
for  interpreting  observations,  both  in  the  laboratory  and  full-scale  devices;  to  suggest  experiments  to  produce 
required  ancillary  data  or  to  improve  the  empirical  base  for  understanding;  to  formulate  guidelines  for  designing- 
full-scale  systems;  and  globally  to  serve,  like  any  good  theory,  as  the  vehicle  for  understanding  the  fundamental 
principles  governing  the  physical  behavior,  thereby  having  predictive  value  as  well. 

All  theoretical  work  in  this  field  has  been  carried  out  in  response  to  observational  and  experimental  results. 
We  therefore  spend  much  of  the  remainder  of  this  introductory  section  on  a  survey  of  the  characteristics  of 
combustion  instabilities  observed,  and  occasionally  idealized,  in  the  systems  to  be  examined  later.  The  general 
point  of  view  taken  throughout  will  then  be  formulated  in  heuristic  fashion,  based  on  experimental  results. 

Some  of  the  consequences  and  symptoms  of  combustion  instabilities  were  first  observed  in  the  late  1930s  and 
early  1940s,  roughly  at  the  same  time  for  liquid  and  solid  propellant  rockets,  and  apparently  somewhat  earlier 
in  the  Soviet  Union  than  in  the  U.S.  With  the  later  development  of  turbojet  engines,  high-frequency  instabilities 
were  found  in  thrust  augmenters  or  afterburners  in  the  late  1940s  and  early  1950s.  Although  the  problem  had 
been  encountered  in  ramjet  engines  in  the  1950s,  it  became  a  matter  of  greater  concern  in  the  late  1970s  and 
1980s.  The  introduction  of  compact  dump  combustors  led  to  the  appearance  of  longitudinal  or  axial  oscillations 
that  interfered  with  the  inlet  shock  system,  causing  loss  of  pressure  margin  and  ’unstart’  in  the  most  severe 
cases.  Owing  to  availability,  almost  all  of  the  data  cited  here  as  examples  will  be  derived  from  liquid  rockets, 
solid  rockets  and  laboratory  devices.  Figure  1.2  is  a  qualitative  representation  of  the  chronology  of  combustion 
instabilities.  Due  to  the  accessibility  of  documentation  and  the  experiences  of  the  author,  particular  cases  cited 
are  mainly  those  reported  in  the  U.S. 

The  situation  was  more  difficult  with  solid  rockets  because  of  the  practical  difficulties  of  installing  and 
cooling  pressure  transducers.  Probably  the  experience  with  cooling  chamber  and  nozzle  walls  helps  explain  why 
quantitative  results  were  obtained  for  instabilities  in  liquid  rockets  earlier  than  for  solid  rockets  (E.  W.  Price, 
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Figure  1.2.  A  Chronology  of  Combustion  Instabilities 


private  communication).  Prior  to  the  appearance  of  high-frequency  instrumentation,  the  existence  of  oscillations 
was  inferred  from  such  averaged  symptoms  as  excessive  erosion  of  inert  surfaces  or  propellant  grains  due  to 
increased  heat  transfer  rates;  erratic  burning  appearing  as  unexpected  shifts  in  the  mean  pressure;  structural 
vibrations;  visible  fluctuations  in  the  exhaust  plume;  and,  on  some  occasions,  audible  changes  in  the  noise 
produced  during  a  firing. 

Experimental  work  progressed  for  several  years  before  various  unexplained  anomalies  in  test  brings  were 
unambiguously  associated  with  oscillations.  By  the  late  1940s,  there  was  apparently  general  agreement  among 
researchers  in  the  U.S.  and  Europe  that  combustion  instabilities  were  commonly  present  in  rocket  motors  and 
that  they  were  somehow  related  to  waves  in  the  gaseous  combustion  products.  In  addition  to  measurements  with 
accelerometers,  strain  gauges,  and  pressure  transducers,  methods  for  flow  visualization  soon  demonstrated  their 
value,  mainly  for  studies  of  liquid  propellant  rockets  (Altseimer  1952;  Berman  and  Logan  1952;  and  Berman  and 
Scharres  1953).  Characteristics  of  the  instabilities  as  acoustic  vibrations,  or  weak  shock  waves,  were  revealed. 

High-frequency  or  ‘screech’  oscillations  were  also  first  encountered  in  afterburners  in  the  late  1940s;  as  a 
result  of  the  experience  with  rockets  and  the  availability  of  suitable  instrumentation,  the  vibrations  were  quickly 
identified  as  combustion  instabilities.  The  staff  of  the  Lewis  Laboratory  (1954)  compiled  most  of  the  existing 
data  and  performed  tests  to  provide  a  basis  for  guidelines  for  design. 

Thus  by  the  early  1950s  most  of  the  basic  characteristics  of  combustion  instabilities  had  been  discovered  in 
both  liquid-fueled  and  solid-fueled  systems.  Many  of  the  connections  with  acoustical  properties  of  the  systems, 
including  possible  generation  of  shock  waves,  were  recognized  qualitatively.  Although  the  frequencies  of  oscillations 
found  in  tests  could  sometimes  be  estimated  fairly  closely  with  results  of  classical  acoustics,  no  real  theory  having- 
useful  predictive  value  existed.  During  the  1950s  and  the  1960s  the  use  of  sub-scale  and  laboratory  tests  grew 
and  became  increasingly  important  as  an  aid  to  solving  problems  of  combustion  instabilities  occurring  in  the 
development  of  new  combustion  systems. 

The  situation  in  respect  to  instabilities  in  afterburners  seems  to  have  changed  little  in  fundamental  respects 
in  more  than  20  years.  Early  work  showed  that  high-frequency  oscillations  (‘screech’)  could  be  treated  over  fairly 
broad  operating  conditions  by  installing  passive  suppression  devices  —  usually  acoustic  liners  —  and  by  adjusting 
the  distribution  and  scheduling  of  the  injected  fuel.  Problems  increased  as  high-bypass  engines  were  developed 
because  the  large  annular  flow  passages  allowed  waves  to  propagate  upstream  to  the  compressor.  As  a  result, 
instabilities  occurred  with  longer  wavelengths  and  hence  lower  frequencies  (Bonnell  et  al  1971;  Kenworthy  et 
al.  1974;  Ernst  1976;  Underwood  et  al.  1977;  Russell  et  al.  1978).  Low  frequencies  are  not  easily  attenuated, 
so  modifications  in  the  supply  system  and  appropriate  scheduling  of  the  fuel  injection  are  the  main  strategy  for 
treating  these  modes.  In  any  case,  it  appears  that  all  afterburners  are  subject  to  operational  constraints  set  by  the 
need  to  avoid  combustion  instabilities.  Both  because  of  the  operational  constraints  and  because  of  the  high  costs 
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incurred  during  development  to  give  current  operating  envelopes,  combustion  instability  in  afterburners  remains 
an  attractive  subject  of  research. 

Instabilities  in  liquid-fueled  ramjet  engines  are  similar  in  many  respects  to  those  in  afterburners,  an  example 
of  the  general  property  that  the  character  of  the  oscillations  is  determined  largely  by  the  types  of  propellants  used 
and  the  geometry  of  the  chamber.  In  both  systems,  the  steady  combustion  processes  are  stabilized  behind  bluff 
flameholders.  Hence  with  suitable  interpretation,  many  results  of  research  are  applicable  to  both  types  of  systems. 
In  the  late  1970s  and  1980s,  research  programs  on  combustion  instabilities  in  ramjet  engines  were  initiated  by 
several  western  countries  (see,  for  example,  Hall  1978;  Culick  1980;  Culick  and  Rogers  1980;  Sivasegaram  and 
Whitelaw  1987;  Zetterstrom  and  Sjoblom  1985;  Biron  et  al.  1986).  Culick  (1988)  has  given  an  extensive  review 
of  combustion  instabilities  in  all  types  of  liquid-fueled  propulsion  systems. 

Possibly  the  most  interesting  and  fundamental  result  of  work  during  the  1980’s  was  demonstration  of  the 
importance  of  coupling  between  acoustical  motions  and  large  coherent  vortex  structures  shed  by  a  rearward  facing 
step  or  a  flameholder,  first  emphasized  by  Byrne  (1981,  1983).  That  phenomenon,  with  or  without  combustion 
processes,  arises  in  many  situations  and  will  likely  long  continue  to  be  the  subject  of  research.  Problems  associated 
with  generation  of  unsteady  vorticity  and  vortex  shedding  arise  in  all  types  of  combustors. 

A  typical  example  is  that  investigated  thoroughly  in  the  dump  combustor  at  Caltech  (Smith  and  Zukoski, 
1985;  Sterling  and  Zukoski,  1991;  Zak,  1993).  Figure  1.3  is  a  sketch  of  the  configuration,  in  which  the  flow  is 
subsonic  throughout,  with  premixed  gaseous  reactants  introduced  from  a  plenum  chamber  and  exhausting  to 
the  atmosphere.  Even  for  liquid-fueled  ramjets,  vaporization  of  the  fuel  often  occurs  so  rapidly  that  combustion 
downstream  of  the  dump  plane  occurs  in  a  gaseous  mixture.  The  general  character  of  the  stability  diagram  for 
this  geometry  has  been  found  in  other  experimental  programs  as  well:  for  a  given  flow  rate,  the  most  intense 
oscillations  occur  in  the  vicinity  of  stoichiometric  proportions  of  the  fuel  oxidizer. 


FIGURE  1.3.  The  Caltech  Dump  Combustor 


The  waveform  and  spectrum  for  the  limiting  behavior  of  an  unstable  oscillation  are  shown  in  Figure  1.4. 
Evidently  the  spectrum  consists  of  a  small  number  of  peaks  imbedded  in  a  background  of  ‘noise’  spread  over 
the  entire  frequency  range  covered.  In  this  respect  the  motion  seems  to  be  dominated  by  two  oscillations  and 
subharmonics.  Estimates  based  on  the  assumption  of  axial  acoustic  motions  have  shown  (Sterling  1987;  Zak  1993) 
that  the  two  oscillations  are  normal  modes  of  the  system.  Explanation  of  the  nonlinear  mechanism  responsible 
for  the  sub-harmonics  has  not  been  given. 

It  is  interesting  and  significant  that  the  ‘noise’  exhibited  in  the  spectrum  seems  to  appear  as  a  kind  of  random 
modulation  of  the  amplitude  of  the  waveform  reproduced  in  Figure  1.4(a).  That  interpretation  is  supported  by 
the  approximate  analysis  of  nonlinear  acoustics  and  noise  covered  later.  Some  recent  laboratory  results  have 
shown  that  the  level  of  noise  depends  on  the  presence  and  amplitudes  of  combustion  instabilities,  but  the  cause 
is  unknown,  and  no  such  observations  exist  for  full-scale  combustors. 


4-7 


Although  this  example  is  special,  it  does  illustrate  the  chief  features  of  combustion  instabilities  generally: 
well-defined  organized  oscillations  within  an  apparently  random  field,  normally  called  noise.  It  is  quite  common 
that  there  are  more  peaks  in  the  spectra  than  appear  in  Figure  1.4(b),  and  that  the  frequencies  tend  to  be  close 
to  those  of  the  normal  acoustics  modes  of  the  chamber  in  question.  The  quantitative  aspects  vary  widely,  but  the 
physical  behavior  suggested  by  these  results  broadly  defines  the  general  problem  to  be  addressed  by  the  theory. 


(b) 

Figure  1.4.  Waveform  and  Spectrum  for  an  Instability  in  the  Caltech  Dump  Combustor 


1.2.  Mechanisms  of  Combustion  Instabilities.  Just  as  for  steady  operation,  the  chief  distinctions  among 
combustion  instabilities  in  different  combustors  must  ultimately  be  traceable  to  differences  in  geometry  and  the 
states  of  the  reactants.  The  root  causes,  or  ‘mechanisms’,  of  instabilities  are  imbedded  in  that  context  and  are 
often  very  difficult  to  identify  with  certainty.  Possibly  the  most  difficult  problem  in  this  subject  is  to  quantify 
the  mechanism.  Solving  that  problem  requires  finding  an  accurate  representation  of  the  relevant  dynamics. 

The  simplest  and  most  convenient  characterization  of  an  unstable  oscillation  is  expressed  in  terms  of  the 
mechanical  energy  of  the  motion.  Linear  theory  produces  the  result  that  the  rate  of  growth  of  the  amplitude 
is  proportional  to  the  fractional  rate  of  change  of  energy,  the  sum  of  kinetic  and  potential  energies.  The  idea 
is  discussed  further  in  the  following  section.  What  matters  at  this  point  is  that  the  term  ‘mechanism’  refers 
to  a  process  that  causes  transfer  of  energy  to  the  unsteady  motion  from  some  other  source.  Thus,  mechanisms 
form  the  substance  of  the  feedback  path  in  Figure  1.1.  Generally  there  are  only  three  sorts  of  energy  sources  for 
unsteady  motions  in  a  combustor:  the  combustion  processes;  the  mean  how,  which  of  course  itself  is  caused  by 
combustion;  and  a  combination  of  combustion  and  mean  how  simultaneously  acting.  The  distinction  is  important 
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because  the  physical  explanations  of  the  energy  transfer  are  very  different  in  the  three  cases.  If  the  basic  physical 
processes  differ,  so  also  must  the  means  of  treating  instabilities. 

Combustion  processes  are  sensitive  to  the  macroscopic  flow  variables,  particularly  pressure,  temperature  and 
velocity.  Even  slow  changes  of  those  quantities  affect  the  energy  released  according  to  rules  that  can  be  deduced 
from  the  behavior  for  steady  combustion.  In  general,  however,  representations  of  that  sort,  based  on  assuming 
quasi-steady  behavior,  are  inadequate.  Combustion  instabilities  normally  occur  in  frequency  ranges  such  that 
true  dynamical  behavior  is  significant.  That  is,  the  transient  changes  of  energy  release  do  not  follow  precisely  in 
phase  with  imposed  changes  of  a  flow  variable  such  as  pressure. 

The  next  simplest  assumption  is  that  the  combustion  processes  behave  as  a  first  order  dynamical  system 
characterized  by  a  single  time  delay  or  relaxation  time.  That  idea  was  apparently  first  suggested  by  Karman 
as  a  basis  for  interpreting  instabilities  discovered  in  early  experiments  with  liquid  propellant  rockets  at  Caltech 
(Summerheld,  1951).  That  representation,  which  came  to  be  called  the  Ln  —  t  model’  was  developed  most 
extensively  by  Crocco  and  his  students  at  Princeton  during  the  1950s  and  1960s.  Time  delays  may  be  due, 
for  example,  to  processes  associated  with  ignition  of  reactants.  Subsequent  to  injection  as  the  reactants  flow 
downstream,  finite  times  may  be  required  for  vaporization,  mixing,  and  for  the  kinetics  mechanism  to  reach 
completion.  Those  effects  may  be  interpreted  in  terms  of  a  convective  time  delay.  Under  unsteady  conditions,  the 
initial  state  of  the  reactants,  their  concentrations,  pressure,  and  velocity,  also  fluctuate,  causing  the  delay  time 
to  be  both  nonuniform  in  space  and  in  time.  As  a  result,  the  rate  of  energy  release  downstream  in  the  chamber 
is  also  space-  and  time-dependent,  and  acts  as  a  source  of  waves  in  the  combustor. 

In  the  case  of  liquid-fueled  systems,  interactions  of  the  injected  streams,  formation  of  sheets  and  break-up  into 
drops  are  processes  sensitive  to  pressure  and  particularly  velocity  fluctuations.  Those  are  purely  fluid-mechanical 
processes  impossible  to  treat  analytically  and  pose  extremely  difficult  problems  for  numerical  simulations.  No 
complete  numerical  analyses  exist  and  only  much  simplified  models  have  been  used  in  numerical  simulations  of 
combustion  instabilities.  The  true  dynamics  is  not  likely  to  be  well-represented  by  an  n  —  r  model. 

Purely  gaseous-fueled  systems  present  a  possibility  for  a  different  physical  model  that  also  leads  to  first-order 
behavior.  It  is  an  old  idea  that  even  in  complicated  geometries,  combustion  in  a  non-premixed  system  must  occur 
at  least  partly  in  elements  of  diffusion  flames.  If  the  gaseous  reactants  are  pre-mixed,  then  simple  configurations 
such  as  tubes,  or  dump  combustors,  combustion  may  occur  in  large  stable  flame  sheets  of  the  flow  is  laminar,  or 
in  fragments  of  pre-mixed  ‘hamelets’  when  the  flow  is  turbulent.  In  all  of  these  cases  it  is  reasonable  to  anticipate 
that  at  any  given  time  the  rate  of  energy  release  is  roughly  proportional  to  the  area  of  the  flame  sheets.  Then 
fluctuations  of  the  velocity  or  processes  responsible  for  ignition  and  extinction,  will  cause  fluctuations  of  the 
energy  release  rate.  Models  of  this  process  lead  to  an  equation  representing  first  order  behavior  (Dowling  1997; 
Candel  1992;  Annaswany  et  al.  2000;  Poinsot  1988,  for  example). 

The  approximation  of  first  order  behavior  fails  entirely  for  the  dynamics  of  burning  solid  propellants  (Culick 
1968).  Although  in  good  first  approximation  dominated  by  unsteady  heat  transfer  in  the  condensed  phase,  a 
diffusive  process,  the  combustion  dynamics  in  this  case  exhibits  behavior  closer  to  that  of  a  second  order  system. 
The  frequency  response  of  that  burning  rate  tends  normally  to  have  a  large  broad  peak  centered  at  a  frequency 
falling  well  within  the  range  of  the  frequencies  characteristic  of  the  chamber  dynamics.  Hence  there  is  a  clear 
possibility  for  a  resonance  and  instability  suggested  by  the  diagram  in  Figure  1.1. 

Generation  of  oscillations  by  the  average  flow  is  due  to  causes  roughly  like  those  active  in  wind  musical 
instruments.  In  all  such  cases,  flow  separation  is  involved,  followed  by  instability  of  a  shear  layer  and  formation 
of  vortices.  Direct  coupling  between  the  vortices  and  a  local  velocity  fluctuation  associated  with  an  acoustic  held 
is  relatively  weak;  that  is,  the  rate  of  energy  exchange  is  in  some  sense  small.  However,  the  interaction  between 
the  velocity  (or  pressure)  fluctuation  and  the  initial  portion  of  the  shear  layer  is  normally  a  basic  reason  that 
feedback  exists  between  the  unsteady  held  in  the  volume  of  the  combustor  and  vortex  shedding. 

It  has  long  been  known  experimentally  that  vortices  shed  in  a  chamber  more  effectively  generate  acoustic 
waves  if  they  impinge  in  an  obstacle  downstream  of  their  origin  (Flandro  and  Jacobs,  1975;  Magiawala  and  Culick, 
1979;  Flandro,  1986).  The  hrst  example  of  this  phenomenon  was  the  solid  rocket  booster  for  the  Shuttle  launch 
system  in  the  1970s.  It  was  that  problem  that  motivated  the  works  just  cited,  but  since  then  vortex  shedding  has 
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been  recognized  as  a  mechanism  for  generating  acoustic  oscillations  in  other  systems  as  well,  notably  the  booster 
motors  on  the  Space  Shuttle  and  on  the  Ariane  5. 

Byrne  (1981)  seems  to  have  been  first  to  suggest  that  vortex  shedding  could  be  responsible  for  instabilities 
observed  in  dump  combustors.  The  idea  was  developed  very  actively  in  the  1980s,  both  in  systems  operating  at 
room  temperature  without  combustion  (Schadow  et  al. ,  1981,  1983,  1984,  1985)  and  in  combustors  (Schadow  et 
al ,  1985,  1987a,  1987b) 

Combustion  dynamics  and  the  mean  flow  created  with  vortex  shedding  combine  to  give  a  mechanism  different 
from  the  two  kinds  just  described.  Unsteady  combustion  in  vortices  was  one  of  the  early  mechanisms  proposed 
as  a  cause  of  combustion  instabilities  in  combustors  using  bluff  body  flameholders  (Marble  and  Rogers  1956). 
It  was  essentially  re-discovered  in  the  1980’s  during  tests  of  dump  combustors  (Smith  and  Zukoski  1985;  Daily 
and  Oppenheim  1986;  Stirling  and  Zukoski  1991;  for  example).  Several  attempts  have  been  made  to  quantify  the 
mechanism  with  analysis  (Norton  1983;  Karagozian  and  Marble  1986)  and  with  numerical  simulations  (Laverdant 
and  Candel  1989;  Samaniego  and  Mantel  1999).  Insufficient  progress  has  been  made  to  construct  a  model 
suitable  for  general  analysis  of  combustion  instabilities.  Thus  there  is  currently  no  basis  for  predictions  of 
combustor  dynamics  excited  by  this  mechanism.  Special  cases  have  been  discussed  in  connection  with  particular 
experimental  results;  see,  for  example,  Stirling  1993. 

Combustion  instabilities  have  not  historically  been  a  serious  problem  in  gas  turbine  main  combustors.  Al¬ 
though  instabilities  have  certainly  been  observed  for  many  years,  they  have  not  been  persistently  troublesome. 
Due  to  proprietary  considerations  almost  no  detailed  results  for  full-scale  machines  have  been  made  public,  a 
situation  that  is  unlikely  to  change  soon.  In  the  past  few  years  combustion  instabilities  have  become  a  serious 
problem  in  gas  turbines  because  of  the  need  to  operate  close  to  the  lean  blowout  limit  as  part  of  the  strategy  to 
reduce  generation  of  pollutants,  notably  NOx. 

As  the  operating  condition  approaches  the  lean  blowout  limit,  combustion  processes  (’flame  dynamics’), 
including  flame  stabilization,  are  more  sensitive  to  fluctuations  than  under  operation  at  higher  mixture  ( F/O ) 
ratios.  The  sensitivity  extends  to  flame  fronts  and  zones  as  well  as  the  stabilization  processes,  shear  layers  and 
recirculation  zones.  The  latter,  associated  with  injection  and  stabilization  may  possess  multiple  dynamical  states, 
i.e.  special  bifurcations  and  hysteresis. 

The  dynamical  behavior  of  the  premixer  and  injection  devices  may  contribute  to  instabilities  in  various 
ways.  Internal  resonances,  for  example,  may  be  excited  by  oscillations  in  the  chamber,  causing  perturbations 
of  the  energy  released  in  the  combustion  processes  downstream  of  the  injector.  There  may  also  be  undesirable 
coupling  between  elements  of  an  array  of  premixers  and  injectors.  Such  dynamical  behavior  may  also  be  turned 
to  advantage  to  extend  the  operating  range  of  stable  operation.  That  strategy  was  successfully  pursued  on  several 
occasions  in  the  Russian  liquid  rocket  community. 

It  is  likely  that  fluctuations  of  the  mixture  ratio  {FjO)  play  an  important  role  in  the  dynamics  of  gas  turbine 
combustors.  If  the  FjO  ratio  of  the  reactants  is  at  all  sensitive  to  conditions  in  the  combustion  chamber,  there 
is  an  obvious  feedback  path  connecting  the  combustor  and  combustion  dynamics.  The  possibility  has  arisen 
previously  in  other  combustion  systems,  but  at  least  anecdotal  evidence  has  suggested  that  serious  attention 
must  be  paid  to  fluctuations  of  mixture  ratio  as  a  fundamental  mechanism  for  instabilities  in  gas  turbines. 


1.3.  Elementary  Interpretation  of  Combustion  Instabilities.  Owing  to  the  difficulty  of  making  direct 
measurements  of  the  flow  held  within  a  combustion  chamber,  virtually  all  that  is  known  about  combustion 
instabilities  rests  on  close  coordination  of  experiment  and  theory.  The  subject  is  intrinsically  semi-empirical, 
theoretical  work  being  founded  on  observational  data  both  from  full-scale  machines  and  laboratory  devices. 
Conversely,  the  theoretical  and  analytical  framework  occupies  a  central  position  as  the  vehicle  for  planning 
experimental  work  and  for  interpreting  the  results.  The  chief  purposes  of  this  section  are  to  summarize  briefly  the 
most  important  basic  characteristics  of  observed  instabilities;  and  to  introduce  the  way  in  which  those  observations 
motivate  the  formulation  of  the  theoretical  framework. 

In  tests  of  full-scale  propulsion  systems,  only  three  types  of  data  are  normally  available,  obtained  from  pressure 
transducers,  accelerometers,  and  strain  gauges.  Measurements  of  pressure  are  most  direct  but  are  always  limited, 
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and  often  not  possible  when  the  necessary  penetration  of  the  enclosure  to  install  instruments  is  not  allowed.  Hence 
the  unsteady  internal  pressure  held  is  often  inferred  from  data  taken  with  accelerometers  and  strain  gauges.  In 
any  case,  because  it  is  the  fundamental  variable  of  the  motions,  the  pressure  will  serve  here  as  the  focus  of  our 
discussion. 


A  combustion  chamber  contains  a  non-uniform  how  of  chemically  reacting  species,  often  present  in  condensed 
as  well  as  gaseous  phases,  exhausting  through  a  nozzle  that  is  choked  in  rockets,  ramjets,  and  afterburners. 
Moreover,  the  how  is  normally  turbulent  and  may  include  regions  of  separation.  Yet  estimates  of  the  frequencies 
of  oscillations  computed  with  acoustics  formulas  for  the  natural  modes  of  a  closed  chamber  containing  a  uniform 
gas  at  rest  commonly  he  within  10  15  percent  or  less  of  the  frequencies  observed  for  combustion  instabilities,  if 
the  speed  of  sound  is  correctly  chosen. 

There  are  three  main  reasons  that  the  classical  view  of  acoustics  is  a  good  hrst  approximation  to  wave 
propagation  in  combustion  chamber:  (1)  the  Mach  number  of  the  average  how  is  commonly  small,  so  convective 
and  refractive  effects  are  small;  (2)  if  the  exhaust  nozzle  is  choked,  incident  waves  are  efficiently  rehected,  so  for 
small  Mach  numbers  the  exit  plane  appears  to  be  nearly  a  rigid  surface;  and  (3)  in  the  limit  of  small  amplitude 
disturbances,  it  is  a  fundamental  result  for  compressible  hows  that  any  unsteady  motion  can  be  decomposed  into 
three  independent  modes  of  propagation,  of  which  one  is  acoustic  (Chu  and  Kovazsnay  1956).  The  other  two 
modes  of  motion  are  vortical  disturbances,  the  dominant  component  of  turbulence,  and  entropy  (or  temperature) 
waves.  Hence  even  in  the  highly  turbulent  non-uniform  how  usually  present  in  a  combustion  chamber,  acoustic 
waves  behave  in  good  hrst  approximation  according  to  their  own  simple  classical  laws. 

Of  course,  it  is  precisely  the  departures  from  classical  acoustics  that  dehne  the  class  of  problems  we  call 
combustion  instabilities.  In  that  sense,  these  lectures  are  concerned  chiehy  with  perturbations  of  a  very  old 
problem,  standing  waves  in  an  enclosure.  That  point  of  view  has  signihcant  consequences;  perhaps  the  most 
important  is  that  many  of  the  physical  characteristics  of  combustion  instabilities  can  be  described  and  understood 
quite  well  in  a  familiar  context.  The  remainder  of  this  section  is  an  elaboration  of  that  conclusion. 


The  most  obvious  evidence  that  combustion  instabilities  are  related  to  classical  acoustic  resonances  is  the 
common  observation  that  frequencies  measured  in  tests  agree  fairly  well  with  those  computed  with  classical 
formulas.  Generally,  the  frequency  /  of  a  wave  equals  its  speed  of  propagation,  a,  divided  by  the  wavelength,  A: 

t-i  <li> 

On  dimensional  grounds,  or  by  recalling  classical  results,  we  know  that  the  wavelength  of  a  resonance  or  normal 
mode  of  a  chamber  is  proportional  to  a  length,  the  unobstructed  distance  characterizing  the  particular  mode  in 
question.  Thus  the  wavelengths  of  the  organ-pipe  modes  are  proportional  to  the  length,  L,  of  the  pipe,  those  of 
modes  of  motion  in  transverse  planes  of  a  circular  cylindrical  chamber  are  proportional  to  the  diameter,  D,  and 
so  forth.  Hence  (1.1)  implies 


/  ~ 


a 
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longitudinal  modes 


/  ~ 


a 
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transverse  modes 


(1.2)  a,  b 


There  are  two  basic  implications  of  the  conclusion  that  the  formulas  (1.2)  a,  b,  with  suitable  multiplying 
constants,  seem  to  predict  observed  frequencies  fairly  well:  evidently  the  geometry  is  a  dominant  influence  on 
the  spatial  structure  of  the  instabilities;  and  we  can  reasonably  dehne  some  sort  of  average  speed  of  sound  in 
the  chamber,  based  on  an  approximation  to  the  temperature  distribution.  In  practice,  estimates  use  the  classical 
formula  a  =  y/jRT  with  T  the  adiabatic  flame  temperature  for  the  chemical  system  in  question,  and  with  the 
properties  7  and  R  calculated  according  to  the  composition  of  the  mixture  in  the  chamber.  Usually,  mass- averaged 
values,  accounting  for  condensed  species,  seem  to  be  close  to  the  truth.  If  large  differences  of  temperature  exist 
in  the  chamber,  as  in  a  how  containing  hame  fronts,  nonuniformities  in  the  speed  of  sound  must  be  accounted  for 
to  obtain  close  estimates  of  the  frequencies. 

Even  for  more  complicated  geometries,  notably  those  often  used  in  solid  rockets,  when  the  simple  formulas 
(1.2)  a,  b  are  not  directly  applicable,  numerical  calculations  of  the  classical  acoustic  motions  normally  give  good 
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approximations  to  the  natural  frequencies  and  pressure  distributions.  Thus  quite  generally  we  can  adopt  the 
point  of  view  that  combustion  instabilities  are  acoustical  motions  excited  and  sustained  in  the  first  instance  by 
interactions  with  combustion  processes.  That  the  classical  theory  works  so  well  for  estimating  frequencies  and 
distributions  of  the  unsteady  motions  means  that  computation  of  those  quantities  is  not  a  serious  test  of  a  more 
comprehensive  theory.  What  is  required  first  of  a  theory  of  combustion  instabilities  is  a  basis  for  understanding- 
how  and  why  combustion  instabilities  differ  from  classical  acoustics. 

In  particular,  two  global  aspects  of  minor  importance  in  most  of  classical  acoustics,  are  fundamental  to 
understanding  combustion  instabilities:  transient  characteristics  and  nonlinear  behavior.  Both  are  associated 
with  the  property  that  with  respect  to  combustion  instabilities,  a  combustion  chamber  appears  to  an  observer 
to  be  a  self- excited  system :  the  oscillations  appear  without  the  action  of  externally  imposed  forces.  Combustion 
processes  are  the  sources  of  energy  which  ultimately  appear  as  the  thermal  and  mechanical  energy  of  the  fluid 
motions.  If  the  processes  tending  to  dissipate  the  energy  of  a  fluctuation  in  the  flow  are  weaker  than  those  adding- 
energy,  then  the  disturbance  is  unstable. 


1.4.  Linear  Behavior.  When  the  amplitude  of  a  disturbance  is  small,  the  rates  of  energy  gains  and  losses 
are  usually  proportional  to  the  energy  itself  which  in  turn  is  proportional  to  the  square  of  the  amplitude  of  the 
disturbance;  the  responsible  processes  are  said  to  be  linear  because  the  governing  equations  are  linear  in  the  flow 
variables.  An  unstable  disturbance  then  grows  exponentially  in  time,  without  limit  if  all  processes  remain  linear. 
Exponential  growth  of  the  form  Aoeat,  where  Aq  is  the  amplitude  of  the  initial  small  disturbance,  is  characteristic 
of  the  initial  stage  of  an  instability  in  a  self-excited  system,  sketched  in  Figure  1.5(a).  In  contrast,  the  initial 
transient  in  a  linear  system  forced  by  an  invariant  external  agent  grows  according  to  the  form  1  —  e-^,  shown  in 
Figure  1.5(b).  The  curve  eat  is  concave  upward  and  evolves  into  a  constant  limiting  value  for  a  physical  system 
only  if  nonlinear  processes  are  active.  However,  the  plot  of  1  —  e~^f  is  concave  downward  and  approaches  a 
limiting  value  for  a  linear  system  because  the  driving  agent  supplies  only  finite  power. 
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Figure  1.5.  Transient  behavior  of  (a)  Self  Excited  Linearly  Unstable  Motions;  (b)  Forced  Motions 


Extensive  data  leave  no  doubt  that  the  unstable  motions  in  combustion  chambers  are  self-excited,  having  the 
characteristics  shown  in  Figure  1.5(a).  The  physical  origin  of  this  behavior  is  the  dependence  of  the  energy  gains 
and  losses  on  the  motions  themselves.  For  combustion  instabilities,  the  ‘system’  is  the  dynamical  system  whose 
behavior  is  measured  by  the  instrument  sensing  the  pressure  oscillations.  Thus,  in  view  of  earlier  remarks,  the 
dynamical  system  is  in  some  sense  the  system  of  acoustical  motions  in  the  chamber  coupled  to  the  mean  flow  and 
combustion  processes  (recall  Figure  1.1). 

It  is  a  fundamental  and  extremely  important  conclusion  that  by  far  most  combustion  instabilities  are  motions 
of  self-excited  dynamical  systems.  Probably  the  most  significant  implication  is  that  in  order  to  understand  fully 
the  observed  behavior,  and  how  to  affect  it  and  control  it,  one  must  understand  the  behavior  of  a  nonlinear  system. 
When  the  motion  in  a  combustion  chamber  is  unstable,  except  in  unusual  cases  of  growth  to  destruction,  the 
amplitude  typically  settles  down  to  a  finite  value:  the  system  then  executes  a  limiting  motion,  usually  a  periodic 
limit  cycle.  For  practical  applications,  it  is  desirable  to  know  how  the  amplitude  of  the  limit  cycle  depends  on  the 
parameters  characterizing  the  system.  That  information  may  serve  as  the  basis  for  changing  the  characteristics 
to  reduce  the  amplitude,  the  goal  in  practice  being  zero.  In  any  case,  good  understanding  of  the  properties  of  the 
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limit  cycle  will  also  provide  some  appreciation  for  those  variables  which  dominate  the  behavior  and  to  which  the 
motions  may  be  most  sensitive,  a  practical  matter  indeed. 

Our  global  view,  then,  is  that  a  combustion  instability  is  an  oscillatory  motion  of  the  gases  in  the  chamber, 
which  can  in  first  approximation  be  synthesized  of  one  or  more  modes  related  to  classical  acoustic  modes.  The 
mode  having  lowest  frequency  is  a  ‘bulk’  mode  in  which  the  pressure  is  nearly  uniform  in  space  but  fluctuating 
in  time.  Because  the  pressure  gradient  is  everywhere  small,  the  velocity  fluctuations  are  nearly  zero.  This  mode 
corresponds  to  the  vibration  of  a  Helmholtz  resonator  obtained,  for  example,  by  blowing  over  the  open  end 
of  a  bottle.  The  cause  in  a  combustion  chamber  may  be  the  burning  process  itself,  or  it  may  be  associated 
with  oscillations  in  the  supply  of  reactants,  caused  in  turn  by  the  variations  of  pressure  in  the  chamber.  In  a 
liquid  rocket,  structural  oscillations  of  the  vehicle  or  the  feed  system  may  also  participate,  producing  the  POGO 
instability. 

Whatever  the  system,  most  combustion  instabilities  involve  excitation  of  the  acoustic  modes,  of  which  there 
are  an  infinite  number  for  any  chamber.  The  values  of  the  frequencies  are  functions  primarily  of  the  geometry  and 
of  the  speed  of  sound,  the  simplest  examples  being  the  longitudinal  and  transverse  modes  of  a  circular  cylinder, 
with  frequencies  behaving  according  to  (1.2)  a,  b.  Which  modes  are  unstable  depends  on  the  balance  of  energy 
supplied  by  the  exciting  mechanisms  and  extracted  by  the  dissipating  processes.  We  consider  here  only  linear 
behavior  to  illustrate  the  point. 

In  general  the  losses  and  gains  of  energy  are  strongly  dependent  on  frequency.  For  example,  the  attenuation 
due  to  viscous  effects  typically  increases  with  the  square  root  of  the  frequency.  Other  sources  of  energy  loss 
associated  with  interactions  between  the  oscillations  and  the  mean  flow  tend  to  be  weaker  functions  of  frequency. 
That  is  the  case,  for  example  for  reflections  of  waves  by  a  choked  exhaust  nozzle.  The  gains  of  energy  usually 
depend  in  a  more  complicated  way  on  frequency. 

The  sources  of  energy  for  combustion  instabilities  i.e.  the  mechanisms  responsible  for  their  existence,  present 
the  most  difficult  problems  in  this  held.  For  the  present  we  confine  our  attention  to  qualitative  features  of 
energy  exchange  between  combustion  and  unsteady  motions.  For  example,  the  magnitude  of  the  energy  addition 
due  to  coupling  between  acoustic  waves  and  combustion  processes  for  a  solid  propellant  normally  rises  from 
some  relatively  small  quasi-steady  value  at  low  frequencies,  passes  through  a  broad  peak,  and  then  decreases  to 
zero  at  high  frequencies.  Energy  is  transferred  to  a  pressure  oscillation  having  a  particular  frequency  at  a  rate 
proportional  to  the  part  of  the  coupling  that  is  in  phase  with  the  pressure  at  that  frequency.1  Figure  1.6  is  a 
schematic  illustration  of  this  sort  of  behavior. 

In  Figure  1.6,  the  gains  exceed  the  losses  in  the  frequency  range  fi  <  f  <  Modes  having  frequencies  in  that 
range  will  therefore  be  linearly  unstable.  An  important  characteristic,  typical  of  combustion  chambers  generally, 
is  that  in  the  lower  ranges  of  frequency,  from  zero  to  somewhat  above  the  maximum  frequency  of  instability,  the 
net  energy  transfer  is  a  small  difference  between  relatively  larger  gains  and  losses.  That  implies  the  difficulty, 
confirmed  by  many  years’  experience,  of  determining  the  net  energy  flow  accurately.  Unavoidable  uncertainties 
in  the  gains  and  losses  themselves  become  much  more  significant  when  their  difference  is  formed.  That  is  the 
main  reason  for  the  statement  made  earlier  that  analysis  of  combustion  instabilities  has  been  useful  in  practice 
chiefly  for  predicting  and  understanding  trends  of  behavior  rather  than  accurate  calculations  of  the  conditions 
under  which  a  given  system  is  unstable.  The  ultimate  source  of  all  of  these  difficulties,  as  cited  in  Section  1.1,  is 
the  property  that  the  motions  in  question  consume  and  contain  only  small  portions  of  the  total  energy  available 
within  the  system.  Hence  in  both  laboratory  tests  and  in  operational  systems  one  is  confronted  with  determining 
the  characteristics  of  essentially  small  disturbances  imbedded  in  a  complicated  dynamic  environment. 

The  best  and  most  complete  data  illustrating  the  preceding  remarks  have  been  obtained  with  solid  propellant 
rockets.  There  are  several  reasons  for  that  circumstance.  First,  the  ignition  period — the  time  to  cause  all  of  the 
exposed  propellant  surface  to  begin  burning — is  relatively  short  and  the  average  conditions  in  the  chamber  quickly 
reach  their  intended  values.  Unless  oscillations  are  severely  unstable,  and  growing  rapidly  during  the  ignition 
transient,  there  is  a  good  opportunity  to  observe  the  exponential  growth  characteristic  of  a  linear  instability. 


1It  is  possible,  due  to  the  behavior  of  the  phase,  that  in  a  range  of  high  frequencies  the  combustion  processes  may  in  fact  extract 
energy  from  the  acoustic  waves  and  hence  contribute  to  the  losses  of  energy. 
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Figure  1.6.  Qualitative  Dependence  of  (a)  Energy  Gains  and  Losses;  and  (b)  the  Frequency 
Response  of  a  Combustor 


Secondly,  it  is  probably  true  that  more  effort  has  been  spent  on  refining  the  measurements  and  predictions 
of  linear  stability  for  solid  rockets  than  for  other  systems  because  of  the  expense  and  difficulty  of  carrying  out 
replicated  tests.  There  is  no  practical,  routine  way  of  interrupting  and  resuming  brings  and  it  is  the  nature  of 
the  system  that  an  individual  motor  can  be  fired  only  once.  Particularly  for  large  motors  used  in  space  launch 
vehicles,  successive  firings  involve  great  expense.  Development  by  empirical  trial-and-error  is  costly;  there  is 
considerable  motivation  to  work  out  methods  of  analysis  and  design  applicable  to  individual  tests. 

In  contrast,  liquid-fueled  systems  can  be  fired  repeatedly.  Trial-and-error  has  long  been  a  strategy  for  de¬ 
velopment  of  both  liquid  rockets  and  air-breathing  systems.  It  seems  that  attention  in  that  sort  of  work  has 
generally  been  focused  on  modifications  to  reduce  amplitudes  (as  in  ‘bombing’  tests)  rather  than  on  determining 
the  stability  of  small-amplitude  motions.  Very  little  data  exists  for  values  of  growth  constants,  and  most  of  those 
results  have  been  obtained  for  model  or  sub-scale  laboratory  devices.  There  are  examples  of  stability  boundaries 
inferred  from  ‘bombing’  tests  of  the  sort  mentioned  earlier  and  theoretical  results  exist,  but  there  seem  to  be  no 
investigations  comparable  to  those  carried  out  for  solid  rockets.  A  Standard  Stability  Prediction  (SSP)  program 
has  been  available  for  solid  rockets  for  25  years  (Lovine  et  al.  1983,  Nickerson  et  al.  1983);  no  such  product  exists 
for  liquid  rockets  and  other  combustion  systems. 

We  have  already  noted  in  Section  1.2  that  much  progress  was  achieved  in  analyzing  and  understanding 
combustion  instabilities  in  solid  rockets  from  the  late  1960s  into  the  1980s  when  there  was  little  work  in  liquid 
rockets.  During  that  period,  computing  resources,  microprocessors,  and  therefore  techniques  of  data  acquisition 
and  processing  advanced  enormously.  Hence  by  comparison  with  the  situation  for  solid  rockets,  the  subject  of 
combustion  instabilities  in  liquid-fueled  systems,  especially  liquid  rockets,  did  not  benefit  as  greatly  from  the 
general  progress  of  supporting  technologies.  That  situation  is  changing. 

Finally,  liquid  or  gaseous  fueled  systems  are  intrinsically  more  difficult  to  analyze  and  understand  because  of 
the  more  complicated  chemical  processes  and  coupling  with  the  unsteady  flow  held.  It  is  true  that  combustion 
of  a  heterogeneous  solid  propellant  containing  many  ingredients,  often  including  a  metal,  is  very  complicated 
indeed  and  far  from  completely  understood  in  general.  However,  from  the  point  of  view  of  treating  combustion 
instabilities,  there  is  the  great  advantage  that  under  most  conditions,  virtually  all  of  the  significant  combustion 
processes  are  completed  within  a  thin  zone  near  the  solid  propellant  itself.  Coupling  to  the  unsteady  how  held  may 
therefore  be  represented  as  a  boundary  condition.  Combustion  of  liquid  fuels  is  necessarily  distributed  throughout 
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the  volume  of  the  chamber.  Making  accurate  approximations  to  the  spatial  dependence  is  difficult,  requiring  quite 
careful  treatment  of  many  rate  processes,  including  chemical  kinetics  and  transfer  of  energy  between  liquid  and 
gaseous  phases.  The  elementary  dynamics  of  the  combustion  processes  are  poorly  understood  relative  to  the 
situation  for  solid  propellants. 


2.  THE  SIMPLEST  EXAMPLE  OF  THERMO- ACOUSTIC  INSTABILITIES: 

THE  RIJKE  TUBE 


Combustion  instabilities  are  the  most  common  forms  of  motions  called  more  generally  thermoacoustic  in¬ 
stabilities.  The  term  refers  to  oscillatory  motions  excited  and  sustained  by  transfer  of  energy  from  a  source  of 
heating  either  by  passage  of  electricity,  by  combustion  processes,  or  by  some  material  store  of  energy.  In  the 
Rijke  tube,  the  simplest  source  is  a  sample  of  heated  wire  gauge  which  transfers  energy  to  the  surrounding  air  in 
a  tube.  Small  flames  and  electrically  heated  grids  are  equally  effective,  the  latter  being  easier  to  analyze. 

The  Rijke  tube  was  invented  and  first  studied  by  Rijke  in  the  middle  of  the  19th  century.  Its  behavior  inspired 
Rayleigh’s  criterion  (Lord  Rayleigh,  1945).  Despite  the  immense  number  of  related  works,  a  satisfactorily  complete 
analysis  and  experimental  characterization  of  the  device  does  not  exist.  Nonetheless  it  is  true  that  the  Rijke  tube 
shares  many  properties  with  combustion  instabilities;  it  has  therefore  been  usefully  cited  in  many  discussions  and 
has  been  used  in  many  experimental  projects.  In  this  section  we  examine  the  Rijke  tube  as  a  means  of  illustrating 
some  ideas  and  methods  to  be  developed  in  more  general  form  later. 

We  consider  the  simplified  form  of  a  Rijke  tube  open  at  both  ends,  supported  vertically,  and  containing  a 
heated  wire  grid.  The  grid  may  be  heated  electrically,  or  by  a  flame  subsequently  removed.  If  the  grid  is  in  the 
lower  half  of  the  tube,  steady  oscillations  can  be  sustained,  having  frequency  hardly  distinguishable  from  that  of 
the  fundamental  frequency  of  the  tube,  a/2L  where  a  is  the  speed  of  sound.  The  basic  questions  to  be  answered 
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Figure  2.1.  Sketch  of  the  Simplest  Form  of  Rijke  Tube 

here  is:  Why  are  the  oscillations  excited  and  sustained?;  and  how  does  the  presence  of  oscillations  depend  on  the 
location  of  the  grid? 

For  several  reasons,  the  Rijke  tube  is  a  marvelous  case  to  investigate  as  an  example  of  thermoacoustic 
oscillations,  acoustic  waves  excited  and  sustained  by  heat  addition.  Perhaps  most  importantly,  this  is  a  situation 
in  which  the  part  of  the  system  that  is  the  source  of  energy,  and  provides  internal  feedback,  is  clearly  distinct  from 
the  system  that  is  oscillating,  the  acoustic  held.  Thus  we  can  separate  analysis  of  the  two  parts  of  the  system 
with  minimal  approximations.  It  is  that  property  we  take  particular  advantage  of  here. 

2.1.  Mean  Flow  in  a  Rijke  Tube.  Due  to  the  heating  by  the  grid,  the  temperature  of  the  air  is  increased, 
the  density  is  reduced  and  the  air  above  the  grid  rises  because  of  its  buoyancy.  Thus  there  is  a  steady  how  or 
draft  of  air  drawn  into  the  lower  end,  the  average  velocity  being  U£.  If  the  change  of  temperature  across  the  grid  is 
idealized  as  a  discontinuity,  the  velocity  U£  is  uniform  below  the  grid  and  above  the  mean  velocity  has  the  higher 
value  un.  This  follows  from  continuity  of  mass  how, 

PlUiA  =  ~puuuA 
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where  the  ratio  of  average  densities  is  Puj  pu  >  1  because  p  =  p/RT  and  the  average  pressure  is  uniform  (atmo¬ 
spheric),  giving 


P-  =  'R  >  1  (2.2) 

Pu  T  i 


2,2,  Acoustic  Field  in  a  Rijke  Tube.  Superposed  on  the  average  flow  is  the  acoustic  held,  well  represented 
by  uniform  values  transverse  to  the  axis  of  the  tube  and  varying  sinusoidally  in  the  axial  direction.  The  oscillating 
pressure  is  closely  continuous  through  the  grid  and  is  given  approximately  by  half  of  a  sinusoid,  chosen  so 
p'(0,t)  =  0  at  the  lower  end.  We  introduce  a  subscript  (  )i  to  indicate  that  we  are  dealing  with  the  lowest,  i.e. 
the  first  oscillating  mode  of  the  tube: 

p[(x,  t)  =  Pi  sincei  sin  k\x  (2.3) 

With  the  boundary  condition  p[(LR)  =  0,  k\  has  the  value  such  that  sin/ciL  =  0: 

k\  =  —  (2.4) 

The  wavenumber  k\  is  2tv/Xi  where  Ai  is  the  wavelength,  so 

Ai  =  2  L  (2.5) 


Generally,  the  frequency  of  waves  is  given  by  /  =  a/ A,  so,  as  quoted  in  the  introductory  remarks, 

f  =  JL 

^  2  L 

if  we  assume  a  is  uniform  in  the  tube. 


(2.6) 


The  acoustic  velocity  fluctuation  in  general  satisfies  the  equation 

_du'  dp' 

^  dt  dx 

and  for  p'(zR)  given  by  (2.3),  this  equation  has  the  solution 

ui  (z>  t)  =  U\  cos  uj\t  cos  k\x  =  u\  cos  k\x 

with 

v  =  Tpi 

pa 


(2.7) 

(2.8) 
(2.9) 


Because  of  the  temperature  change  through  the  grid,  the  speed  of  sound  is  greater  in  the  upper  part  of  the 
tube  than  in  the  lower;  a  =  y/jRT  and 


ai 


(2.10) 


Moreover,  the  acoustic  velocity  suffers  a  discontinuity  at  the  grid  due  to  the  jump  in  the  average  density  and 
satisfaction  of  continuity  for  the  acoustic  held: 


Piu£  =  PuUu 


so 

<  =  4^  <  Ui  (2-11) 

Pi 

For  simplification  we  will  ignore  the  jump  in  velocity  (i.e.  we  assume  a  very  small  temperature  jump),  which 
implies  weak  heating.  It’s  not  a  realistic  approximation  but  allows  the  main  points  to  be  made  here  without 
unnecessary  complications. 

Hence  we  take  the  acoustic  pressure  and  velocity  to  be  approximated  by  the  formulas  (2.3)  and  (2.8),  sketched 
in  Figure  2.2.  It  is  particularly  important  that  both  the  spatial  distributions  and  the  phases  of  the  pressure  and 
velocity  distributions  differ.  Those  differences  explain  certain  basic  characteristics  of  the  Rijke  tube  discussed 
below. 
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Figure  2.2.  Pressure  and  Velocity  Distribution  in  a  Tube  Open  at  Both  Ends 

As  a  simplified  representation,  Figure  2.3  is  often  used,  showing  the  spatial  distributions  of  the  envelopes  of 
the  fluctuations.  It’s  a  convenient  form,  but  the  phase  relations  implied  by  Figure  2.2  must  not  be  forgotten.  The 
local  pressure  and  velocity  oscillate  between  the  values  set  by  their  envelopes  but  with  a  relative  phase  of  7t/4. 
This  property  is  best  shown  graphically  with  the  records  in  time,  Figure  2.4:  the  pressure  fluctuation  lags  the 
velocity  fluctuation  by  tt/4,  a  quarter-period. 

Pressure  Velocity 

Fluctuation  Fluctuation 


Figure  2.3.  Mode  Shapes  of  the  Pressure  and  Velocity  Fluctuations. 


Figure  2.4.  Spatial  Distributions  and  Temporal  Histories  of  the  Pressure  and  Velocity  Oscilla¬ 
tions  in  Figure  2.3. 

The  results  just  quoted  for  the  acoustic  field  are  valid  strictly  for  the  oscillations  in  a  tube  open  at  both  ends 
without  heating  and  mean  flow.  In  fact,  the  mode  shapes  in  a  Rijke  tube  must  differ  from  those  graphed  and  given 
by  the  formulas  (2.3),  (2.8)  and  (2.9).  At  the  very  least  the  non-uniform  temperature  and  hence  speed  of  sound, 
as  well  as  the  discontinuity  in  velocity  at  the  heater,  must  cause  deviations  from  the  simple  acoustic  results.  It 
is  a  basic  characteristic  of  the  analytical  method  worked  out  in  the  following  sections,  that  if  the  deviations  are 
small,  we  can  obtain  many  useful  results  for  the  actual  dynamics  of  the  system  without  knowing  the  actual  mode 
shapes.  Consequently,  as  a  practical  matter,  a  great  deal  of  progress  in  applications  can  be  made  in  understanding 
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the  dynamical  behavior  without  ever  knowing  what  the  true  motions  are.  It  is  a  point  often  missed.  The  formal 
development  of  the  analysis  establishes  clearly  what  is  meant  by  ‘small’.  In  this  section,  we  simply  carry  out  the 
simplest  form  of  the  calculations,  neglecting  also  the  first  order  effects  of  the  convective  flow  and  the  nonuniform 
speed  of  sound  on  stability.  Such  contributions  cannot  be  ignored  if  accurate  results  are  needed. 


2.3.  Linear  Instability  and  Transient  Growth  of  Oscillations  in  an  Electrically  Driven  Rijke 
Tube.  If  the  heated  grid  is  turned  on  suddenly,  the  amplitude  of  oscillations  will  soon  grow  exponentially,  finally 
reaching  some  limiting  amplitude  characteristic  of  a  limit  cycle.  The  interval  during  which  the  oscillations  evolve 
to  their  final  form  involves  nonlinear  processes  and  will  not  be  discussed  here.  However,  the  initial  period  of 
growth  is  a  purely  linear  phenomenon  and  can  be  analyzed  approximately  without  great  difficulty.  The  analysis 
given  in  this  section  is  the  simplest  application  of  spatial  averaging  to  a  problem  of  thermoacoustic  instability. 
It  is  intended  to  show  only  the  influence  of  the  process  of  heat  addition,  in  order  to  establish  several  general 
characteristics,  including  the  well-known  dependence  of  the  existence  of  unsteady  oscillations  on  the  position  of 
the  grid.  A  proper  and  complete  analysis  of  stability  must  account  for  the  mean  flow  and  acoustics  losses  discussed 
in  the  following  section. 


In  a  broad  sense,  the  analysis  replaces  the  representation  of  a  distributed  system  governed  by  partial  differ¬ 
ential  equations  by  that  of  a  discrete  system  whose  motion  is  described  by  ordinary  differential  equations.  When 
heat  addition  Q  is  accounted  for,  the  classical  equations  for  acoustic  momentum  and  pressure  are 


_du'  dp' 

p^F+d^  =  0 

dp'  du'  R  • , 

■75-+7P-TT-  =  7tQ 
dt  dx  Cv 


(2.12)a,b 


The  wave  equation  for  the  pressure  fluctuations  is  found  by  substituting  (2.12)a,b  for  in  the  time  derivative 
of  (2.12)a,b: 


ay  __2aV  _  R  dQ' 

dt 2  dx 2  Cv  dt 


(2.13) 


We  seek  a  result  measuring  in  some  fashion  the  influence  of  Q  on  the  stability  of  waves.  The  simplest  method 
producing  an  explicit  formula  of  some  generality  is  based  on  spatial  averaging,  constructed  on  the  assumption 
that  the  right-hand  side  of  (2.13)  is  a  small  disturbance  of  the  classical  acoustics  problem. 


If  Q  =  0,  then  the  acoustics  held  in  the  Rijke  tube  is  a  normal  mode  for  which  the  pressure  fluctuation  is 
given  by  (2.3)  and  pi  satisfies  (2.13)  with  Q  =  0: 


d2Pi  -2  Xpi  n 

dt,2  dx2 

We  assume  that  p'  and  p'x  satisfy  the  same  conditions  at  the  ends  of  the  tube: 


(2.14) 


K(M)  =p'(0,t)  =  0  (x  =  0) 

Pi(L,t)  =p'(L,t)  =  0  (x  =  L) 


(2.15)  a,b 


Rather  than  try  to  solve  the  actual  problem  described  by  (2.13),  we  try  to  determine  a  formal  characterization 
of  the  difference  between  the  actual  problem  and  the  unperturbed  classical  problem.  We  therefore  subtract  the 
two  problems,  but  weighted  and  then  spatially  averaged. 


Multiply  (2.13)  by  p'X)  (2.14)  by  p',  subtract  the  results  and  integrate  over  the  volume  of  the  tube  to  find 


,  d2p' 

p^ 


dt 2 


Sdx  —  a 2 


,  d2p' 

p 


dx 2 


qj  R  f  ,dQ' 

Sdx  =  c:  J  Pl-mSdx 

0 


0 


0 


(2.16) 
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Now  integrate  by  parts  the  second  integral  on  the  left-hand  side  and  use  the  boundary  conditions  (2.15)  a,b: 

L 


f  d2p' 
p ^ 


-p 


dx2 


q,  f  d  (  ,dp'  , dp[  \  f  ( dp[  dp'  dp' dp[' . 

0  0 


Pi 


,dpf  ,dp[ 


dx 


dx 


(2.17) 


S-0 


=  0 


We  handle  the  two  terms  in  the  first  integral  differently.  Equation  (2.14)  is  here  the  equation  for  steady 
waves,  Pi  being  given  by  (2.3),  so 

d2Pi 


dt2 


=  —uJiP\  sin(ceit)  sin(/cix)  =  —uoip'i 


(2.18) 


Because  the  heat  transfer  is  assumed  to  be  weak,  we  assume  that  its  presence  doesn’t  strongly  affect  the  spatial 
distribution  of  the  pressure  fluctuation  which  we  therefore  take  to  be  approximately  sinkix.  However,  we  seek 
the  transient  behavior  of  the  actual  pressure  so  we  assume  its  amplitude  prji  (t)  to  vary  in  time  and  set 

P  =  PVi{t)  sin(kix)  (2.19) 

Substitution  of  (2.3),  (2.18)  and  (2.19)  in  the  first  integral  of  equation  (2.16)  gives 

L  L 

J  Pi  sin(ceit)  sin2  (k\x)p  (fji  +  u^rq)  Sdx  =  Pipsinuqt  (fji  +  uj\rj i)  S  j  sin2(/cix)dx  (2.20) 

o  o 

With  (2.17)  and  (2.20),  and  (2.3)  substituted  in  the  right-hand  side,  equation  (2.16)  becomes 

L  L 

/R  f  dQf 

sin2(kix)dx  =  — -SPi  sin(ceit)  /  sin(/cix)  — —  dx 

E v  J  dt 

0  0 

Hence  the  amplitude  771  is  governed  by  the  equation  for  a  forced  harmonic  oscillator  having  undamped  natural 
frequency 

d2v  1,.2  R/Cv  /•  .  ,  _  dQ' 


dt 2 


+  u{r)  1  =  _  J  sin(/cix)-^dx 

1  0 


where  we  have  defined 


L, 

E\  =  j  sin2(kix)dx  = 


(2.21) 


(2.22) 


Note  that  the  dimensions  of  Q  are  the  same  as  those  of  pressure,  energy /volume;  hence  all  terms  in  (2.27)  have 
the  dimensions  l/(time)2. 


Equation  (2.21)  shows  in  the  clearest  possible  fashion  the  obstacle  one  necessarily  must  address  in  solving 
problems  of  combustion  instabilities:  the  spatial  distribution  of  the  rate  of  change  of  power  density  must  be 
specified.  That  is  the  essential  problem  of  modeling  the  mechanism  emphasized  in  Section  1  of  these  notes. 
Rather  than  construct  an  explicit  model  at  this  point,  it  is  more  instructive  to  deal  with  general  features. 

The  quantity  Q'  is  the  fluctuation  of  the  local  rate  at  which  energy  is  added  to  the  flow  by  the  source,  here 
an  electric  heater.  However,  it  is  important  to  emphasize  that,  as  (2.21)  shows,  the  rate  of  change  dQ' /dt  is  the 
source  of  waves.  This  property  will  appear  very  clearly  below.  Within  the  restricted  representation  we  use  here, 
a  single  mode,  we  have  only  two  independent  variables  affecting  the  rate  of  heat  addition,  the  local  pressure  and 
velocity.  If  we  restrict  ourselves  to  purely  linear  behavior,  then  whatever  the  physical  process  might  be,  we  will 
necessarily  find  Q'  to  be  a  linear  combination  of  the  pressure  and  velocity  fluctuations,  possibly  with  time  lags. 
Hence  we  assume  the  form  valid  only  for  linear  behavior, 

Q'  =  Ap  (x,  t  —  rp)  +  Bu  (x,  t  —  Tu) 


(2.23) 
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where  the  constants  A  and  B,  and  the  time  lags  rp  and  ru  are  assumed  known.  Their  values  can  be  determined 
only  by  analyzing  a  detailed  model  of  the  process  chosen.  Because  p'  and  ur  are  the  actual  pressure  and  velocity, 
not  known  until  the  complete  problem  is  solved,  assumptions  are  required  to  allow  proceeding  further. 


The  essential  idea  at  this  point  is  that  the  right-hand  side  of  (2.21)  is  supposed  to  be  small.  Moreover,  local 
errors  in  specifying  the  spatial  distribution  of  Q'  tend  to  be  smoothed  out  by  the  spatial  averaging.  Hence  make 
the  assumption  to  be  justified  in  the  following  sections,  that  p'  and  u'  may  be  approximated  by  their  classical 
acoustic  forms  found  when  Q'  =  0.  Thus  p'  is  given  by  (2.19)  and  u'  by 

v!x  =  cos  k\x  (2.24) 

7  M 

The  motivation  for  this  choice  may  be  seen  upon  substituting  (2.19)  and  (2.24)  in  the  acoustic  momentum  equation 
(2. 12) a,  giving  the  equation  for  rq: 

Vi  +  —  0  (2.25) 


where  coi  =  ak\.  Hence  simultaneous  use  of  (2.19)  and  (2.24)  implies  that  rji(t)  is  approximated  by  its  unperturbed 
acoustic  form,  as  required  in  the  right-hand  side  of  (2.21).  We  therefore  assume 

Q'  =  Apr]i (t  —  tp)  sin  k\x  H - -^rji (t  —  tu)  cos  k\x  (2.26) 

7M 


Finally,  for  an  infinitesimally  thin  grid,  Q'  is  non-zero  only  at  the  grid,  so  we  multiply  (2.26)  by  a  delta 
function,  giving 


O' = 


B 

April (t  —  rp)  sin kix  H - T2V1  —  tp)  cos 

7M 


6{X  -  lg 


(2.27) 


The  time  derivative  of  (2.26)  is  required  in  (2.21).  Again  within  the  approximations  used  here,  we  set  rji  equal 
to  its  classical  acoustic  value,  0^771,  from  (2.28),  and 


dQ' 

dt 


.d  N  Buj\ 

Ap—rii{t  -  Tp)  smkix  -  — -  ru)  cos/cix 


6(X  —  lg 


Substitution  in  (2.21)  and  rearrangement  gives 


d 2 


sin2  k  ! 

PL 


,R/CV  .. 


pj-r^i  +  B  —T  sin2fci/gr?i(t  -  tu) 

pL 


=  0 


(2.28) 


(2.29) 


To  investigate  stability  we  assume  the  usual  exponential  dependence  on  time 

771  =  const  x  ext  (2.30) 

with 

A  =  a  +  iuo  (2.31) 

Substitution  in  (2.29)  leads  to  a  complex  equation  from  which  the  formulas  for  the  real  and  imaginary  parts  of  A 
are 

a=  —  [Ce~aTp  (cu  cos  cuiTp  —  a  sin  coiTp)  +  cuf  De~aTu  cosuqTy] 
uo2  =  00*1(1  +  De~aTu  cosooiTu)  —  Ce~OLTp{a  cosooitp  —  00  smu^Ty)  +  a2 

where 

C  =  2A^h7  sin2  k  i  ■  D  =  B^Aks-m2k1L 

pL  y  pL  y 

To  gain  a  clearer  idea  of  the  meaning  of  these  formulas,  we  make  the  following  assumptions: 

(i)  a  <C  co,  a  consequence  of  the  smallness  of  the  right-hand  side  of  (2.21),  i.e.  the  heat  addition 
to  the  waves  is  a  small  perturbation; 

(ii)  co  ^  co  1  on  the  right-hand  sides  of  (2.32) a, b,  for  the  same  reason; 

(iii)  C  =  0;  we  assume  that  the  influence  of  velocity  on  the  heat  transfer  is  more  significant  than 
that  of  the  pressure. 


(2.32) a,b 

(2.33) a,b 
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Then  after  insertion  of  the  definitions  (2.33)a,b,  we  find 

^  —OLTu  •  07  7 

—  =  B — - — e  u  cosujitu  sin  2kila 

uoi  2  pL 

uj1  =  uj\  ( 1  +  B^^-e~aTu  sin2  k\lq 
\  2  pL  y 

For  the  heat  addition  to  be  destabilizing ,  a  >  0,  which  requires 

o  71 

0  <  UXTu  <  - 
0  <  2kilg  <  7 r 

With  fci  =  7t/L  and  cji  =  d/ci  =  nd/L  these  inequalities  become 


(2.34)a,b 


(2.35) 


0  <  Tv  < 


1  L 

2  a 


(2.36)a,b 


The  hrst  of  (2.36)a,b  shows  that  if  the  time  lag  between  a  velocity  change  and  the  heat  transfer  is  too  large,  the 
process  is  actually  stabilizing.  More  interesting  is  (2.36)a,b  which  shows  that  the  heat  source  is  destabilizing  for 
ru  <  L/2d  only  if  the  heating  grid  is  located  in  the  lower  half  of  the  tube.  That  is  an  important  result  confirmed 
by  experimental  observations. 


In  other  words,  this  analysis  has  shown  that  the  assumed  model  (2.27)  for  the  heat  addition  in  the  Rijke 
tube  correctly  predicts  a  basic  experimental  observation.  The  general  implication  of  this  conclusion  is  that  we 
can  use  a  result  obtained  from  global  analysis  of  the  dynamics  of  the  system  to  infer  certain  general  features  of 
the  mechanism  of  instabilities.  This  principle  has  consequences  and  applications  far  beyond  the  Rijke  tube. 


2.4.  Nonlinear  Behavior;  Consequences  of  Rectification.  No  assumptions  have  been  made  about  the 
source  of  energy,  Q'  appearing  in  (2.21).  The  analysis  need  not  be  restricted  to  the  linear  form  (2.26).  Probably 
the  most  obvious  sort  of  nonlinear  behavior  arises  when  we  suppose  that  for  an  electrically  heated  grid  the 
dominant  mechanism  for  energy  addition  to  the  flow  is  convective  heat  transfer,  dependent  chiefly  on  the  velocity 
of  the  flow  relative  to  heating  element.  On  intuitive  grounds  we  expect  that  the  heat  transfer  rate  depends  on 
the  magnitude  and  not  the  direction  of  the  flow;  then  we  may  write 

Q  =  /(M) 


If  we  further  assume  that  the  bulk  flow  is  essentially  parallel  to  the  axis,  u  has  the  single  component  u  which  can 
be  considered  as  the  sum  of  mean  and  fluctuating  values.  Hence  the  total  and  average  heat  transfer  rates  are 

Q  =  f(\u  +  u'\)-  g  =  f(\u\) 

and  the  fluctuation  is  Q'  =  Q  —  Q 


q'  =  /(|«W|)-/(M) 


(2.37) 


The  simplest  form  is  /(H)  =  K\u\  and  (2.37)  is 

Q'  =  K  [| u  +  uf  |  —  \u\]  =  Ku 


|1  +  ¥|-1 


(2.38) 


the  second  equality  holding  because  the  mean  value  is  always  positive.  Figure  2.5  shows  the  three  sorts  of  behavior 
accompanying  the  three  possibilities  for  the  relative  values  of  \u'\  and  u:  \u'\  <  F,  \u'\  >  u  and  u  =  0. 


The  only  point  to  be  made  here  is  very  simple:  for  oscillations  to  occur  with  this  mechanism,  there  must  be 
a  mean  flow,  a  ‘draft’  through  the  tube.  If  u  =  0,  Q'  depends  on  \u' |,  which  is  a  rectified  sinusoid  for  simple 
harmonic  oscillations.  But  the  frequency  spectrum  contains  an  average  (DC)  component  and  oscillations  at  twice 
the  fundamental  frequency,  four  times  the  fundamental,  . . .  but  nothing  at  the  fundamental  frequency. 


Hence  according  to  ((2.36)a,b),  the  fundamental  mode  cannot  be  excited — the  integral  on  the  right-hand  side 
vanishes.  Higher  harmonics  (the  second,  fourth,  •  •  • )  are  driven,  but  their  attenuation  is  so  large  that  they  do 
not  naturally  occur  in  practice.  This  conclusion  can  be  rendered  quantitative  by  using  (2.38)  as  the  model  for 
the  energy  source  dQ' / dt  in  (2.21). 
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(c)  ug=  0  (%  =  co) 

Figure  2.5.  Graphs  of  Q' /K,  Equation  (2.38). 


The  implication  of  this  result — that  a  mean  flow  is  necessary  for  a  Rijke  tube  to  be  unstable — is  that  a 
horizontal  tube  will  not  oscillate.  That  is  a  characteristic  easily  observed.  Simply  tilt  a  vertical  oscillating  tube 
towards  the  horizontal.  The  amplitude  of  sound  decreases  as  the  tube  is  tipped,  and  vanishes  before  the  tube  is 
horizontal. 


2.5.  Active  Control  and  the  Source  of  Energy  Addition.  The  Rijke  tube  is  a  particularly  good  example 
for  illustrating  the  use  of  active  control.  Although  the  source  of  the  oscillations  is  within  the  tube  whose  dynamics 
are  the  ‘plant’  to  be  controlled,  that  is,  the  combustion  dynamics  are  intermingled  with  the  combustor  dynamics, 
we  can  distinguish  the  two  dynamical  systems  and  represent  the  complete  system  with  the  block  diagram  shown 
in  Figure  1.1.  We  assume  that  the  combustion  dynamics  depends  on  the  unsteady  pressure  and  velocity  (actually 
the  values  at  the  grid)  and  therefore  provides  the  feedback,  thereby  coupling  the  two  dynamical  systems. 

For  simplicity  we  assume  here  that  the  combustion  dynamics  depend  only  on  the  pressure  fluctuation.  It’s 
a  good  approximation  because  the  temperature  and  density  fluctuation  can  be  related  to  the  pressure  with  time 
lag  t.  Hence  we  write 


Q'(p')  =  Q0p'(t  -  t) 


(2.39) 
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It  is  more  conventional  in  control  of  linear  systems  to  construct  block  diagrams  in  the  frequency  domain.  Begin 
with  the  equation  (2.21)  for  the  Rijke  tube,  with  an  external  ’force’  added — for  example  a  loudspeaker — and 
with  damping  proportional  to  the  rate  of  change  of  pressure,  2 ol^-.  We  also  allow  the  combustion  process  to  be 
distributed  so  Q0  depends  on  x  and  is  not  restricted  to  a  planar  source  of  heat; 


<£rji 

dt 2 


O  dm  ,  2  2  R 

-2a-—+uj1ri1  =  —  — 
dt  pL  Cv  J 0 


L  ■  i  ^  dm(t  —  t)  .  ^  —  t) 

sin  kixQ0 - - - -  sin  k\xdx  =  2(3 - - - -  +  fe 


dt 


dt 


where 


Cv  p 


Let  N(s)  be  the  Laplace  transform  of  rji(s).  The  Laplace  transform  of  (2.40)  then  gives 

N(s)  [ s 2  +  2as  +  col]  =  2 /3se~STN(s)  +  Fe(s) 
where  Fe(s)  is  the  transform  of  fe(t). 


(2.40) 

(2.41) 

(2.42) 


The  first  term  on  the  right-hand  side  represents  feedback  due  to  the  combustion  dynamics.  Here,  (2.40)  can 
be  interpreted  with  a  block  diagram,  Figure  2.6.  The  block  diagram  can  be  solved  for  N(s)  as  follows: 

N^  =  72^7^2  X(s)+Fe(s)} 


s  T  2 ols  T  uj-y 

1 

T  2 as  T  uJy 


[2f3se~ST  N(s)  +  Fe(s)] 


Hence 


N(s)  = 


s2+2cks+o;^ 


Fe(-S) 


1  + 


1 

s2+2o;s+u;? 


(-2  Pe~ 


N(s)  = 


_s 2  +  2  (a  —  (3e~ST)  s  +  c 


Fe(s) 


(2.43) 


This  of  course  is  exactly  the  same  as  the  solution  to  (2.42).  Using  a  block  diagram  in  this  way,  with  the 
Laplace  transform,  is  entirely  equivalent  to  solving  the  differential  equation  (2.40)  in  conventional  fashion. 


N(s) 


Figure  2.6.  Block  Diagram  for  an  Uncontrolled  Rijke  Tube 


Now  define  the  transfer  functions  G(s)  for  the  combustor  dynamics  and  Q(s)  for  the  combustion  dynamics. 
Then  (2.43)  is 


with 


G(s)  = 


s2  +  2as  +  cu? 


;  Q(s)  =  2[3se 


(2.44) 


(2.45) 


According  to  (2.44),  the  output  of  the  system,  N(s),  is  non-zero  even  if  the  external  input  Fe  is  vanishingly 
small  if  the  numerator  in  (2.44)  vanishes.  That  condition  defines  the  boundary  of  linear  stability: 

1  -  G(s)Q{s)  =  0 


(2.46) 
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The  roots  of  this  equation  give  the  frequency  and  damping  of  the  instability  as  a  function  of  the  parameters 
defining  the  system.  After  substitution  of  G(s)  and  Q(s),  equation  (2.46),  gives 

2  0se~ST 

i-  -5— ^ - 2  =° 

s 2  +  2  as  +  uj\ 
or 

s 2  +  2<us  +  uj\  —  2  0se~ST  =  0  (2.47) 

If  there  is  no  heat  addition,  0  =  0  [equation  (2.41)]  and  .s  satisfies  the  second  order  equations  s 2  +  2<us  +  =  0, 

the  usual  result  for  a  simple  oscillator. 


Figure  2.7.  Block  Diagram  for  a  Rijke  Tube  with  Feedback  Control 


Now  suppose  that  a  controller  having  dynamics  C(s)  is  added  to  the  system  in  an  outer  feedback  loop,  as 
suggested  in  Figure  2.7.  Instead  of  (2.44),  the  output  N(s)  is  related  to  the  input  Fe(s)  by 

N(s)  =  ,  —  Fe  (2.48) 


■  G(Q  +  G) 

Stability  is  now  determined  by  the  roots  of  the  equation 

1  —  G(Q  +  C)  =  0 


(2.49) 


Thus  the  control  can  be  used  to  alter  the  values  of  the  roots.  In  particular,  C  can  often  be  chosen  so  that  all 
roots  are  stable — i.e.  the  system  is  stable — for  realistic  values  of  the  defining  parameters. 


These  results  confirm  analytically  the  intuitive  result  that  the  combustion  dynamics,  represented  by  Q(s), 
equation  (2.45),  with  0  given  by  (2.41)  are  central  in  the  problem  of  stability.  Especially,  the  last  result  (2.49) 
shows  that  to  design  an  effective  control — i.e.  assign  C(s) — then  the  combustion  dynamics  Q(s)  must  be  known 
accurately.  Knowing  Q(s)  is  just  as  important  as  knowing  G(s);  the  behavior  of  the  combustion  system  is 
necessarily  dependent  on  both  the  combustion  dynamics  and  the  combustor  dynamics. 
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3.  EQUATIONS  FOR  UNSTEADY  MOTIONS  IN  COMBUSTION  CHAMBERS 


The  examples  described  in  Section  1,  and  many  others,  establish  a  firm  basis  for  interpreting  unsteady 
motions  in  a  combustor  in  terms  of  acoustic  modes  of  the  chamber.  That  view  has  been  formalized  during  the 
past  fifty  years  and  has  led  to  the  most  widely  used  methods  for  analyzing  combustor  dynamics.  In  this  section, 
we  present  the  foundations  of  a  particularly  successful  version  of  methods  based  on  expansion  in  normal  modes 
and  spatial  averaging.  We  assume  familiarity  with  most  of  the  required  background  in  classical  fluid  dynamics  and 
acoustics.  Section  5  covers  the  principles  and  chief  results  of  classical  acoustics  required  as  part  of  the  foundation 
for  understanding  combustion  instabilities.  The  discussions  in  this  and  the  following  sections  are  quite  formal, 
intended  to  serve  as  the  basis  for  a  general  framework  within  which  unsteady  motions,  especially  combustion 
instabilities,  in  all  types  of  combustors  may  be  treated.  Analyses  using  ad  hoc  models  will  be  covered  when 
particular  systems  are  considered,  as  in  Section  2. 


3.1.  Modes  of  Wave  Motion  in  a  Compressible  Medium.  In  this  section,  the  term  ‘modes’  refers 
not  to  natural  motions  or  resonances  of  a  chamber  but  rather  to  a  type  or  class  of  motions  in  compressible 
flows  generally.  The  brief  discussion  here  is  intended  to  address  the  question:  how  is  it  possible  that  apparently 
coherent  nearly-classic  acoustic  waves  exist  in  chambers  containing  highly  turbulent  non-uniform  flow?  It’s  a 
fundamentally  important  observation  that  such  is  the  case.  The  explanation  has  been  most  thoroughly  clarified 
by  Chu  and  Kovasznay  (1957),  who  elaborated  and  combined  some  results  known  for  nearly  a  century.  Their 
conclusions  most  significant  for  present  purposes  may  be  summarized  as  follows: 

(1)  Any  small  amplitude  (linear)  disturbance  may  be  synthesized  of  three  modes  of  propagation: 
entropy  waves  or  ‘spots’,  small  regions  having  temperatures  slightly  different  from  the  ambi¬ 
ent  temperature  of  the  flow;  vortical  or  shear  waves  characterized  by  nonuniform  vorticity; 
and  acoustic  waves. 

(2)  In  the  linear  approximation,  if  the  flow  is  uniform ,  the  three  types  of  waves  propagate 
independently,  but  may  be  coupled  at  boundaries  (e.g.  nozzles)  or  in  combustion  zones. 

Entropy  and  vortical  waves  propagate  with  the  mean  flow  speed  (‘convected’)  but  acoustic  waves  propagate 
with  their  own  speeds  of  sound.  Moreover,  in  this  linear  limit,  only  acoustic  waves  carry  disturbances  of  pres¬ 
sure.  All  three  types  of  waves  are  accompanied  by  velocity  fluctuations.  If  the  flow  is  non-uniform  or  at  finite 
amplitudes,  the  three  modes  become  coupled.  As  a  result,  each  of  the  waves  then  carries  pressure,  temperature 
and  velocity  fluctuations.  Extension  of  the  fundamental  theory  has  not  been  accomplished  completely  (see  Chu 
and  Kovasznay).  Some  of  the  consequences  of  these  types  of  modal  coupling  arise  in  the  theory  developed  here, 
but  much  remains  to  be  investigated.  In  particular,  interactions  between  turbulence  and  an  acoustic  held  is  an 
important  process  represented  by  coupling  of  the  basic  linear  modes  of  propagation. 


3.2.  Equations  of  Motion  for  a  Reacting  Flow.  Combustion  systems  commonly  contain  condensed 
phases:  liquid  fuel  or  oxidizer,  and  combustion  products  including  soot  and  condensed  metal  oxides.  Hence  the 
equations  of  motion  must  be  written  for  two  phases  consisting  of  at  least  one  species  each.  For  investigating 
the  dynamics  of  combustors,  it  is  entirely  adequate  to  represent  each  phase  as  its  mass  average  over  all  member 
species.  For  a  medium  consisting  of  a  multicomponent  mixture  of  reacting  gases  and,  for  simplicity,  a  single 
liquid  phase,  it  is  a  straightforward  matter  to  construct  a  system  of  equations  representing  a  single  fluid.  The 
procedure  is  summarized  in  Appendix  A.  As  a  result  we  can  treat  combustor  dynamics  under  broad  conditions 
as  unsteady  motions  of  a  fluid  having  the  mass-averaged  properties  of  the  actual  medium.2  The  dimensional 
governing  equations  are  (A.9)  (A.14) 


2  We  now  use  Cv,  7,  R,  •  •  •  to  stand  for  the  mass-averaged  properties  represented  by  bold-face  symbols  in  Appendix  A. 
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Conservation  of  Mass 


dp 

-  +  U-V,, 


—pS7  •  u  +  W 


Conservation  of  Momentum 


du 

aF  +  u  Vu 


-Vp  +  7 


Conservation  of  Energy 


pCv 


dT  „„ 

-  +  u.yr 


— pV  •  u  +  Q 


Equation  for  the  Pressure 


dp 

91 +u  Vp 


— ypV  •  u  +  IP 


Equation  for  the  Entropy 


ds 

+u'^s 

dt 


1 

T 


S 


Equation  of  State 


p  = 


(3.1) 


(3.2) 


(3.3) 


(3.4) 


(3.5) 


(3.6) 


All  definitions  are  given  in  Appendix  A. 


It  is  particularly  important  to  realize  that  the  source  functions  W,  3g  Q  and  IP  contain  all  relevant  processes 
in  the  systems  to  be  analyzed  here.  They  include,  for  example,  the  modeling  and  representations  of  the  actions 
of  actuation  mechanisms  used  for  active  control.  Eventually,  the  most  difficult  problems  arising  in  this  field  are 
associated  with  modeling  the  physical  processes  dominant  in  the  problems  addressed. 

Both  for  theoretical  and  computational  purposes  it  is  best  to  express  the  equations  in  dimensionless  variables 
using  the  reference  values: 

L  :  reference  length 

pr,pr,Tr,ar  :  reference  density,  pressure,  temperature  and  speed  of  sound 
Cvr,  Cpr ,  Rr  :  reference  values  of  CV,CP,R 


Then  define  the  dimensionless  variables  represented  by  M  and  the  same  symbols  used  for  dimensional  variables: 


M  = 


P_ 

Pr 


p; 


prK 


. p-  L^t-  m 

ui  t  ’  r1 

1  r  CJVr 


Cv,  etc.;  — - >  s 


The  dimensionless  source  functions  are 


L 


W 


W; 


L 

Prar 


7 


L 

Pr<4 


Q 


Q; 


P  rp  CLrp 


Pqp  CLy*  vr 


P  rp  Qjrp 


4-27 


Substitution  of  these  definitions  in  equations  (3.1)  (3.6)  leads  to  the  set  of  dimensionless  equations  for  the 
single  fluid  model: 


Mass  :  =  — pV  •  M  +  W 

(3.7) 

DM  _ 

Momentum  :  p  ^  =  —  Vp  +  J 

(3.8) 

DT 

Energy  :  pCv  -jjj-  =  — pV  •  M  +  Q 

(3.9) 

Dp 

Pressure  :  -jjj  =  —  ypV  •  M  +  IP 

(3.10) 

_  Ds  1 

Entropy  :  p—  =  —  S 

(3.11) 

State  :  p  =  pRT 

(3.12) 

ii 

9?|  05 
+ 

<1 

(3.13) 

We  emphasize  again  that  the  source  terms  accommodate  all  relevant  physical  processes  and  can  be  interpreted 
to  include  the  influences  of  actuation  used  in  active  control. 

3.3.  Two-Parameter  Expansion  of  the  Equations  of  Motion.  The  general  equations  (3.7)  (3.13)  are 
written  in  the  form  suggestive  of  problems  that  are  dominated  by  fluid  mechanical  processes,  a  tactic  dictated 
by  the  observations  described  earlier.  This  point  of  view  is  the  basis  for  the  approach  taken  here  to  construct  a 
general  framework  within  which  both  practical  and  theoretical  results  can  be  obtained  by  following  systematic 
procedures. 

We  are  not  concerned  at  this  point  with  simulations  or  other  methods  relying  essentially  on  some  sort  of 
numerical  anaylsis  and  large  scale  computations.  The  nature  of  the  problems  we  face  suggests  perturbation 
methods.  If  the  source  terms  W,  ...  were  absent  from  (3.7)  (3.11),  the  homogeneous  equations  then  represent 
nonlinear  inviscid  motions  in  a  compressible  fluid:  Nonlinear  acoustics  in  a  medium  without  losses.  One  useful 
method  for  investigating  such  problems  is  based  on  expansion  of  the  equations  in  a  small  parameter,  e,  measuring 
the  amplitude  of  the  motion.  Specifically,  e  can  be  taken  equal  to  Af',  a  Mach  number  characteristic  of  the 
fluctuating  flow,  e  :=  M'r. 

The  problems  we  are  concerned  with  here  are  defined  essentially  by  the  non-zero  functions  W,  ....  Because 
observed  behavior  seems  to  be  dominated  by  features  recognizable  as  ‘acoustical’,  those  sources  which  excite  and 
sustain  the  actual  motions  must  in  some  sense  be  small.  They  should  therefore  be  characterized  by  at  least  one 
additional  small  parameter.  It  has  become  customary  to  select  only  one  such  parameter,  (i  :=  Mr,  a  Mach  number 
Mr  characterizing  the  mean  flow,  for  the  following  reasons.3 

Any  operating  combustion  chamber  contains  an  average  steady  flow  produced  by  combustion  of  the  fuel  and 
oxidizer  to  generate  products.  The  intensity  of  the  flow,  partly  measurable  by  the  Mach  number,  is  therefore 
related  to  the  intensity  of  combustion  and  both  processes  can  in  some  sense  be  characterized  by  the  same  quantity, 
namely  the  Mach  number  of  the  average  flow.  Thus  many  of  the  processes  represented  in  the  source  functions 
may  be  characterized  by  p,  in  the  sense  that  their  influences  become  vanishingly  small  as  (i  — >•  0  and  are  absent 
when  //  =  0. 


3We  use  the  symbols  £  and  fi  rather  than  M'r  and  Mr  to  simplify  writing. 
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It  is  important  to  understand  that  the  two  small  parameters  e  and  (i  have  different  physical  origins.  Conse¬ 
quently,  they  also  participate  differently  in  the  formal  perturbation  procedures.  Familiar  nonlinear  gas  dynamical 
behavior  is,  in  the  present  context,  governed  by  the  parameter  e;  steepening  of  compressive  waves  is  a  notable 
example.  In  the  expansion  procedure  worked  out  here,  the  term  ‘nonlinear  behavior’  refers  to  the  consequences 
of  terms  higher  order  in  e. 

On  the  other  hand,  the  parameter  (i  characterizes  perturbations  of  the  gasdynamics  due  in  the  first  instance 
to  combustion  processes  and  the  mean  flow.  Terms  of  higher  order  in  /i,  but  linear  in  e,  represent  linear  processes 
in  this  scheme.  Failure  to  recognize  this  basic  distinction  between  e  and  (i  can  lead  to  incorrect  applications 
of  formal  procedures  such  as  the  method  of  time-averaging.  Instances  of  this  point  will  arise  as  the  analysis  is 
developed. 

3.3.1.  Expansion  in  Mean  and  Fluctuating  Values.  There  is  no  unique  procedure  for  carrying  out  a  two- 
parameter  expansion.  We  begin  here  by  writing  all  dependent  variables  as  sums  of  mean  (  )  and  fluctuating  (  )' 
parts  without  regard  to  ordering 


p  =  p  +  p',  M  =  M  +  M',...,  W  =  W  =  W',  5  =  5  +  5',...  (3.14) 

We  take  the  fluctuations  of  the  primary  flow  variables  (jpr ,  M',  //,  T",  s')  to  be  all  of  the  same  order  in  the 
amplitude  e  of  the  unsteady  motion.  Generally,  the  source  terms  are  complicated  functions  of  the  flow  variables 
and  therefore  their  fluctuations  will  contain  terms  of  many  orders  in  e.  For  example,  suppose  W  =  kp 3.  Then 
setting  p  =  p  +  p'  and  expanding,  we  have 

W  =  k(p  +  p')3  =  k\p3  +  3  p2p  +  3  pp  2  +  p  3J 
Hence  we  define  orders  of  the  fluctuations  of  the  source  W  and  write 


w  =  w  +  w;  +  w'2  +  w'3  +  w;  + . . . 

where  the  subscript  denotes  the  order  with  respect  to  the  amplitude:  Here,  for  the  example  W  =  kp3,  W2  = 
(2 kp)p  2 .  All  source  functions  are  written  symbolically  in  the  general  form  shown  for  ce,  but  modeling  is  required 
to  give  explicit  formulas. 

Most  combustors  contain  flows  of  relatively  low  Mach  number,  say  M  <  0.3  or  so.  Thus  we  can  assume  that 
for  a  broad  range  of  circumstances,  processes  depending  on  the  square  of  M,  i.e.  of  order  p2 ,  probably  have  small 
influences  on  the  unsteady  motions.  We  therefore  neglect  all  terms  of  order  p2  and  higher  in  the  equations.  As  a 
practical  matter,  the  equations  are  greatly  simplified  with  this  assumption. 

After  substituting  all  variables  split  into  sums  of  mean  and  fluctuating  values,  and  collection  of  terms  by 
orders,  we  can  rewrite  (3.7)  (3.13)  as4 


Dp 

Dt 


+  pV  •  M  —  W 


dp' 

~dt 


-  pV  •  M' 


+  [M  •  V//  +  p'V  •  M  +  M'  •  Vp  +  V  •  (p'M')]  -  W'  =  0 


(3.15) 


DM  _  - 

P-RT  +  W  -  y 


Dt 


5M  „  / 

~P1H+WP 


p  (M  •  VM'  +  M'  •  VM)  +  p 


DM 


,dM' 
°  ~df 


■  pM'  •  VM'  +  p'  (M  •  VM'  +  M'  •  VM) 


Dt 

\p'M'  •  VM']  -  3*  =  0 


(3.16) 


4 We  do  not  include  here  terms  0(MrMr2),  i.e.  first  order  in  the  mean  flow  and  second  order  in  fluctuations. 
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pCv  — —  +  pV  •  M  —  Q  +cv  P—+PV-M'  +  \pCv(M-yr  +M'  •  Vf )  +  Cvp'  —  +  p'V-M 


Gv~p~dt  +  Cvp'  (M ' VT' +  M' ' +  Cvp'M'  ’  VT'  +  P'V  ’  M'  +  iCvPM' '  VT'l  -  Q'  =  0 


^  +  M  •  Vp  +  7pV  •  M  —  y  +  +  7 pV  •  M'  +  [M  •  Vp'  +  M'  •  Vp  +  7p,V  •  M] 

a/:  J  L  ^  J 

+  [M'  •  Vp'  +  7p'V  •  M']  -  y  =  0 

_n<?  -i  r  _/js'i  r  -  -£>s 

pT—~  S  +  pT—  +  pM  •  Vs'  +  p'T  —  +  -pf  M'  •  Vs  +  pT'M  •  Vs 
Dt  \  i  at  \  \_  Dt 

+  p'T^r  +  p't't v  +  p'™'  • V5  +  PT'M'  • V5  +  PT'% 

Dt  Dt  ot 

+  [(pT'  +  p'T)  M'  •  Vs'  +  p'T'  (M'  •  Vs  +  M  •  Vs')] 

+  [p'T'M'  •  Vs']  -  S'  =  0 

[p  -  i?pT]  +[p'-R  (pT'  +  p'T)]  +  [- Rp'T ']  =  0 


(3.18) 


(3.19) 


(3.20) 


where  the  convective  derivative  following  the  mean  flow  is 

TM  +  M.V  (3.2D 

As  a  convenience  in  writing,  it  is  useful  to  introduce  some  symbols  defining  groups  of  ordered  terms.  The  set 
of  equations  (3.15)  (3.21)  then  become: 

g  +  py  .  M  —  W  +  ^  +  pV  •  M')  +  {[p]}i  +  {p}2  -  W'  =  0  (3.22) 

DM  -1  /  <9M'  \ 

P~jX  +  Vp  -  5  +  (p—  +  Vp'  J  +  {[M]h  +  {M}2  +  {M}3  -  S'  =  0  (3.23) 

DT  -1  /  <9T'  \ 

pCv +  Pv  •  M  -  Qj  +  (pC,—  +pV  •  M'J  +  {[T]}j  +  {T}2  +  {T}3  -  Q'  =  0  (3.24) 

+  7pV  •  M  -  9  +(^pCv^-+pV-  M')  +  { [p] } !  +  {p}2  -  7'  =  0  (3.25) 

p—  -  §  +  ^pT — )  +  { [s] }j  +  {s}2  +  {s}3  +  {s}4  =  0  (3.26) 

[p  -  RpT]  +{p-  RpT}1  +  {Rp'T}2  =  0  (3.27) 


The  definitions  of  the  bracketted  terms  {p}l5  •  •  •  etc.  are  given  in  Appendix  A,  Section  A. 2;  the  subscript 
{  }n  on  the  brackets  identifies  the  orders  of  terms  with  respect  to  the  fluctuations  of  flow  variables,  and  the 
square  brackets  [  ]  indicate  that  the  terms  are  first  order  in  the  average  Mach  number.  We  have  shown  here 
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in  each  equation  terms  of  the  highest  order  fluctuations  generated  by  the  purely  fluid  mechanical  contributions 
plus  sources  that  must  be  expanded  to  orders  appropriate  to  particular  applications.  Only  the  entropy  equation 
produces  terms  of  fourth  order. 

Time  derivatives  of  quantities  identified  with  the  mean  flow  are  retained  to  accommodate  variations  on  a  time 
scale  long  relative  to  the  scale  of  the  fluctuations.  This  generality  is  not  normally  required  for  treating  combustion 
instabilities  and  unless  otherwise  stated,  we  will  assume  that  all  averaged  quantities  are  independent  of  time. 

3.3.2.  Equations  for  the  Mean  Flow.  At  this  point  we  have  two  choices.  Commonly  the  assumption  is  made 
that  the  equations  for  the  mean  flow  ‘satisfy  their  own  equations’.  That  implies  that  the  square  brackets  [  ]  in 

(3.22)  (3.27)  vanish  identically.  With  the  time  derivatives  absent,  the  equations  for  the  mean  flow  are: 


M  •  Vp  +  pV  •  M  =  W  (3.28) 

pM  •  VM  +  Vp  =  S'  (3.29) 

pCv M  •  VT  +  pV  •  M  =  Q  (3.30) 

M  •  Vp  +  7 pV  •  M  =  tP  (3.31) 

pTM  •  Vs  =  S  (3.32) 

p  =  RpT  (3.33) 


This  set  of  equations  certainly  applies  when  the  average  flow  is  strictly  independent  of  time  and  there  are  no 
fluctuations.  The  time  derivatives  cannot  be  ignored  when  the  flow  variables  change  so  slowly  that  the  motion 
may  be  considered  as  ‘quasi-steady’  and  fluctuations  are  still  ignorable. 

It  is  possible  that  when  fluctuations  are  present,  interactions  among  the  flow  variables  cause  transfer  of 
mass,  momentum  and  energy  between  the  fluctuating  and  mean  flows,  generating  time  variations  of  the  averaged 
variables.  Then  the  appropriate  equations  are  obtained  by  time-averaging  (3.22)  (3.27)  to  give5 


£g+pV.M  =  W-{\p}}1-{p}2+W 

(3.34) 

P15T  +  vp  =  7  ~  itM]h  -  lMh  -  (m}3  +  s' 

(3.35) 

DT 

pCv—+pV  •  M  =  Q  -  {[T]},  -  {T}2  -  {T}3  +  Q' 

(3.36) 

^  +  7 pV  ■  M  =  5>  —  {p}1  -  {p}2  +  M3 

(3.37) 

pf¥t  =g-Hi-bh-M3-H4 

(3.38) 

P  =  R-PT  ~  {PT}i  ~  {pT}2 

(3.39) 

5 Note  that  the  fluctuations  of  the  source  terms,  W'  •  •  •  etc.,  actually  contain  squares  and  higher  order  products  of  the  dependent 
variables;  hence  their  time  averages  will  generally  be  non-zero. 
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If  the  mean  flow  is  strictly  independent  of  time,  then  time  averages  of  all  first-order  brackets,  {  }1,  must 

vanish.  For  generality  we  allow  them  to  be  nonzero.  There  seem  to  be  no  analyses  in  which  their  variations  have 
been  taken  into  account. 

The  two  sets  of  equations  governing  the  mean  flow  in  the  presence  of  unsteady  motion  define  two  distinct 
formulations  of  the  general  problem.  In  the  first,  equations  (3.28)  (3.33),  computation  of  the  mean  flow  is 
uncoupled  from  that  of  the  unsteady  flow.  Hence  formally  we  are  concerned  with  the  stability  and  time  evolution 
of  disturbances  superposed  on  a  given,  presumed  known,  mean  flow  unaffected  by  the  unsteady  motions.  That  is 
the  setting  for  all  investigations  of  combustion  instabilities  founded  on  the  splitting  of  small  flow  variables  into 
sums  of  mean  and  fluctuating  values.  This  approach  excludes,  for  example,  possible  influences  of  oscillations  on 
the  mean  pressure  in  the  chamber  (often  called  ‘DC  shift’),  not  an  unusual  occurrence  in  solid  propellant  rockets. 
When  they  occur,  DC  shifts  of  this  sort  are  almost  always  unacceptable  in  operational  motors;  they  may  or  may 
not  be  significantly  and  directly  affected  by  the  fluctuations. 

In  contrast,  the  set  (3.34)  (3.39)  is  strongly  coupled  to  the  fluctuating  held.  The  situation  is  formally  that 
producing  the  problem  of  ‘closure’  in  the  theory  of  turbulent  hows  (see,  for  example,  Tennekes  and  Lumley,  1972). 
We  will  not  explore  the  matter  here,  but  we  note  only  that  the  process  of  time  averaging  terms  on  the  right-hand 
sides  of  the  equations  introduces  functions  of  the  huctuations  that  are  additional  unknowns.  Formal  analysis  then 
requires  that  those  functions  be  modeled;  perhaps  the  most  familiar  example  in  the  theory  of  turbulence  is  the 
introduction  of  a  ‘mixing  length’  as  part  of  the  representation  of  stresses  associated  with  turbulent  motions. 

Numerical  simulations  of  combustion  instabilities  do  not  exhibit  the  problem  of  closure  if  the  complete 
equations  are  used,  avoiding  the  consequences  of  the  assumption  (3.14).  Thus,  for  example,  the  results  obtained 
by  Baum  and  Levine  (1982,  1988)  do  show  time-dependence  of  the  average  pressure  in  examples  of  instabilities 
in  solid  rockets.  Another  possible  cause  of  that  behavior,  probably  more  important  in  many  cases,  is  nonlinear 
dependence  of  the  burning  rate  on  the  pressure  or  velocity  near  the  surface  of  a  solid  propellant  rocket.  Within 
the  structure  given  here,  that  behavior  may  arise  from  time- averaged  functions  of  p',  M',  . . .  contained  in  the 
boundary  conditions,  or  from  some  nonlinear  dependence  such  as  |M'|. 

We  use  in  these  lectures  the  formulation  assuming  complete  knowledge  of  the  mean  flow,  given  either  by 
suitable  modeling  or  by  solution  to  the  governing  equations  (3.28)  (3.33)  or  (3.34)  (3.39). 

3.3.3.  Systems  of  Equations  for  the  Fluctuations.  The  general  equations  of  motion  (3.22)  (3.27)  and  those  for 
the  mean  flow  written  in  Section  3.3.1  contain  a  restriction  only  on  the  magnitude  of  the  average  Mach  number. 
Such  generality  blocks  progress  with  the  analysis  and  for  many  applications  is  unnecessary.  The  set  of  equations 
(3.22)  (3.27)  must  be  simplified  to  forms  that  can  be  solved  to  give  useful  results.  Many  possibilities  exist.  We 
follow  here  a  course  that  previous  experience  has  shown  to  be  particularly  fruitful  for  investigations  of  combustor 
dynamics.  The  choices  of  approximations  and  tactics  are  usually  motivated  by  eventual  applications  and  the  type 
of  analysis  used. 

First  we  assume  that  the  mean  flow  is  determined  by  its  own  system  of  equations;  that  is,  we  avoid  the  problem 
of  closure  and  use  the  first  formulation,  equations  (3.28)  (3.33),  discussed  in  Section  3.3.1.  Consequently,  the 
mean  flow  is  taken  to  be  independent  of  time  and  the  combinations  in  square  brackets  [  ],  equations  (3.22)  (3.27), 

vanish  identically.  Using  the  definitions  of  the  remaining  brackets, 

JL+pV-M' =  -{lp}}1-{ph+W'  (3.40) 

<9M' 

p~dT  +  Vp' =  +  *  (3.4i) 

pC^E  +pv  •  M'  =  — {[T]}i  -  {T}2  -  {T}3  +  Q' 


(3.42) 
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^+rp\/.M'  =  -{\p}}1-{ph  +  y  (3.43) 

=  -{W}l  “  {S}2  “  {S}3  “  {S}4  +  §'  (3'44) 

The  various  brackets  are  defined  in  Section  A. 2  of  Appendix  A.  They  are  formed  to  contain  terms  ordered  with 
respect  to  both  the  mean  Mach  number  and  the  amplitude  of  the  fluctuations: 


{  }2 
{  }3 
{  }4 


1st  order  in  M; 
0th  order  in  M; 
0th  order  in  M; 
0th  order  in  M; 


1st  order  in  M7,  O(s) 
2nd  order  in  M7,  0{e2) 
3rd  order  in  M7,  0(s3) 
4th  order  in  M7,  0(e4) 


(3.45) 


No  terms  have  been  dropped  in  passage  from  the  set  (3.22  (3.27)  to  the  set  (3.40)  (3.44),  but  fluctuations  of  the 
sources  W7,  •  •  •  ,  S7  are  not  now  classified  into  the  various  types  defined  by  the  brackets  (3.45). 

We  have  put  the  equations  in  the  forms  (3.40)  (3.44)  to  emphasize  the  point  of  view  that  we  are  considering 
classes  of  problems  closely  related  to  motions  in  classical  acoustics.  If  the  right-hand  sides  are  ignored,  (3.40) 
(3.44)  become  the  equations  for  linear  acoustics  of  a  uniform  non- reacting  medium  at  rest.  The  perturbations  of 
that  limiting  class  arise  from  three  types  of  processes: 

(i)  interactions  of  the  linear  acoustic  field  with  the  mean  flow,  represented  by  the  terms  contained 

in  the  square  brackets,  {[  ]}; 

(ii)  nonlinear  interactions  between  the  fluctuations,  represented  by  the  curly  brackets  conve¬ 
niently  referred  to  as:  {  }2,  second  order  acoustics;  {  }3,  third  order  acoustics;  and  {  }4, 

fourth  order  acoustics; 

(iii)  sources  associated  with  combustion  processes,  represented  by  the  source  terms  W7 , 5F ,  Q7 ,  IP7 
and  S7. 


By  selectively  retaining  one  or  more  of  these  types  of  perturbations  we  define  a  hierarchy  of  problems  of 
unsteady  motions  in  combustors.  We  label  these  classes  of  problems  O,  I,  II,  III,  IV  according  to  the  orders  of 
terms  retained  in  the  right-hand  side  when  the  left-hand  side  comprise  only  the  terms  of  order  e  :=  M'r  defining 
clssical  linear  acoustics. 


O.  Classical  Acoustics,  (/i  =  0,e  — >•  0) 

Perturbations  to  first  order  in  e  are  retained  in  (3.40)  (3.44): 

+  pS7  ■  M'  =  W' 
at, 

dM!  „  , 

',^r+v"  =y 

d  T' 

pCv—+pS7  •  M'  =  Q' 
at 


cV 

dt 


7 pv  ■  M'  =  y 

-ds’ 

~pTm  = §' 


(3.46)  a-e 
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I.  Linear  Stability,  0{e^fie) 

Retain  interactions  linear  in  the  average  Mach  number  and  in  the  fluctuations: 

% +PV-M'  =  -{[p}}1+W 

^  +  Vj/  =  _{[M]}l+5# 

dT' 

pCv—+pV-M,  =  -{[T]}1+Q' 
f^+7PV  -M'  =  -{\p]}1+y 
=  _{W}i  +  ^ 


(3.47)  a-e 


II.  Second  Order  Acoustics,  0(e,  /re,  s2) 

Retain  the  linear  interactions  and  the  nonlinear  second  order  acoustics: 

^+pV-M'  =  -[{[p}}1  +  {p}2}+W' 
dM' 

p-^r  +  W  =  -[{[M]}1+{M}2}+^ 

r)T ' 

PCv—+p\7  •  M'  =  -[{[T]} i  +  {T}2]  +  Q'  (3.48)  a-e 

^ + 7pv  •  m'  =  -[{Mil  +  {p}2]  +  y 

_  f)  Qf 

/>f¥  =  -[{Hh  +  W2]  +  §' 

III.  Third  Order  Acoustics,  0(e,  /ie,  e2,  e3) 

Retain  the  linear  interactions  and  the  nonlinear  acoustics  up  to  third  order: 

c)Mf 

P-Qj-  +  Vp'  =  -  +  {M}2  +  {M}3]  +  S' 

8T1 

pCv — b  p V  •  M7  =  —  [{[T]}i  +  {T}2  +  {T}3]  +  Qf  (3.49)  a-e 

^  +  lPv-M/  =  -[{\p]}1  +  {ph}  +  y 

pT^  =  -mh  +  {sh  +  {sh]  +  z' 

Four  other  classes  of  problems  possible  to  define  in  this  context  will  not  be  considered  here  since  no  results 
have  been  reported:  second  order  acoustics  with  mean  flow  interactions;  fourth  order  acoustics;  and  third  and 
fourth  order  acoustics  with  nonlinear  acoustics/mean  flow  interactions. 

In  problems  I— III,  the  source  terms  W',  •  •  •  must  be  expanded  to  order  consistent  with  the  orders  of  the 
fluid-mechanical  perturbations  retained. 


3.4.  Nonlinear  Wave  Equations  for  the  Pressure  Field.  Practically  all  of  the  subsequent  material 
in  this  book  will  be  either  directly  concerned  with  pressure  waves,  or  with  interpretations  of  behavior  related 
pressure  waves.  The  presence  of  unsteady  vorticity  causes  important  revisions  of  such  a  restricted  point  of  view, 
as  we  have  already  mentioned  in  Section  3.1,  but  the  basic  ideas  remain  in  any  event.  Hence  the  wave  equation 
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for  pressure  fluctuations  occupies  a  meaningful  position  in  all  five  classes  of  problems  defined  in  the  preceding 
section.  Its  formation  follows  the  same  procedure  used  in  classical  acoustics. 

Define  M  and  tR  to  contain  all  possible  terms  arising  in  the  sets  of  equations  constructed  for  the  problems 

O  III: 


where 


pd*f  +  vy  =  M+:T 

dt 

(3.50) 

dr/ 

-y  +  7pv  •  m  '  =  -a  +  y 

at 

(3.51) 

M  =  {[M]}1  +  {M}2  +  +{M}3 

(3.52) 

y  =  {\p\}i  +  {ph 

(3.53) 

Differentiate  3.50  with  respect  to  time  and  substitute  3.50  for  DM.' /dt: 

d2p' 


dt2 


—  7 pV  • 


-- Vp'  --  (M  —  3*) 
.  P  P 


~dt+~dt 


Rearrange  the  equation  to  find 


vy  -  r 


i  d2P' 


a 2  dt 2 


=  h 


with 


h  =  — pV  • 


P 


(M  -  2") 


+M(3i-r)+7-v,/ 


(3.54) 


(3.55) 


The  boundary  condition  for  the  pressure  held  is  found  by  taking  the  scalar  product  of  the  outward  normal, 
at  the  chamber  boundary,  with: 


n • Vy  =  -/ 

„  _<9M'  „  .  ^ 

/  =  -p-gf  •  n  +  (M  -  y )  •  n 


(3.56) 

(3.57) 


Replacing  M  and  1R  by  their  definitions  (3.52),  we  have  the  formulation  based  on  the  inhomogeneous  nonlinear 
wave  equation  and  its  boundary  condition: 


vy 


1  d2p' 

¥  ~W  =  h 
n • vy  =  -/ 


(3.57)  a,b 


with 


h  =  - 


pV--{[M]}!-- 


1  Hip}}  i 


P 


dt 


-  pvy  m}2-^ 


1  d{p}2 


dt 


-  pv  •  -{M}3 

p 


+  -vp  •  vy  +  py 

p  p  az  at 


f  =  p ^  •  n  +  n  •  [{[MJK  +  {M}2  +  {M}3]  -  •  n 


(3.58) 

(3.59) 


With  this  formulation,  the  wave  equations  and  boundary  conditions  for  the  classes  of  problems  defined  in 
Section  3.3  are  distinguished  by  the  following  functions  h  and  /: 
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O.  Classical  Acoustics 


I.  Linear  Stability 


,  _  i  or 

ho  =  ^-f-^W 
fo  =  l,i)r'a-9  " 


(3.60)  a,b 


hi 


1  ^lb]}i 

a2  dt 


+  p  •  Wpf  +  pv  • 

p  p 


DM' 

fi  =  p-gj-  •  n  +  n  •  {[M]}i  -  &  n 


1  dV 

a 2  dt 


(3.61)  a,b 


Allowing  3*  and  r  to  be  non-zero  gives  the  opportunity  for  representing  sources  of  mass,  momentum, 
and  energy  both  within  the  volume  and  at  the  boundary.  The  first  term  in  /o  accounts  for  motion  of  the 
boundary. 


II.  Second  Order  Acoustics 


hn  =  — 


pV'-Plh-® 

p  az  dt 


+  1  Vp'-Vp'  +  pV  — 

p  p  az  dt 

hi  =P^~  fi  +  fi  [{[M]h  +  {M}2]  -  S'  •  n 


-bvT{M}2-4^ 

[p  az  dt 

i  or 


III.  Third  Order  Acoustics 


km  =  — 


p  az  dt 


-pvd{ 

1  p  a1  dt 


11  11  dr 

-  pv  •  -{M}3  +  -Vp  •  W  +  pv  ■  -3*  -  -  — 

p  p  p  az  dt 


fin  =p 


dMf 

~df 


■•[{[Mlh  +  IMja  +  IMIal-^-n 


(3.62)  a,b 


(3.63)  a,b 


With  these  dehnitions  of  the  functions  h  and  /,  the  dehnitions  of  the  four  classes  of  problems  considered  here 
are  complete,  forming  the  basis  for  the  analysis  worked  out  in  the  remainder  of  these  lectures.  Only  problems 
within  classical  acoustics  can  be  solved  easily.  All  others  require  approximations,  both  in  modeling  physical 
processes  and  in  the  method  of  solution.  Modeling  will  be  discussed  in  the  contexts  of  specific  applications;  a  few 
remarks  help  clarify  the  approximate  method  of  solution  described  in  the  following  section. 

Remarks: 


i)  The  classes  of  problems  I — III  defined  here  are  described  by  inhomogeneous  equations  that 
even  for  linear  stability  cannot  be  generally  solved  in  closed  form.  The  chief  obstacles  to 
solution  arise  because  the  functions  h  and  /  contain  not  only  the  unknown  pressure  but  also 
the  velocity  and  temperature.  For  given  functions  and  CP',  numerical  solutions  could  be 
obtained  for  a  specified  combustor  and  mean  flow  held.  The  results  would  apply  only  to 
the  special  case  considered.  To  obtain  some  understanding  of  general  behavior  it  would  be 
necessary  to  consider  many  special  cases,  a  tedious  and  expensive  procedure. 
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ii)  Therefore,  we  choose  to  work  out  an  approximate  method  of  solution  applicable  to  all  classes 
of  problems.  Numerical  solutions,  or  ‘simulations’  then  serve  the  important  purpose  of  as¬ 
sessing  the  validity  and  accuracy  of  the  approximate  results. 

iii)  The  approximate  method  of  solution  is  based  first  on  spatial  averaging,  followed  by  an  iter¬ 
ation  procedure  involving  extension  of  the  expansion  in  two  small  parameters  defined  in  this 
section.  This  method  has  been  most  widely  used  and  confirmed  in  applications  to  combustion 
instabilities  in  solid  propellant  rockets,  but  it  can  be  applied  to  problems  arising  in  any  type 
of  combustor. 

iv)  Instabilities  in  solid  rockets  have  been  particularly  helpful  in  developing  the  general  theory 
for  at  least  three  reasons:  1)  the  mean  flow  held,  nonuniform  and  generated  by  mass  addition 
at  the  boundary,  requires  careful  attention  to  processes  associated  with  interactions  between 
the  mean  how  and  unsteady  motions;  2)  more  experimental  results  for  transient  behavior 
have  been  obtained  for  solid  rockets  than  for  any  other  combustion  system;  and  3)  although 
still  far  from  being  satisfactorily  understood,  the  dynamics  of  burning  solid  propellants  is 
better  known  than  for  any  other  combustion  system. 

v)  The  huctuations  of  the  source  terms,  W',  JF,  ...  S'  will  be  made  explicit  as  required  in 
particular  applications. 
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4.  MODAL  EXPANSION  AND  SPATIAL  AVERAGING; 
AN  ITERATIVE  METHOD  OF  SOLUTION 


From  the  point  of  view  represented  in  Figure  1.1,  we  are  concerned  in  this  section  with  representing  the 
combustor  dynamics.  The  procedure,  often  called  ‘modeling’  is  based  on  the  equations  of  motion  constructed 
in  the  preceding  section  and  hence  in  principle  will  contain  all  relevant  physical  processes6.  For  the  purposes 
here,  all  modeling  of  combustor  dynamics  and  of  combustion  dynamic^— the  mechanisms  and  feedback  in  Figure 
1.1 — must  be  done  in  the  context  developed  in  Section  1.  Thus  we  always  have  in  mind  the  idea  of  wave  motions 
somehow  generated  and  sustained  by  interactions  between  the  motions  themselves  and  combustion  processes,  the 
latter  also  including  certain  aspects  of  the  mean  flow  within  the  combustor. 

The  simplest  model  of  the  combustion  dynamics  is  a  single  wave,  a  classical  acoustic  resonance  as  in  an  organ 
pipe,  but  decaying  or  growing  due  to  the  other  processes  in  the  chamber.  In  practice,  the  combustion  processes 
and  nonlinear  gasdynamical  effects  inevitably  lead  to  the  presence  of  more  than  one  acoustic  mode.  We  need  a 
relatively  simple  yet  accurate  means  of  treating  those  phenomena  for  problems  of  the  sort  arising  in  the  laboratory 
and  in  practice.  Modeling  in  this  case  begins  with  construction  of  a  suitable  method  for  solving  the  nonlinear 
wave  equations  derived  in  Section  3.4.  In  this  context  we  may  regard  the  analysis  of  the  Rijke  tube  covered  in 
Section  2  as  a  basic  example  of  the  procedure  stripped  of  the  formalism  covered  in  this  section. 

The  chief  purpose  of  the  analysis  constructed  here  is,  to  devise  methods  capable  of  producing  results  useful 
for  prediction  and  interpretation  of  unsteady  motions  in  full-scale  combustion  chambers  as  well  as  for  laboratory 
devices.  That  intention  places  serious  demands  on  the  methods  used  for  at  least  two  reasons: 

1.  processes  that  must  be  modeled  are  usually  complicated  and  their  theoretical  representations 
are  necessarily  approximate  to  extents  which  themselves  are  difficult  to  assess;  and 

2.  almost  all  input  data  required  for  quantitative  evaluation  of  theoretical  results  are  charac¬ 
terized  by  large  uncertainties. 

In  this  situation  it  seems  that  for  practical  and,  as  it  will  turn  out,  for  theoretical  purposes  as  well,  the 
most  useful  methods  will  be  based  on  some  sort  of  spatial  averaging.  Direct  solution  of  the  partial  differential 
equations,  even  for  linear  problems,  is  practically  a  hopeless  task  except  for  very  special  cases  for  simple  geometries. 
Direct  numerical  simulations  (DNS)  or  numerical  solutions  to  the  partial  differential  equations  are  not  yet  a  real 
alternative  for  practical  purposes  at  this  time,  and  are  usually  less  attractive  for  obtaining  basic  understanding. 
However,  as  we  will  see  later,  numerical  solutions  offer  the  only  means  for  assessing  the  validity  of  approximate 
solutions  and  always  can  treat  more  complicated  (realistic?)  problems  than  we  can  reasonably  handle  with  the 
analytical  methods  discussed  here.  In  any  event,  one  should  view  theory  and  analysis  on  the  one  hand,  and 
numerical  simulations  on  the  other,  as  complementary  activities. 

The  material  on  analysis  and  theory  of  combustion  instabilities  treated  in  these  two  lectures  is  based  on 
a  method  of  spatial  averaging.  The  essential  idea  is  of  course  not  new,  the  method  being  nearly  identical  with 
similar  methods  used  in  other  branches  of  continuum  mechanics.  There  are  a  few  special  characteristics  associated 
with  applications  to  combustor  that  will  appear  in  the  course  of  the  following  discussion. 


4.1.  Application  of  a  Green’s  Function  for  Steady  Waves.  The  method  used  later  to  analyze  nonlinear 
behavior  has  its  origins  in  an  early  analysis  of  linear  combustion  instabilities  in  liquid  rocket  engines  (Culick,  1961, 
1963).  That  work  was  based  on  solution  to  problems  of  steady  waves  by  introducing  a  Green’s  function.  It  is  an 
effective  strategy  for  this  application  because  departures  from  a  known  soluble  problem  are  small,  due  either  to 
perturbations  within  the  volume  or  at  the  boundary,  all  of  order  (i  in  the  context  developed  in  Section  3. 


6 That  seems  to  be  what  some  people  (notably  electrical  engineers  it  seems)  mean  by  the  term  ‘physics-based  modeling.’  What 


would  otherwise  be  the  basis  for  acceptable  modeling  of  a  physical  system  has  not  been  explained. 
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The  problem  to  be  solved  is  defined  by  equation  (3.54)  and  its  boundary  conditions  (3.56)  derived  in  Section 


3.4, 


72  /  1  9V 


vy- 


dt2 


=  h 


(4.1)  a,b 


n  •  Vp  =  -/ 


with  h  and  /  given  by  (3.61)  a,b  for  linear  stability.  Because  h  and  /  are  linear,  various  methods  are  available 
to  build  general  solutions  by  applying  the  principle  of  superposition  to  elementary  solutions  representing  steady 
waves.  Hence  we  assume  that  the  fluctuating  pressure  field  is  a  steady  wave  system  within  the  given  chamber, 
having  unknown  spatial  structure  and  varying  harmonically  in  time: 

p'  =  pel(lkt  (4.2) 


where  k  is  the  complex  wavenumber,  also  initially  unknown, 

k  =  -{u  —  ia)  (4.3) 

As  defined  here,  a  positive  means  that  the  wave  has  growing  amplitude,  p'  ~  eat.  Of  course  the  wave  is  not 
strictly  stationary,  a  condition  existing  only  if  a  =  0,  certainly  true  when  h  =  f  =  0,  as  in  classical  acoustics. 


Even  when  h,  /  are  non-zero,  it  is  still  possible  that  a  =  0,  now  defining  a  state  of  neutral  stability .  In  general 
one  must  expect  a  /  0;  it  is  a  basic  assumption  in  all  of  the  analysis  covered  in  this  book  that  a  is  small  compared 
with  ce,  so  the  waves  are  slowly  growing  or  decaying — they  are  ‘almost’  stationary,  and  their  spatial  structure 
does  not  change  much  in  time.  However,  the  results  obtained  are  quite  robust  and  seem  often  to  be  usable  even 
when  a/uo  is  not  small. 


The  problem  here  is  to  determine  the  spatial  distribution  p  and  the  complex  wavenumber  k.  For  steady  waves 
we  can  write 

h  =  Kheiakt  ;  /  =  nfeiakt 

where  again  n  is  a  small  parameter7  characterizing  the  smallness  of  h  and  /.  Substitution  in  (4.1)  a,b  and 
dropping  the  common  exponential  time  factor  gives 


V2p  +  k2p  =  nh 
II  •  V/3  =  — K,f 


(4.4)  a,b 


This  is  of  course  a  well-known  classical  problem  thoroughly  discussed  in  many  books.  Many  methods  of  solution 
are  available  for  the  linear  problem.  We  use  here  a  procedure  based  on  introducing  a  Green’s  function  discussed, 
for  example,  by  Morse  and  Feshbach  (1952,  Chapter  10).  This  is  an  attractive  method  for  several  reasons, 
including: 


1.  Conversion  from  a  differential  equation,  and  the  iterative  method  of  solution  this  suggests,  is 
an  effective  means  for  minimizing  the  consequences  of  the  uncertainties  inherent  in  problems 
of  combustor  dynamics; 

2.  Explicit  results  can  be  obtained  for  real  and  imaginary  parts  of  the  complex  wavenumber  in 
forms  that  are  easily  interpreted  and  remarkably  convenient  both  for  theoretical  work  and 
for  applications; 

3.  The  method  has  motivated  a  straightforward  extension  to  nonlinear  problems,  with  consid¬ 
erable  success. 


Define  a  Green’s  function  satisfying  the  homogeneous  boundary  and  the  wave  equation  homogeneous  except 
at  the  single  point  where  a  source  is  located  having  zero  spatial  extent  and  infinite  strength  such  that  is  integral 
over  space  is  finite.  Thus  the  source  is  represented  by  a  delta  function  —S( r  —  1*0)  and  G  is  determined  as  a 
solution  to  the  problem 

V2G(r|r0)  +  fc2G(r|r0)  =  <5(r  -  r0) 
n  •  VG(r|ro)  =  0 

7Later,  k  will  be  identified  with  /i  introduced  in  Section  3.3  but  it  is  useful  in  this  discussion  to  maintain  a  distinction. 


(4.5)  a,b 
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The  notation  r|ro  as  the  argument  of  G(r|ro)  represents  the  interpretation  of  the  Green’s  function  as  the  wave 
observed  at  point  r  due  to  a  steady  oscillatory  point  source  at  1*0. 


Multiply  ((4.4)  a,b)a  by  G(r|ro),  ((4.5)  a,b)a  by  p(r),  subtract  the  results  and  integrate  over  volume  (in  the 
present  case  the  volume  of  the  chamber)  to  find 


JJJ  [G(r|r0) V2j5(r)  -  p(r)V2G  (r|r0)]  dV  +  k2  JJJ  [G(r|r0)p(r)  -  p(r)G(r|r0)]  dV 

V  V 

=  K  JJ I  G(r\i0)h(r)  -  JJJ  p{r)6(r  -  r 0)dV 

v 


(4.6) 


Because  G(r|ro)  and  p(r)  are  scalar  functions  the  second  integral  on  the  right-hand  side  vanishes.  The  first 
integral  is  rewritten  using  a  form  of  Green’s  theorem,  and  the  basic  property  of  the  delta  function  is  applied  to 
the  second  integral  on  the  right-hand  side: 

JJJ  F(t)6(t -r0)dV  =  F(r)  (ri,r0inV)  (4.7) 

V 

Hence  (4.6)  becomes 

JJ[G(r\r0)Vp(r)  -  p(r)VG(r|r0)]  •  ndS  =  k  JJJ  G(r\r0)h(r)dV  -  p(r0) 
s  v 

where  n  is  the  outward  normal  at  the  surface  of  the  volume  V  in  question. 


Now  apply  the  boundary  conditions  (4.4)  a,b  and  (4.5)  a,b  and  the  last  equation  can  be  written  in  the  form 


p(f0)  =  k  |  jj)G(r\r0)h(r)dV  +  JJ  G(rs\r0)f(rs)dS 


(4.8) 


Subscript  (  )s  means  the  point  rs  lies  on  the  boundary  surface  (actually  on  the  inside  surface  of  the  boundary). 
Because  the  operator  for  scalar  waves  is  self-adjoint  (see  Morse  and  Feshbach  1952,  Chapter  10),  the  Green’s 
function  possesses  the  property  of  symmetry 


G(r|r0)  =  G(r0|r) 


(4.9) 


This  property  has  the  appealing  physical  interpretation  that  the  wave  observed  at  r  due  to  a  point  source  at  1*0 
has  the  same  amplitude  and  relative  phase  as  for  the  wave  observed  at  1*0  when  a  point  source  is  located  at  r. 
With  (4.9)  we  can  interchange  r  and  1*0  in  (4.8)  to  find  for  the  steady  held  at  position  r: 


P(r)  =  * 


G(r\r0)h(r0)dV0  +  (h)G(i\ros)f(ros)dS 


(4.10) 


Equation  (4.10)  is  not  an  explicit  solution  for  the  pressure  held  due  to  the  source  functions  h  and  /,  but  is 
rather,  an  integral  equation  because  h  and  /  in  general  depend  on  the  fluctuating  pressure  and  velocity  helds 
themselves.  However,  because  the  sources  are  assumed  to  be  small  perturbations  of  the  classical  held  having  no 
sources,  k  is  small  and  p  will  not  differ  greatly  from  a  solution  to  the  homogeneous  problem  dehned  by  h  =  /  =  0. 
The  result  (4.10)  represents  the  solution  to  the  inhomogeneous  problem;  the  complete  solution  is  (4.10)  plus  a 
homogeneous  solution.  Advantage  will  be  taken  of  the  smallness  of  k,  to  hnd  an  approximate  explicit  solution  for 
p  by  an  iterative  procedure  discussed  in  Section  4.1.1. 

Whatever  tactic  one  may  choose  to  follow,  the  result  (4.10)  is  of  no  practical  value  without  having  a  represen¬ 
tation  of  G(r|ro).  The  most  convenient  form  of  G(r|ro)  for  our  purpose  is  expansion  in  eigenfunctions  ^n(r),  here 
the  normal  modes  of  the  classical  acoustics  problem  with  no  sources  in  the  volume  and  homogeneous  boundary 
conditions:  G(r|ro)  is  therefore  expressed  as  a  modal  expansion, 

oo 

G(r|r0)  = 

n= 0 


(4.11) 
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vhere  the  ^  satisfy 


and  the  fibr)  are  orthogonal  functions, 


V  lljn  +  kn^n  =  0 

n  •  =  0 


Mr)dV  =  E2n6ri 


4.12)  a,b 


Substitute  (4.11)  in  ((4.5)  a,b)a,  multiply  by  ^m( r)  and  integrate  over  the  volume  to  find 

[ (I  4’m  T  AnV2i>ndV  +  k 2  ll  I  'i'rn  An'ipndV  =  I  ipm(r)6(r  -  r0)dV 


With  (4.7),  ((4.12)  a,b)  and  (4.13),  this  equation  produces  the  formula  for  An : 

,  _  i’n{ro) 


k2  —  k2 


Thus  the  expansion  (4.11)  for  G(r|ro)  is 


rMr  \  V  V'nMV'nfo) 
G<  w 


the  modal  expansion  of  the  Green’s  function.  Substitution  of  (4.15)  in  (4.10)  leads  to  the  formal  modal  expansion 
of  the  pressure  held, 

P(r)  =  «E  E^k^-k2)  |  ///  ^(ro)h(r0)dV0  +  (jj^n{v0s)f{v0s)dS0  \  (4.16) 

n=0  I  i  a  I 


Suppose  that  for  k,  tending  to  zero,  p(r)  approaches  the  unperturbed  mode  shape  i/jjy;  let  the  corresponding 
function  p  be  denoted  so 


P  — >Pn  =  Vn 


Now  separate  the  Nt/l  term  from  the  sum  in  (4.16)  and  write 


P(r)  =  Vv(r)  2  ,,2_,2. 

N  \  < 


i/jN(r0)h(r0)dVo  +  Uj^N(r0s)f(r0s)dSi 


E2^2  V_  fc2)  jyyy  ^n(r0)h(r0)dVo  +  ^n{ros)f{ros)dS0 | 

where  the  prime  in  the  summation  sign  means  that  the  term  n  =  IV  is  missing.  This  form  is  consistent  with  the 
requirement  (4.17)  only  if  the  factor  multiplying  ^n{ r)  is  unity,  giving  the  formula  for  the  perturbed  wavenumber 


^n(r0)h(r0)dVb  +  fc(r0s)/K)^ 


k  =  kN  +  gT^ JJJ  ^N(ro)h(r0)dV0  +  (jj'ipN(ros)f(ros)dS0 


and  (4.18)  becomes 


m  =  i,N[v)+KV0m^W) 


^n(r0)h(r0)dVb  +  (U^n(ros)f(ros)dS< 


Another  more  direct  derivation  of  (4.19)  very  useful  in  later  analysis,  may  be  had  by  first  multiplying  ((4.4) 
a,b)a  by  'ipN  and  integrating  over  the  volume: 


iJNvpdV  +  k2  /  /  /  tpNpdV  =  k 


'ipNhdV 
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Application  of  Green’s  theorem  to  the  first  integral  gives 


pV  mp NdV  +  jj)  [ipn  Vp  -  pV^n]  •  n dS  +  k 2  J J J  ^ npdV  =  JJJ)^NhdV 
vs  vs 

after  inserting  V2?/^  =  —  k%^N  and  Vt/’n  •  n  =  0,  rearrangement  gives 


S  =  klr  +  jjj  ^Npdy  ipN(r)h(r)dV  +  jj)'pN(rs)f(rs)dS  >  (4.21) 

V  K  V  s  ) 

The  integral  of  ^nV  in  the  denominator  of  (4.21)  can  be  evaluated  by  using  (4.20)  and  is  exactly  E2,  providing 
the  series  in  (4.20)  converges.  Hence  (4.21)  is  identical  to  (4.19).  This  simple  calculation  has  shown  that  (4.19) 
and  (4.20)  are  consistent. 


The  preceding  calculation  contains  several  basic  ideas  behind  much  of  the  analysis  used  in  these  lectures.  In 
summary,  the  original  problem  described  by  the  differential  equation  ((4.4)  a,b)a  and  its  boundary  condition  ((4.4) 
a,b)b  are  converted  to  an  integral  equation,  in  this  case  (4.10),  established  by  introducing  a  Green’s  function. 
This  is  not  an  explicit  solution  because  the  functions  h  and  /  generally  depend  on  the  dependent  variable  p. 
However,  formulation  as  an  integral  equation  forms  a  convenient  basis  for  approximate  solution  by  iteration. 


4.1.1.  Approximate  Solution  by  Iteration.  To  apply  an  iterative  procedure,  it  is  necessary  first  to  give  the 
Green’s  function  G(r|ro)  explicit  form.  The  natural  choice  for  problems  of  waves  in  a  chamber  is  a  series  expansion 
in  the  natural  modes  of  the  chamber,  a  modal  expansion,  (4.15).  For  the  small  parameter  s  tending  to  zero  (i.e. 
all  perturbations  of  the  classical  acoustics  problem  are  small),  a  straightforward  argument  produces  the  formula 
(4.19)  for  the  wavenumber  and  the  integral  equation  (4.20)  for  p{ r). 


Equation  (4.20)  must  be  solved  to  give  p  before  the  wavenumber  can  be  computed  with  (4.19).  We  should 
emphasize  that  for  many  practical  purposes,  it  is  really  k  that  is  required,  because  its  imaginary  part  determines 
the  linear  stability  of  the  system  (a  =  0).  The  great  advantage  of  this  approach  may  be  seen  clearly  with  a  simple 
example.  Suppose  /  =  0  and  h  =  K{  1  +  p)  in  (4.4)  a,b.  Then  (4.20)  and  (4.19)  become 


p{r)  =  ipN(r)  +  kKJ2  E2^2J^k2)  fff  V’n(ro)(l  +  p)dV0  (4.22) 

n  =  0  y 

k2  =  k%  +  JJJ  ^nO-  +  P)dVo  (4.23) 


Because  s  is  assumed  to  be  small,  solution  by  successive  approximation,  i.e.  an  iterative  procedure,  is  a  logical  way 
to  proceed.  The  initial  (zeroth)  approximation  to  the  mode  shape  p  is  (4.22)  for  s  =  0,  p^  =  i/jn-  Substitution 
in  (4.23)  gives  k2  correct  to  first  order  in  s: 


{k 


2  A1)  - 


kK 


-  kN  +  ~PT 


^tv(1  +  ^N)dVo 
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N  ' 


77>  2 


(4.24) 


where  IN  stands  for  the  integral. 

Calculation  of  p  to  first  order  in  s  requires  setting  p  and  k2  to  their  zeroth  order  values  on  the  right-hand 
side  of  (4.22),  p ( k 2)(°)  =  k2N\ 


P(1)(r)  =  ipN(v)  +  kK  ^ 

n= 0 


V;n(ro)(l  +  1pN{ro))dV0 


=  P>N  +  K(J  N 
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Substitution  of  this  formula  for  p  under  the  integral  in  (4.23)  then  gives  the  second  approximation  ( k 2)^  to  k 2: 

kK 


(k2)^  =  k 


N  '  rp2 


=  (^2)(1)+^ 


>  K 
rp2 


^n{  1  +  'IpN  +  K(TN)dVo 


^N(JNdVo 


(4.25) 


A  wonderful  property  of  the  procedure  is  already  apparent:  Calculation  of  the  wavenumber  to  some  order  l 
in  the  small  parameter  requires  knowing  the  modal  functions  only  to  order  l  —  1.  That  is  the  basis  for  the  current 
standard  practice  of  computing  linear  stability  for  solid  propellant  rockets  (the  Standard  Stability  Prediction 
Program,  Nickerson  et  al  1983)  using  the  unperturbed  acoustic  modes  computed  for  the  geometry  in  question. 

The  “perturbation-iteration”  procedure  just  described  is  an  old  and  widely  used  method  to  obtain  solutions 
to  nonlinear  as  well  as  linear  problems.  Often  much  attention  is  paid  to  achieving  more  accurate  solutions  by 
carrying  the  iterations  to  higher  order  in  the  small  parameter.  That  is  a  legitimate  process  providing  the  equations 
themselves  are  valid  to  the  order  sought.  In  Section  3  we  emphasized  the  importance  of  the  expansion  procedure 
largely  for  that  reason.  If  the  equations  are  valid,  say,  only  to  second  order  in  the  amplitude  (e),  there  is  no 
need — in  fact  no  justification — to  try  to  find  a  solution  to  order  e3  and  higher.  Similar  remarks  apply  to  the 
expansion  in  the  average  Mach  number  (/i).  The  procedure  is  fully  explained  in  Section  4.5  for  the  equations 
derived  in  Section  3.4. 


4.2.  An  Alternative  Derivation  of  the  First  Order  Formula.  The  results  (4.19)  and  (4.21)  for  the 
complex  wavenumber  and  mode  shape  can  be  constructively  obtained  in  a  different  way.  Both  formulas  provide 
means  for  computing  the  differences  k2  —  kj^  and  p  —  ipN  between  the  actual  (perturbed)  quantities  and  the  un¬ 
perturbed  quantities.  It  is  reasonable  that  those  results  should  somehow  follow  from  comparison  of  the  perturbed 
(ft  0)  and  unperturbed  (ft  =  0)  problems.  The  idea  is  to  average  the  difference  between  the  two  problems 
weighted  respectively  by  the  other’s  mode  shape.  That  is,  subtract  p  times  equation  ((4.12)  a,b)a  from  times 
((4.4)  a,b)a  and  integrate  the  result  over  the  volume  of  the  chamber: 


&N  V2p  -  pV2^]  dV  +  (k2  -  k2N)^npdV0  =  ft 


tpNhdV 


v  v  v 

Now  apply  Green’s  theorem  to  the  first  integral,  substitute  the  boundary  conditions  ((4.4)  a,b)b  and  ((4.12)  a,b)b 
and  rearrange  the  result  to  find  (4.21): 


k2  =  k% 


_ « _ / 

JJI^NpdV  | 


fipN(r)h(r)dV  +  (tp^N(rs)f(rs)dS 


(4.26) 


If  k2  is  to  be  calculated  to  first  order  in  ft,  then  p  must  be  replaced  by  its  zero  order  approximation  p  = 
Because  the  correction  to  k2N  contains  the  multiplier  ft,  any  contributions  of  order  ft  multiplying  ft  give  terms  of 
order  ft2.  Hence  to  first  order,  (4.26)  of  course  becomes  (4.19). 

This  approach  does  not  provide  a  recipe  for  computing  the  modal  or  basis  functions  to  higher  order.  That  does 
not  cause  difficulty  here  because  we  have  the  procedure  given  in  the  preceding  section.  We  will  find  later  that  the 
simple  derivation  just  given  suggests  a  useful  extension  to  time-dependent  nonlinear  problems.  In  that  situation 
there  is  no  result  corresponding  to  (4.20)  for  computing  the  mode  shapes  to  higher  order.  That  deficiency  is  a 
serious  obstacle  to  further  progress,  a  subject  of  current  research. 


4.3.  Approximate  Solution  for  Unsteady  Nonlinear  Motions.  The  method  covered  in  the  preceding 
two  sections,  based  essentially  in  the  use  of  Green’s  functions,  was  the  first  application  of  modal  expansions  and 
spatial  averaging  to  combustion  instabilities  (Culick  1961,  1963).  In  the  early  1970’s  the  procedure  was  extended 
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to  treat  nonlinear  problems,  necessarily  involving  time-dependence  (Culick  1971,  1975).  We  summarize  that 
approach  here.8 


We  begin  with  the  general  problem  (4.1)  a,b  and  assume  an  approximation  p'( r)  to  the  pressure  held  as  a 
truncated  expansion  in  a  set  of  basis  functions  ^m, 


M 

P'( r,  t)=pr^2  (4.27) 

m= 0 

In  this  work  we  will  always  take  the  to  be  acoustic  modes  defined  by  the  geometry,  the  distribution  of  average 
temperature  and  suitable  boundary  conditions.9  We  would  like  the  right-hand  side  of  (4.27)  to  become  more 
nearly  equal  to  the  actual  pressure  held  in  the  combustor  as  more  terms  are  included  in  the  series,  so  that  p'  =  p' 
in  the  limit: 


M 


Jim  p(r;t)  =  Jim  V  r) 

M — >oo  M — >oo  z ^ 

m= 0 


(4.28) 


Because  the  do  not  satisfy  the  correct  boundary  conditions,  this  pointwise  property  certainly  cannot  be 
satished  at  the  boundary.  It  is  reasonable,  however,  to  expect  convergence  in  integral-squared  sense;  that  is  the 
integral  of  the  square  of  the  difference  between  the  exact  solution  and  (4.27)  satishes 


lim 

M  — >-oo 


M 


p'{r,t)  -PrYl  Vm(t)lpm{r) 


dV  =  0 


(4.29) 


L  m= 0 

We  will  not  prove  this  properly,  but  assume  its  truth. 


Convergence  in  the  sense  asserted  by  (4.29)  is  a  common  idea  arising,  for  example,  in  formal  treatments 
of  Sturm-Liouville  problems;  see  Hildebrand  1952  for  a  very  readable  discussion.  The  matter  of  convergence  of 
approximate  solutions  in  the  present  context  is  more  complicated  because  one  must  take  into  account  the  fact 
that  the  governing  equations  and  their  solutions  are  expanded  in  the  two  small  parameters  (i  and  e  introduced  in 
Section  3.  We  will  also  not  discuss  that  problem. 


The  synthesis  of  the  pressure  held  expressed  by  (4.27)  does  not  restrict  in  any  practical  fashion  the  generality 
of  the  method.  For  definitions  here  we  assume  that  the  modal  functions  satisfy  the  homogeneous  Neumann 
condition  n  •  Vt/c  =  0,  but  for  some  applications  a  different  boundary  condition,  perhaps  over  only  part  of  the 
boundary,  may  serve  better.  Hence  we  will  assume  here  that  the  ipn  are  eigensolutions  to  the  problem  (4.12)  a,b. 

We  require  that  the  approximation  (4.27)  to  p'  satisfy  equation  (4.1)  a,b.  Multiply  (4.12)  a,b  written  for  'ipjy 
by  p'(r,t),  subtract  from  (4.1)  a,b  written  for  p'  multiplied  by  gb jv ;  and  integrate  the  difference  over  the  volume 
of  the  chamber  to  give 

III  -  P'VViv]  dV  -  JJJ  —  k2N  JJJ  p'^dV  =  JJJ  i,NhdV 

V  V  V  V 


8 An  alternative  form  based  on  an  form  of  Galerkin’s  method,  extended  to  accommodate  the  sorts  of  problems  arising  in  the 
present  context,  was  introduced  first  by  Zinn  and  his  students.  That  procedure  and  the  present  method  give  identical  equations 
before  the  expansion  procedure  is  applied  and  further  approximations  are  used.  The  applicability  of  that  method  seems  to  have  been 
blunted  in  some  cases  by  use  of  a  velocity  potential,  thereby  requiring  that  the  unsteady  field  be  irrotational.  It  seems  also  that  the 
ordering  procedure  (in  terms  of  the  small  parameters  Mr  and  M^)  (i.e.  fi  and  e)  has  not  been  followed  consistently,  causing  confusion 
in  some  derivations  and  conclusions.  Those  matters  are  discussed  elsewhere.  It  seems  likely  that  the  extended  form  of  Galerkin’s 
method  could  give  the  same  (or  nearly  so)  results  as  found  by  the  method  discussed  here,  but  the  early  works  were  not  pursued 
further.  There  is  no  basis  for  comparison. 

9 The  selection  of  boundary  conditions  is  part  of  the  art  of  applying  this  method.  Examples  covered  later  will  clarify  the  point. 
For  the  present,  it  is  helpful  to  think  of  the  bm  as  classical  acoustic  modes  for  a  volume  having  rigid  walls  and  the  same  shape  as  the 
combustion  chamber  in  question.  The  bm  therefore  do  not  satisfy  exactly  the  boundary  conditions  actually  existing  in  a  combustor. 
Hence  the  right-hand  side  of  (4.27)  is  an  approximation  in  two  respects:  the  series  is  truncated  to  a  finite  number  of  terms  and  it  does 
not  satisfy  the  correct  boundary  conditions.  However,  the  solution  carried  out  to  the  next  order  does  satisfy  the  boundary  conditions 
to  first  order.  This  important  point  is  discussed  in  Chapter  10  of  Morse  and  Feshbach  (1952).  The  approximate  nature  of  the  modal 
expansion  will  be  clarified  as  the  analysis  proceeds. 
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Apply  Green’s  theorem  to  the  first  integral,  substitute  the  boundary  conditions  (4.1)  a,b  and  (4.12)  a,b  and 
rearrange  the  result  to  give 


1  d2p' 
a 2  dt2 


■pNdV  +  4  /  /  /  p'pNdv  =  - 


hpNdv  +  y)f^NdS 

s 


Now  substitute  the  modal  expansion  (4.27)  in  the  right-hand  side: 


Pr_ 

a2 


M 


m= 0 


M 


where 


Fn  =  - 


PrFjy 


m= 0 


hpNdV  +  jj)  f'ipNdS 

V  s 


if’m^NdV  -  k2npr  J2vm  III  i’m.i’NdV  =  E%^FN 


(4.30) 


(4.31) 


(4.32) 


and  dr  is  a  constant  reference  speed  of  sound.  The  second  sum  reduces,  due  to  the  orthogonality  of  the  ^m,  to 
r]nE 2.  Under  the  first  integrals,  write 

2 


A„  =  1  - 


Then  the  first  sum  in  (4.31)  is 
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(4.34) 
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With  these  changes,  equation  (4.31)  becomes 


Vn  +  ^nVn 


A  apm^NdV 


(4.35) 


The  sum  on  the  right-hand  side  represents  part  of  the  effect  of  a  non-uniform  speed  of  sound  in  the  chamber  (if 
Aa  7^  0).  To  simplify  writing  we  will  ignore  this  term  until  we  consider  special  problems  in  later  chapters.  For 
solid  rockets  it  is  a  negligible  contribution.  If  the  combustor  contains  flame  sheets,  the  temperature  is  piecewise 
uniform  and  this  term  also  doesn’t  appear,  but  the  presence  of  the  discontinuities  generates  corresponding  terms 
arising  from  F^.  Thus  there  are  useful  situations  in  which  we  deal  with  the  system  of  equations: 

tjn  +  ^nVn  =  Fn  (4.36) 


This  result,  a  set  of  coupled  nonlinear  equations  with  the  forcing  function  given  by  (4.34),  is  the  basis  for 
practically  all  of  the  analysis  and  theory  discussed  in  the  remainder  of  this  book.  A  corresponding  result  is  given 
in  Appendix  B  for  a  purely  one-dimensional  formulation.  In  anticipation  of  later  discussions,  several  general 
remarks  are  in  order. 


(i)  The  formulation  expressed  by  (4.36)  accommodates  all  relevant  physical  processes.  In  the 
derivation  of  the  conservation  equations  in  Appendix  A,  only  inconsequential  approximations 
were  made,  notably  the  neglect  of  multi-component  diffusion  and  the  representation  of  the 
reacting  multi-phase  medium  by  a  single-fluid  model.  However,  only  the  basic  gasdynamics 
are  known  explicitly.  All  other  processes  must  be  modeled  in  suitable  forms. 

(ii)  Despite  the  apparent  generality  of  (4.36)  attention  must  be  paid  to  an  assumption  implied  in 
the  application  of  Green’s  theorem  in  spatial  averaging.  That  is,  the  functions  involved  must 
possess  certain  properties  of  continuity  within  the  volume  of  averaging.  The  condition  is  not 
satisfied,  for  example,  at  a  flame  sheet,  where  the  velocity  is  discontinuous,  an  important 
exception. 

(iii)  The  selection  of  functions  for  the  modal  expansion  (4.27)  is  not  unique;  possible  alternatives 

must  always  be  considered.  What  works  best  depends  on  the  nature  of  the  boundary  con¬ 
ditions.  The  closer  the  boundary  is  to  a  rigid  reflecting  surface,  the  more  effective  is  the 
choice  n  •  =  0,  meaning  that  the  acoustic  velocity  vanishes  on  the  boundary.  Because  a 
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combustor  must  provide  for  inflow  of  reactants  and  exhaust  of  products,  it  is  simply  not  pos¬ 
sible  that  the  actual  enclosure  be  everywhere  rigid  and  perfectly  reflecting.  For  n  •  Vt/’n  =  0 
to  be  a  good  approximation,  as  it  should  be  for  the  modal  expansion  to  serve  successfully 
as  a  zeroth  approximation  to  the  pressure  held,  the  boundary  must  be  ‘nearly’  reflecting. 
Choked  inlets  and  outlets  satisfy  the  condition  if  the  Mach  number  at  the  chamber  side  is 
small  (that  is,  the  how  within  the  volume  is  consistent  with  the  assumption  (i  <C  1).  Also,  the 
dynamical  response  of  burning  solid  propellants  is  normally  such  that  requiring  n  •  Vt/’n  =  0 
is  a  good  choice.  Hence,  over  a  broad  useful  range  of  practical  conditions,  dehning  the  modal 
expansion  functions  with  (4.12)  a,b  is  a  reasonable  choice.  Exceptions  are  not  rare,  however, 
and  care  must  be  exercised.  For  example,  a  Rijke  tube  (Section  2)  will  contain  a  heater,  or 
a  thin  combustion  region  within  the  duct.  Continuous  functions  'ipN  may  not  be  good  zeroth 
approximations  to  the  actual  behavior  discontinuous  at  the  heating  zone;  moreover,  in  that 
case  n  •  Vt/’n  =  0  at  the  ends  is  the  proper  choice  for  boundary  conditions  on  the  modal 
functions.  More  generally,  if  the  temperature  held  is  highly  non-uniform,  then  the  zeroth 
order  expansion  functions  should  take  that  feature  into  account. 

(iv)  An  enormous  advantage  of  the  result  (4.36)  is  its  clear  interpretation.  A  general  unsteady 
motion  in  a  combustor  is  represented  by  the  time-evolution  of  a  system  of  coupled  nonlinear 
oscillators  in  one-to-one  correspondence  with  the  modes  ^ N .  Although  the  left-hand  side 
of  (4.36)  describes  the  motion  of  a  linear  oscillator,  the  forcing  function  Fjy  will  in  general 
contain  terms  in  rjN  representing  linear  and  nonlinear  damping,  springiness  and  inertia. 
Consequently,  as  we  will  see,  it  is  easy  to  find  familiar  nonlinear  differential  equations  as 
special  cases  of  (4.36).  Such  special  results  aid  greatly  interpretation  of  complicated  observed 
behavior  in  terms  of  simpler  elementary  motions.  Thus  it  is  important  to  understand  the 
connections  between  parameter  dehning  the  oscillators,  the  characteristics  of  the  modes,  and 
the  dehnitions  provided  in  the  process  of  spatial  averaging. 

(v)  Different  problems  are  distinguished  chiehy  in  two  respects:  Geometry  of  the  combustor; 
and  the  form  of  the  forcing  function  F^.  The  forcing  function  contains  the  influences  of 
gasdynamics  explicitly,  but  all  other  processes  must  be  modeled,  either  with  theory  or  based 
on  experimental  results.  The  geometry  and  the  boundary  conditions  determine  the  modal 
expansion  functions  'ipjy  and  the  frequencies  For  complicated  geometries,  as  for  many 
large  solid  propellant  rockets  and  for  most  gas  turbine  combustors,  computation  of  the  i/j^ 
and  lon  has  been  a  time-consuming  and  expensive  process.  That  situation  is  gradually 
changing  with  the  development  of  more  capable  software. 

(vi)  The  relatively  general  context  in  which  the  oscillator  equations  have  been  derived  does  not 
exclude  simpler  problems  which  can  either  be  treated  as  special  cases  or  constructed  without 
reference  to  the  procedures  worked  out  here.  However,  it  is  then  often  more  difficult  to  be 
certain  that  all  important  processes  are  accounted  for  or  properly  ignored. 


4.4.  Application  of  Time- Averaging.  To  this  point  the  expansion  procedure  based  on  two  small  pa¬ 
rameters  has  been  used  only  to  derive  the  systems  of  equations  describing  successively  more  difficult  classes  or 
problems  in  Section  3.3.2.  There  are  at  least  two  additional  reasons  for  introducing  that  procedure.  Later  we  will 
see  how  an  iterative  method  based  partly  on  the  expansion  reduces  those  systems  of  equations  to  more  readily 
soluble  forms.  In  this  section  we  apply  time- averaging  to  convert  the  second-order  equations  (4.36)  to  first  order 
equations.  First,  two  remarks: 

(i)  Use  of  time-averaging  is  motivated  by  the  experimental  observation  that  combustion  instabil¬ 
ities  commonly  show  slowly  varying  amplitudes  and  phases  of  the  modes  contributing  to  the 
motions.  That  behavior  is  a  consequence  of  the  relative  weakness  of  the  disturbing  processes 
and  is  therefore  measured  by  the  small  parameter  (i  characteristic  of  the  Mach  number  of 
the  mean  flow.  It  is  essential  to  understand  that  it  is  not  the  amplitudes  themselves  (i.e.  the 
parameter  e)  that  matters.  Thus  the  application  of  time-averaging  in  the  present  context 
is  not  intended  to  treat  nonlinear  behavior,  but  is  based  on  the  weak  coupling  between  the 
mean  flow  and  the  unsteady  motions. 
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(ii)  Two-time  scaling  is  an  alternative  method  to  time-averaging.  The  results  obtained  are  iden¬ 
tical  up  to  second  order  acoustics  (Section  3.3.3(11)  and  3.4),  a  conclusion  not  shown  here 
but  consistent  with  similar  previous  works  in  other  fields. 


According  to  the  discussion  in  Section  3.3.2,  we  can  characterize  the  functions  h  and  /,  and  hence  the  forcing- 
function  Fn,  as  sums  of  terms  each  of  which  is  of  order  (i  and  of  zeroth  or  first  order  in  e.  Thus  for  example,  the 
right-hand  side  of  (3.62)  a,b  has  the  form 

The  divergence  of  these  terms  eventually  appears  in  h  and  Fn.  Hence  we  are  justified  in  taking  Fn  of  order  /r;  to 
show  this  explicitly  write  (4.36)  as 

f)N  +  ^nVn  =  I^Gn  (4.37) 


In  any  event,  for  (i  small,  the  t]n  differ  but  little  from  sinusoids  so  (without  approximation)  it  is  reasonable  to 
express  rj^(t)  in  the  equivalent  forms 


and 


VN^t)  =  r/v(£)  sin  (uy\T  +  pN{t))  =  Ax{t)  sin uo^t  +  B^it)  cos uo^t 


—  v _/v  cos  (j)]\f  ;  B]\f  —  v _/v  sin  pN 

An 


rN  —  \/  A2n 


(pN  =  tan 


B 


N 


(4.38) 


(4.39) 


One  way  to  proceed  follows  a  physical  argument  based  on  examining  the  time  evolution  of  the  energy  of  the 
oscillator  having  amplitude  t]n  (Culick  1976).  The  energy  £tv  is  the  sum  of  kinetic  and  potential  energies, 


£ N(t )  =  pn2N  +  1 0J2Nr]2N 


(4.40) 


The  time-averaged  values  of  the  energy  and  power  input  to  the  oscillator,  due  to  the  action  of  the  force  /. iGn , 
are 

1  ft+T  1  ft+T 

(£n)  =  ~  8,Ndtf  ;  (i^GnVn)  =  ~  A iGn^n^ '  (4.41) 

T  Jt  r  Jt 

Conservation  of  energy  requires  that  the  time-averaged  rate  of  change  of  energy  equal  the  time-averaged  rate  of 
work  done  by  /jlGn  on  the  oscillator: 

=  d{G  nVn  )  (4.42) 


From  (4.38),  the  velocity  is 

TjN  =  ^Nr N  COS  (<^aT  +  Pn)  T  ^ TV  sin  (w aT  +  Pn)  +  pNr N  COS  (<^aT  +  0Tv)j  (4.43) 

Following  Krylov  and  Bogoliubov  (1947)  we  apply  the  ‘strong’  condition  that  the  velocity  is  always  given  by  the 
formula  for  an  oscillator  is  force-free-motion, 

tjn  =  ^Nr n  cos  (<^aT  +  Pn)  (4.44) 

Hence  (4.43)  is  consistent  with  this  requirement  only  if 

fN  sin  (coNt  +  pN)  +  Pn^n  cos  (coNt  +  pN)  =  0  (4.45) 

Now  use  the  definitions  (4.36),  (4.38),  (4.39)  and  (4.42)  to  find 

I^GnTJn  =  COS  (^aT  +  Pn) 


(4.46)  a,b 
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The  statement  “slowly  varying  amplitude  and  phase”  means  that  the  fractional  changes  of  amplitude  and 
phase  are  small  in  one  cycle  of  the  oscillation  and  during  the  interval  of  averaging  r  if  r  is  at  least  equal  to  the 
period  of  the  fundamental  mode: 


t  dr  tv  t  d(/)N 

vn  dt  ’  2n  dt 


(4.47) 


These  inequalities  imply  that  r n  and  <pN  may  be  treated  as  constants  during  the  averaging  carried  out  in  (4.41).  To 
see  this,  imagine  that  r n  for  example,  is  expanded  in  Taylor  series  for  some  time  t\  in  the  interval  r,t<ti  <  t  +  r: 


rN(t)=rN(ti)  +  (t-t1)(^2j  +••• 

For  r^v  slowly  varying,  r n  doesn’t  vary  much  during  a  period  and  may  be  assigned  some  average  value.  The 
increment  t  —  t\  has  maximum  value  r;  so  the  second  term  is  negligible  according  to  the  first  of  (4.41).  Therefore 
rN(t)  ~  r/v(£i)  for  any  t\  in  the  interval  of  averaging  and  the  assertion  is  proved. 


Substitution  of  (4.46)  a,b  in  (4.42)  then  gives 

drN  rN  j'*+T 


— ; —  =  d —  [  Gn  cos (ujjsft'  +  (j)N)dtr 
dt  r  Jt 


and 


— - —  =  fi -  [  Gn  cos (ujjsft'  +  (j)N)dtf 

dt  ujnt  Jt 


(4.48) 


The  corresponding  equation  for  the  phase  07v(t)  is  found  by  substituting  (4.38)  and  (4.39)  in  (4.45)  to  give 

r n  —77-  =  — — Gn  sin (cjNt  +  &n)  (4.49) 

dt  uon 

Now  time  average  this  equation  over  the  interval  r,  the  left-hand  side  is  approximately  constant  for  theorem  give 
above,  and  the  equation  for  07v(t)  is 


d(f)N 
rN—  =  -^- 


rt+r 


^nt  Jt 


G n  sin {u)Ntf  T  (/>N)dtr 


(4.50) 


With  the  relations  (4.39),  equations  (4.48)  and  (4.50)  can  be  converted  to  equations  for  An  and  Bn' 


dAN 

dt 

dBN 

dt 


— r 

unt  Jt 


Gn  cos  ujNt'dt' 


Gn  sin  un^ dt' 


(4.51)  a,b 


Whichever  pair  one  chooses  to  use,  (4.48)  and  (4.50)  or  (4.51)  a,b,  the  general  formal  problem  of  solving  a  system 
of  coupled  second  order  equations  (4.37)  for  the  oscillators,  has  been  converted  to  the  simpler  approximate  formal 
problem  of  solving  a  system  of  coupled  first  order  equations.  The  essential  basis  for  that  conversion  is  the  removal 
of  the  fast  oscillatory  behavior  with  the  definition  (4.38),  a  transformation  made  possible  because  the  changes  of 
amplitudes  and  phases  take  place  on  a  much  slower  (i.e.  longer)  time  scale  than  do  the  oscillations.  The  presence 
and  role  of  two  time  scales  is  more  evident  in  the  following  alternative  derivation: 


From  the  second  equality  of  (4.38),  we  find  the  velocity 

tjn  =  un  [An  cosujNt  —  Bn  since^T]  +  ^An  since^T  +  Bn  cosccatJ 
Now  enforce  the  condition  corresponding  to  (4.45), 

An  sin  ay\T  T  Bn  cos  ujNt  =  0  (4.52) 

and  the  velocity  is 

tjn  =  &n  [An  cos  uoNt  —  Bn  since^xT]  (4.53) 


4-48 


Substitution  in  (4.37)  gives 

ujn  \an  cos —  Bn  sin T  uj [ — An  sin ujNt  —  Bn  cosn^t] 


and 


+  [An  sin(jNt  +  BN  cos(jNt]  =  I^Gn 


An  cos ujn^  —  Bn  sin  lon^  —  ~~~Gn 

cun 


Multiply  by  cos  ay\T  and  substitute  (4.52)  for  Bn  cos  lun^  to  give 

An  cos2  oon t  —  sin  ^ n t  \ — An  sin  cj/vN  =  ——G n  cos  uon^ 
L  J  uoN 


Similarly, 


(IAn 

dt 


-^—Gn  cos uNt 
idN 


dBN 

dt 


— — Gn  sin  UNt 
LdN 


(4.54) 


(4.55) 


We  now  introduce  two  time-scales,  Tf  the  first  scale,  of  the  order  of  the  period  of  the  fundamental  oscillation 
(in  fact,  we  might  as  well  set  Tf  =  2tt / ) ;  and  rs,  the  slow  scale  characterizing  transient  changes  of  the  amplitudes 
and  phases  of  the  oscillations.  Two  corresponding  dimensionless  time  variables  can  be  defined,  tf  =  t/i~f  and 
ts  =  tjrs.  Thus  we  consider  the  amplitudes  and  phases  to  be  functions  of  the  slow  variable  ts  while  the  forcing- 
functions  Gn  depend  on  both  tf  and  to  because  they  depend  on  the  t]n ,  (^  =  1,2,---) 


t]n  =  AN(ts)  sin  ( 2i7Y-——tfS\  +  BN(ts)  cos  (  2n— —tf 

\  U  /  y  UJ\ 


In  terms  of  the  dimensionless  time  variables, 


1  dAN  d  ^  , 

- - -  =  - GNCOSLONt 

Ts  dts  LUn 


dt'f  =  [  Gn  cos  f  27r  — — ^  dt'f 

1  uNTfJt  V  V  1 


and  averaging  over  the  fast  variable  we  have 

1  ftf+Tf  1  dANdi/ 

TS  Jtf  TS  dt's  1  ^N  ‘  f  Jtf 

On  the  left-hand  side,  dAN / dtfs  is  assume  to  be  sensibly  constant  in  the  interval  Tf  and  we  have 

1  dAN  11  PtJrTf 


[i 


Ts  dt's  UJNTf  Jtf 


Jt  Gn  (t'fAs)  cos  dt'f 


(4.56) 


Those  parts  of  Gn  depending  on  t's  are  taken  also  to  be  constant  and  if  we  now  rewrite  this  equation  in  terms  of 
dimensional  variables,  we  recover  (4.51)a  with  r  =  Tf  =  2tx juj.  Similar  calculations  will  produce  again  (4.51)b. 
Note  that  due  to  the  nonlinear  coupling,  the  amplitude  and  phases  of  all  modes  normally  change  on  roughly  the 
same  scale  as  that  for  the  fundamental  mode;  thus  the  single  interval  of  averaging  works  for  all  modes. 


In  Section  7.2  we  will  use  a  continuation  method  to  assess  the  ranges  of  parameters  and  other  conditions 
for  which  the  first  order  equations  give  accurate  results  when  compared  with  solutions  to  the  complete  oscillator 
equations.  In  the  development  of  the  theoretical  matters  described  in  this  book,  the  sets  of  first  order  equations 
have  been  central.  They  remain  extremely  useful  both  for  theoretical  work  and  for  applications. 


4.5.  The  Procedure  for  Iterative  Solution.  The  oscillator  equations  (4.33)  and  (4.34)  are  not  yet  in 
a  form  that  can  be  readily  solved  because  the  functions  F/v,  defined  by  (4.30)  contain  not  only  p'  but  also  the 
dependent  variables  //,  T'  and  iT  in  the  functions  h  and  /.  With  the  two-parameter  expansion  as  the  basis, 
the  iteration  procedure  provides  a  means  for  expressing  Fn  in  terms  of  p'  only.  Thus  eventually  the  oscillator 
equations  become  a  system  soluble  for  the  modal  amplitudes  rjN(t).  There  are  of  course  approximations  required, 
but  magnitudes  of  their  effects  can  always  be  estimated  in  terms  of  the  parameters  e  and  (i.  To  appreciate  how 
the  procedure  is  constructed,  it  is  helpful  always  to  keep  in  mind  the  correspondence  between  the  smallness  of  e 
and  /i,  and  the  distortions  they  represent  of  the  unperturbed  classical  acoustic  held. 
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There  are  two  chief  types  of  distortions  or  perturbations:  Those  represented  by  e,  arising  as  nonlinear  effects  of 
finite  amplitudes,10  classified  generally  as  energy  transfer  between  modes;  and  those  measured  by  /i,  consequences 
of  interactions,  hence  energy  transfer,  between  the  steady  and  unsteady  fields.  Each  of  those  types  of  perturbations 
may  be  identified  within  the  volume  in  question  and  at  the  boundary.  Quite  generally,  then,  we  must  take  into 
account  perturbations  of  the  classical  acoustic  held,  associated  with  three  kinds  of  energy  transfer:  linear  transfer 
between  the  mean  and  fluctuating  motions;  nonlinear  transfer  between  modes,  or  mode  coupling,  independent  of 
the  average  how  held;  and  nonlinear  energy  transfer  between  the  mean  how  and  huctuating  helds.  The  way  in 
which  we  view  and  accommodate  those  perturbations  determines  our  choice  of  basis  functions  f) N  used  in  the 
modal  expansion  (4.27). 

4.5.1.  Linear  Energy  Transfer  Between  the  Mean  and  Fluctuating  Motions.  Any  combustor  designed  for 
steady,  or  at  most  slowly  varying  conditions  on  the  acoustic  time  scale,  must  have  provision  for  supplying  reactants 
and  exhausting  products.  There  must  therefore  be  average  how  within  the  volume  and  through  openings  in  the 
enclosing  boundary.  If  the  reactants  are  liquid  or  gaseous,  then  openings  exist  for  both  inhow  and  outflow.  In 
combustors  for  solid  propellants,  how  enters  at  the  boundary  but  there  are  not  openings  for  that  purpose. 

(A)  Volumetric  Interactions 

The  general  equations  of  motion  in  principle  contain  all  interactions  between  the  mean  and  huctuating  motions 
within  the  volume.  Many  are  shown  explicitly  as  the  bracketted  terms  [M],  {M},  [pi],  {pi},  ' ' '  defined  in  Section 
(3.3).  Those  terms  in  the  forms  given  there  account  for  interactions  of  the  mean  how  velocity  with  the  acoustic 
held  and  have  long  served  that  purpose  well  in  investigations  of  combustion  instabilities.  Additional  consideration 
are  required  to  treat  interactions  associated  with  entropy  and  vorticity  waves,  including  turbulence  and  noise,  a 
subject  covered  in  Section  (7.4). 

Special  effects  also  arise  when  the  average  temperature  held  is  nonuniform;  the  last  term  in  (4.33)  represents 
one  consequence  of  nonuniform  average  temperature  but  others  are  contained  in  the  formula  given  for  h,  equation 
(3.55).  Nonuniformities  of  temperature  cause  nonuniformities  in  the  speed  of  sound  which  may  be  regarded 
as  nonuniformities  in  the  index  of  refraction  for  acoustic  waves.  Thus  in  the  general  context  of  wave  motions, 
phenomena  such  as  refraction  and  diffraction  must  arise.  However,  the  analysis  covered  here  for  wave  systems 
slowly  varying  on  the  acoustic  time  scale,  obscures  wave  phenomena  of  that  sort;  they  have  rarely  been  addressed 
explicitly  in  the  held  of  combustion  instabilities  and  then  only  in  connection  with  very  special  problems.  However, 
the  consequences  of  refraction  and  diffraction  are  contained  implicitly  in  distortions  of  the  structure  of  the  steady 
waves. 

It  is  extremely  important  that  large  differences  in  the  average  speed  of  sound  be  accounted  for  as  accurately 
as  possible.  That  is  best  done  by  including  them  in  the  functions  used  in  the  modal  expansion.  Formally 
that  amounts  to  including  all  terms  in  h  representing  linear  interactions  between  the  acoustic  and  mean  helds, 
in  the  equations  for  the  ^m.  That  is,  such  large  perturbations  are  better  not  included  in  the  procedure  best 
suited  for  dealing  with  small  perturbations.  In  practice,  the  only  example  of  this  tactic  have  been  concerned 
with  hows  in  ducts  containing  a  compact  zone  of  heating  thin  relative  to  the  acoustic  wavelength.  The  modal 
functions  are  then  formed  in  piecewise  fashion,  the  usual  wave  equation  being  solved  separately  for  the  two  regions 
characterized  by  different  uniform  temperatures  upstream  and  downstream  of  the  zone  of  heating  treated  as  a 
surface  of  discontinuity.  Then  the  functions  are  joined  with  suitable  matching  conditions. 

For  the  most  part,  therefore,  energy  transfer  between  the  acoustic  held  and  the  mean  how  within  the  volume 
of  a  combustor  is  due  to  interactions  with  the  mean  velocity,  characterized  by  the  parameter  (i.  The  analysis  is 
strictly  limited  to  perturbations  linear  in  the  Mach  number  of  the  mean  how  (see  the  footnote  in  the  preceding 
page). 


(B)  Boundary  Conditions 

The  situation  in  respect  to  processes  at  the  boundary  is  considerably  more  complicated  and  in  fact  cannot  be 
placed  in  a  hrm  basis  without  detailed  examination  of  ancillary  problems.  Only  two  possibilities  have  so  far  been 

10Recall  that  in  this  work,  nonlinear  behavior  is  measured  in  terms  of  the  amplitude  £  of  the  unsteady  motions.  It  is  intrinsic 
to  their  derivation  (Section  3)  that  the  governing  equations  are  linear  in  \i->  he.  in  the  Mach  number  of  the  mean  flow. 
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of  practical  interest:  physical  openings  in  the  boundary  of  the  combustor;  and  a  burning  surface.  Conditions  to 
be  set  on  the  acoustic  held  at  an  opening  depend  on  the  how  held  through  and  outside  the  boundary.  In  classical 
acoustics  with  no  how,  an  opening  into  an  atmosphere  held  at  constant  pressure  is  almost  perfectly  rehecting, 
with  the  fluctuating  pressure  nearly  zero  in  the  plane  of  the  opening.  A  perfectly  rehecting  rigid  wall  causes 
the  huctuating  velocity  to  vanish  there.  Thus  in  those  two  limits,  the  boundary  conditions  to  0th  order  on  the 
pressure  held  are  respectively  p'  =  0  and  n  •  Vp'  =  0. 

Subsonic  how  through  an  orihce  presents  a  boundary  condition  to  acoustic  waves  closer  to  the  case  of  no  how, 
p'  0,  than  to  a  rigid  wall.  On  the  other  hand,  if  the  inlet  how  is  choked  upstream  close11  to  the  orihce,  or  the 
outlet  how  exhausts  through  a  choked  nozzle,  the  boundary  condition  is  closer  to  the  for  a  rigid  wall,  n  •  Vj/  ~  0. 
That  is  the  case  for  propulsion  systems,  with  the  possible  exception  of  the  primary  combustion  chamber  in  a  gas 
turbine.  The  actual  boundary  conditions  are  more  complicated  but  for  linear  behavior  can  be  represented  by 
impedance  or  admittance  functions  dehned  for  steady  waves.  For  the  more  common  case  of  choked  hows,  that 
boundary  condition  is  expressed  as 

n  •  u(rs,  w)  =  As  (rs,w)p(rs,w)  =  p,as  (rs,  w) p (rs,  w)  (4-57) 

where  As  =  pas  is  the  dimensional  admittance  function  shown  here  to  be  proportional  to  the  Mach  number  of 
the  average  how.  (Tsien  1952;  Crocco  and  Cheng  1956;  Culick  1961,  1963)  Generally,  As  is  a  complex  function, 

As  =  \As\e^A  =  n\as\e^A  (4.58) 


The  representation  (4.57)  is  based  on  the  idea  that  when  exposed  to  an  oscillatory  fluctuation  of  pressure, 
a  physical  surface  responds  in  hrst  approximation  such  that  its  velocity  normal  to  itself  is  proportional  to  the 
impressed  pressure,  possibly  with  a  phase  or  time  delay.  That  idea  is  extended  in  the  present  context  to  describe 
fluctuations  of  how  at  a  hctious  surface  forming  part  of  the  boundary  enclosing  the  combustor  volume,  or  at  the 
downstream  edge  of  the  combustion  zone  at  a  burning  surface.  Thus  we  have  a  simple  and  direct  way  of  making 
explicit  the  hrst  term  in  the  dehnition  (3.57)  of  the  boundary  function  /  for  steady  waves: 

_dM!  ^  _ dw!  ^  __  <9  ,  iaktl 

p—.n  =  pa—-n  =  pa—  [n  •  u  (rs,w)  e  J 

=  ppaas  (rs,  t)  iakp  (rs,w)  eiakt  (4.59) 

=  ppa2k  (i|as|e^a)  p  (rs,w)  eiakt 

An  equivalent  form  is 

p  ^  •  n  =  ppa2k  {— Im(as )  +  i  Re(as)}p  (rs,  w)  eiakt  (4.60) 


Although  the  admittance  function  is  dehned  for  steady  waves  initially,  (4.49)  can  be  converted  to  a  form 
approximately  applicable  to  problems  having  arbitrary  dependence  on  time.  The  time  derivative  of  some  function 
p  for  steady  waves,  so  we  can  make  the  correspondence 


dp 

dt 


Hence  we  write  (4.49)  as 


_dM '  ^ 
p-^p-  •  n  =  ppa 


dp' 

ak  Im{as}  p'  +  Re{as } 


(4.61) 


This  form  of  a  boundary  condition  will  be  useful  in  later  applications. 


The  chief  point  here  is  that  for  choked  inlet  and  exhaust  hows,  the  function  /  in  the  boundary  condition 
n  •  Vp'  =  — /  is  of  order  \i.  That  is,  perturbations  from  the  condition  dehning  a  rigid  impermeable  wall  are  all 
proportional  to  the  magnitude  of  the  Mach  number  of  the  mean  how.  Corresponding  reasoning  applies  to  the 
less  important  case  of  subsonic  how  exhausting  into  surroundings  held  at  constant  pressure.12  Now  we  set  the 


11 ‘Close’  means  within  a  short  distance  relative  to  the  wavelength  of  the  dominant  oscillation. 

12 Less  important  for  practical  applications.  However  there  are  many  laboratory  devices  operating  at  close  to  atmospheric 
pressure  and  exhausting  into  the  atmosphere  for  which  the  condition  treated  here  is  appropriate. 
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boundary  condition  by  using  (3.51)  evaluated  at  the  boundary;  for  linear  steady  waves  we  have 


7 pV  •  M[ 


m{[p]i)  - 


(4.62) 


Again  we  may  dehne  an  admittance  function  to  eliminate  V  •  in  favor  of  the  local  pressure  fluctuation.  We 
leave  the  calculation  to  special  applications. 


We  conclude  that  for  linear  problems,  perturbations  of  the  classical  acoustics  problem  due  to  energy  transfer 
between  the  mean  and  unsteady  fields  are  represented  to  order  /i,  both  within  the  volume  and  at  the  boundary. 
This  result  is  of  course  consistent  with  the  order  to  which  the  differential  equations  are  valid  within  the  approx¬ 
imation  used  here  (see  a  remark  following  equation  (3.39).  For  that  reason,  we  cannot  in  any  event  carry  terms 
of  higher  order  in  (i  unless  the  governing  equations  used  here  are  re-derived. 


As  an  example  to  illustrate  some  implications  of  the  preceding  remarks,  consider  the  case  of  flow  through  a 
uniform  duct  of  length  L,  supplied  through  choked  valves  and  exhausting  through  a  choked  nozzle.  Suppose  that 
by  some  means,  for  example  by  installing  a  speaker,  oscillations  can  be  excited  and  sustained  in  the  duct.  If  there 
were  no  flow  and  rigid  plates  were  placed  at  both  ends  (z  =  0,L),  classical  ‘organ  pipe’  acoustic  modes  would  be 
found  experimentally,  having  frequencies  cujy  =  n(a/L).  The  velocity  and  pressure  distributions  for  these  steady 
axial  modes  are  proportional  to  sin  k^x  and  cos  kj^x  respectively.  Suppose  we  set,  for  example, 

p\z,  t)  =  po  cos  k^z  cosujyt  (4.63) 


where  uo^  =  akjy.  The  unperturbed  acoustic  momentum  equation, 


_du ' 
~dt 


is  satisfied  with  (4.52)  if  u'  has  only  the  axial  component, 


v!  (z,  t ) 


—  sin  k^z  sin  coj^t 
pa 


(4.64) 


The  velocity  held  has  nodes  (v!  =  0)  at  the  ends  and  the  pressure  held  has  anti-nodes,  reaching  maximum 
amplitude  po  when  t  =  0,  2ty/ujn,  47t /ujn,  •  •  • .  Now  suppose  that  average  how  is  introduced  and  that  the  cross- 
sectional  areas  available  for  the  how  upstream  and  downstream  are  small  fractions  of  the  cross-sectional  area  of 
the  duct.  Then  the  average  Mach  numbers  at  z  =  0,  L  are  small  (/i  <C  1).  Hence  the  distortions  of  the  classical 
organ  pipe  modes  are  small.  In  particular,  the  modes  of  the  velocity  held  are  slightly  displaced  by  the  same 
amounts  downstream  of  their  unperturbed  positions  at  x  =  0,  L.  Thus  the  wavelength  and  frequency  of  the 
modes  are  unchanged  and  the  unperturbed  mode  shapes  are  close  approximations  to  the  actual  shapes  with  the 
how,  as  sketched  in  Figure  4.1. 


0  L/2  L 


Figure  4.1.  Fundamental  Longitudinal  Mode,  Velocity  Mode  Shape: - Classical  (no  how); 

- Duct  with  how  choked  upstream  and  downstream 

If  the  Mach  numbers  at  the  entrance  (z  =  0)  and  at  the  exit  (z  =  L)  are  not  small,  then  the  nodes  of  the 
velocity  wave  are  displaced  by  larger  amounts,  but  the  wavelength,  and  hence  the  frequency,  suffer  only  small 
changes.  This  behavior  suggests  what  is  true  quite  generally  in  practice,  that  the  processes  in  a  combustion 
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chamber  have  relatively  small  effects  in  the  frequencies  of  the  normal  modes.  Consequently,  as  we  will  empha¬ 
size  repeatedly,  comparison  of  observed  frequencies  with  those  predicted  is  not  a  useful  basis  for  assessing  the 
correctness  of  the  theory  in  question. 

4.5.2.  Energy  Transfer  Between  Modes;  Nonlinear  Mode  Coupling.  If  the  functions  used  in  the  modal 
expansion  are  those  computed  according  to  classical  acoustics,  then  in  general  linear  coupling  between  modes 
will  appear  in  the  right-hand  sides  of  the  systems  (4.33)  and  (4.34).  When  the  mean  flow  held  is  nonuniform, 
interactions  between  the  mean  and  fluctuating  fields  will  cause  linear  mode  coupling  proportional  to  the  average 
Mach  number.  Formally  such  contributions  are  included  among  those  discussed  in  the  preceding  section,  i.e.  they 
are  of  order  (i. 

In  principle,  linear  coupling  between  modes  can  be  formally  eliminated  by  transformation  to  a  new  set  of  modal 
expansion  functions  by  diagonalizing  the  matrix  of  coefficients  (Culick  1997).  There  may  be  some  applications  for 
which  the  linear  coupling  should  be  explicitly  treated,  but  here  we  assume  that  either  linear  coupling  is  absent 
on  physical  grounds  or  has  been  eliminated  by  suitable  transformation. 

Hence  energy  transfer  between  modes  is  of  order  e1  or  higher  and  is  necessarily  nonlinear;  calculations  in  the 
next  section  show  that  we  can  write  the  system  (4.34)  schematically  in  the  form 

Vn  +  ^nVn  =  (DNrjN  +  FNpN)  +  F$L  (4.65) 

The  function  F$L  contains  all  nonlinear  processes.  According  to  its  development  in  Section  3  consists  of  a  sum 
of  groups  of  terms  of  order  e,  e2,  •  •  • ,  /re,  /re2,  •  •  • .  In  general,  F/v  cannot  be  represented  by  a  diagonal  matrix: 
Nonlinear  coupling  of  the  modes  always  exists  and,  among  other  consequences,  is  an  important  process  in  the 
evolution  of  linear  unstable  motions  into  stable  limit  cycles. 


4.5.3.  Zeroth  and  First  Order  Solutions  to  the  Oscillator  Equation.  We  defer  to  a  later  section  analysis 
including  nonlinear  energy  transfer  of  order  /re,  and  we  assume  that  the  average  temperature  is  approximately 
uniform,  so  the  last  term  of  (4.33)  is  negligible.  The  problem  comes  down  to  solving  (4.34)  for  the 

Vn  +  ^nVn  =  Fn  (4.66) 

with 


PrF ^ 

and  h  and  /  are  given  by  (3.55)  and  (3.57): 
h  =  —  p 

L 

p'  DM' 


Fn  =  —^t{  III  hfjNdV  +  (jJ)f^NdS 

s 


V  •  (M  •  VM'  +  M'  •  VM)  -  4T  (m  •  S/p'  +  yp’V  •  M) 


-  <  pS7  •  M'  •  VM' 


p  dt 


a 2  dt 

]_d_ 

a 2  dt 


(M-Vp'  +  yp'V-M) 


v  (V)  -4? 

p  \p  J  azdt 


fv-  (V)  -4? 

p  \p  )  az  ot 


(4.67) 


(4.68) 


/  =p^N-  n  +  n  [pM'  ■  VM  +  M  •  VM']  +  n  •  |pM'  •  VM'  +  p'^r)  +  PI  •  n  +  { S'}  ■  n  (4.69) 

Recall  that  the  left-hand  side  of  (4.55)  follows  upon  inserting  in  the  linear  wave  operator  the  modal  expansion 
(4.27)  for  p'; 

M 

V'  =  Pr  E  VmONiO  (4-70) 


The  iterative  procedure  is  a  way  of  expressing  the  driving  forces  F/v  in  terms  of  the  amplitudes  rjm,  so  (4.55) 
becomes  a  system  of  equations  for  the  amplitudes.  As  we  have  explained  earlier  (Section  3.3)  we  use  e  as  a 
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measure  of  the  size  of  the  pressure  disturbance  and  write  always 

p'  =  £Pi(ri,t)  (4.71) 

However,  we  must  allow  the  other  dependent  variables  vary  with  e  in  a  more  complicated  manner;  it  is  reasonable 
at  this  point  to  assume  dependence  as  a  power  series  in  e: 

M'  =  eMi  +  e2M2  +  •  •  • 

rr,_  rr  ,  2rji  , 


(4.72) 

T  =  eTi  +  ezT2  +  •  •  • 

and  so  forth.  All  components  of  the  fluctuations,  pi,  Mi,  M2,  •  •  • ,  Ti,  X2,  •  •  •  become  distorted  by  the  mean 
flow.  That  possibility  is  taken  into  account  by  writing 

p'  =£Pi  =  £  [pio  +  PP11  +  p2Pi2  H - ] 

1M  =eMi  T  e2lM2  T  •  •  •  =  £  [M10  T  p-lMn  -)-•••] 

+  [M20  +  21  +  •  •  •  ]  (4.73) 

T  =eT\  +  e2T2  +  •••  =  £  [T10  +  pTn  +  •  •  •  ] 

+  £2  P20  +  pT- 21  +  •  •  •  ] 

It  is  apparent  that  the  number  of  functions  to  be  determined  rapidly  gets  out  of  hand  as  more  terms  are  retained 
in  the  series  expansion.  However  to  the  order  we  choose  to  investigate  here,  that  difficulty  doesn’t  appear,  for 
the  following  reason.  Examine  a  typical  terms  in  h  say  the  first  in  each  of  the  brackets: 

h  =  -p  [V  •  (Mi  •  VM')  +  ■■■]-  {pV  ■  (M'  ■  VM')  +  •••}  +  ••• 

=  -ppV-  [Mi  •  V  (eMj  +  £2M!2  H - )  H - ]  -p{V-  (eMi  +  e2M'2  +  ■■■)  •  V  (eMi  +  e2M'2  +  ■■■)+■■■}  + 


Now  substitute  (4.62)  to  give 

h  =  —  ppV  •  [Mi  •  V  (sM^q  +  ep IVIii  +  •  •  •  +  £2M2q  +  £2/iM/21  +  •••)+•••]  = 
—  pV  •  {(eMio  +  cp  IVIii  +  •••)•  V  (eM'io  +  sp  M^q  +  •••)  +  •••}  +  ••• 

Multiplying  the  various  brackets  and  showing  explicitly  only  those  terms  to  be  retained,  we  find 
h  =  — pcpS/  •  [Mi  •  VM10  +  •  •  •  ]  —  pV  •  |e2lMio  •  VM10  T  •  •  •  }  T  •  •  • 

This  procedure  leads  eventually  to  the  forms  for  h  and  /  with  only  terms  of  order  pe  and  e2: 

1  Q 

h  =  —  pe  pV  •  (Mi  •  VM10  +  M10  •  VMi)  —  -y  —  (Mi  •  Vpio  +  7P10V  •  Mi) 

azot 


,  \dM'  / 
t  =p  — - —  •  n 

J  H  dt 


M10  • 

VM10  +  ■ 

1 

or 

f) 

“  52 

dt 

f  dM' 

+  P< 

£ 

[  dt 

•  n 

Pio  ^Miq 
p  dt 


vyw:  (M10  •  Vpio  +  7P10V  •  M10) 


1  /I  A  1  &P' 

-V  •  r?  -  — 

p  \p  J  az  dt 


+  pepn  •  [M10  •  VMi  +  Mi  •  VMi 


2ph  •  {M10  •  VM10}  +  pe  pF'  •  n] 
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5.  SOME  FUNDAMENTALS  OF  ACOUSTICS 

According  to  the  experiences  related  in  Section  1,  combustion  instabilities  may  be  regarded  as  unsteady 
motions  closely  approximated  as  classical  acoustical  motions  with  perturbations  due  ultimately  to  combustion 
processes.  That  view,  initially  an  emprical  conclusion,  motivated  the  general  form  of  the  analytical  framework 
constructed  in  Section  4.  Relatively  little  knowledge  of  classical  acoustics  is  required  to  understand  and  apply 
that  construction  formally. 

However,  interpretation  of  the  details  of  observed  behavior,  and  effective  use  of  the  theory  to  develop  accurate 
representations  of  actual  motions  in  combustors  require  firm  understanding  of  the  fundamentals  of  acoustics.  The 
purpose  of  this  section  is  to  provide  a  condensed  summary  of  the  basic  parts  of  the  subject  most  relevant  to  the 
main  subject  of  this  book.  We  therefore  ignore  those  processes  distinguishing  combustion  chambers  from  other 
acoustical  systems.  Except  for  brief  discussion  of  nonlinear  gas  dynamics,  we  restrict  attention  to  the  Problem  0 
defined  in  Sections  3.3.3  and  3.4. 


5.1.  The  Linearized  Equations  of  Motion;  The  Velocity  Potential.  We  will  be  concerned  here  with 
unsteady  motions  in  a  pure  non-reacting  gas  at  rest.  The  governing  equations  are  3.40  for  Problem  O,  Classical 
Acoustics,  leading  to  the  corresponding  wave  equation  and  its  boundary  condition,  equations  3.52  with  ho  and 
fo  given  by  3.55  for  constant  average  density  p  and  written  with  dimensional  variables: 


vy 


i  ay  ,  i  &y 

a 2  dt2  a 2  dt 

^  ,  chi'  ,  ^ 

n  •  Vp  =  — p— —  •  n  —  5F  n 


(5.1)  a,b 


In  the  absence  of  condensed  material,  the  definitions  (A.  18)  and  (A. 20)  of  the  unperturbed  functions  T  and  fP 
are: 


5F  =  V  •  rv  +  me  —  uwe  (5.2) 

?  =  T  [T  •  V  •  u  —  V  •  q  —  Qej  +  RTwe  (5.3) 

where 


rv  :  viscous  stress  tensor  (force/area) 
q  :  rate  of  conductive  heat  transfer  (energy/area-s) 
me  :  rate  of  momentum  addition  by  external  sources  (mass- velocity/ volume-s) 
we  :  rate  of  mass  addition  by  external  sources  (mass/ volume-s) 

Qe  :  rate  of  energy  addition  by  external  sources  (energy/ volume-s) 


Thus  the  function  fF  contains  all  processes  causing  changes  of  momentum  of  the  gas,  except  for  that  due  to 
internal  pressure  differences;  and  IP  represents  all  sources  of  energy  addition.  The  linearized  forms  of  the  source 
terms  will  be  constructed  as  required  for  specific  problems.  For  most  of  this  section  we  will  treat  only  problems 
for  which  ho  and  fo  vanish,  giving  the  simplest  equations  for  classical  acoustics, 

2  J_ay 

^  a 2  dt2  (5.4)  a,b 

h  •  V//  =  0 


With  no  sources  in  the  volume  or  on  the  boundary,  motions  exist  only  for  initial  value  problems  in  which  the 
pressure  and  its  time  derivative  are  specified  at  some  initial  time,  to. 


In  this  case,  the  wave  equation  is  used  to  describe  freely  propagating  waves  following  an  initial  disturbance  or, 
when  the  boundary  condition  (5.13)b  is  enforced,  the  normal  modes  for  a  volume  enclosed  by  a  rigid  boundary. 
The  condition  n  •  Vp'  =  0  means  that  the  velocity  normal  to  the  boundary  is  zero,  because  the  acoustic  velocity 
is  computed  from  the  acoustic  momentum  (3.40)b  written  in  dimensional  form  with  5F  =  0: 


P 


dix' 

~dt 


-Vp' 


(5.5) 
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n  •  V//  =  p 


dll' 

~dt 


from  which 


Hence  h  u;  =  0  always 


^(fi-u')  =  --fi-v/  =  o 

dt  p 


(5.6) 


We  have  just  derived  the  equations  for  classical  acoustics  by  specializing  the  general  equations  of  unsteady 
motion.  It  is  also  useful  to  arrive  at  the  same  conclusion  in  a  slightly  different  way,  beginning  with  the  equations 
for  inviscid  motion  in  a  homogeneous  medium: 


Conservation  of  Mass  : 
Conservation  of  Momentum  : 

Conservation  of  Energy  : 
Equation  of  State  : 


dp 

dt 


du 

7 ~dt 


d 

7 dt 


pu  •  V  e 


1 


+  V  •  (pu)  =  0 

(5.7) 

•  Vu  +  Vp  =  0 

(5.8) 

+  V  •  (pu)  =  0 

(5.9) 

p  =  pRT 

(5.10) 

Remove  the  kinetic  energy  from  the  energy  equation  by  subtracting  u-  (momentum  equation)  to  give 

De  _ 

P15i  +PV'U  =  0 


(5.11) 


where  =  u',Jf  1  +  u  •  V(  ).  Because  all  irreversible  processes  have  been  ignored  the  entropy  of  a  fluid  element 


d_  d( _ ) 

Dt  dt 

remains  constant,  =  0,  a  result  that  follows  directly  by  substituting  the  mass  and  energy  equations  in  the 
thermodynamic  definition  of  the  entropy  of  an  element: 


Ds  De  p  Dp  ^  p  ,  ^  . 

p——  =  p— - —  =  —  pV  •  u  +  -  pV  •  u)  =  0 

H  Dt  H  Dt  p  Dt  F  p  J 

Taking  the  density  to  be  a  function  of  pressure  and  entropy,  we  can  write  for  an  isentropic  process 


dp 


=l&\ 


dp 


dp 


ds  +  —  dp  =  — —  dp  =  — Tdp 


dp 


dp 


1 


(5.12) 


(5.13) 


where 


a 


2 


(5.14) 


will  turn  out  to  be  the  speed  of  propagation  of  small  disturbances,  the  ’speed  of  sound’.  With  this  definition,  we 
can  rewrite  the  continuity  equation  (5.7)  for  the  pressure: 


—  +  pa2V  u  +  u  Vp  =  0  (5.15) 

This  result  is  quite  general:  in  particular,  its  derivation  did  not  involve  using  the  special  characteristics  of  a 
perfect  gas. 


Alternatively,  we  may  derive  this  equation  for  the  special  case  of  a  perfect  gas  for  which  de  =  Cv(T)dT  and 
the  equation  of  state  is  (5.10).  Add  T  times  (5.7)  to  Cif1  times  (5.11)  with  de  =  CvdT ;  then  use  (5.10)  to  find 

(l  + -MjpV -u  +  u-Vp  =  0  (5.16) 

But  R  =  Cp  —  Cv ,  so  R/Cv  =y  —  l  for  a  perfect  gas.  Comparison  of  (5.14)  and  (5.15)  gives  the  formula  for  the 
speed  of  sound  in  a  perfect  gas: 

=  VtRT  (5.17) 
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For  an  isentropic  process  of  a  perfect  gas,  equation  (5.13)  can  be  integrated, 

dp  =  a2  dp  =  —dp 


which  gives 


where  po,  Po  are  constant  reference  values. 


P  =  P  o 


We  may  now  eliminate  the  density  from  the  momentum  equation  (5.8)  to  find 

^  +  u-Vu+F  (eV  '  Vp  =  0  (5.19) 

dt  po  \  p  ) 

Finally,  we  obtain  the  wave  equation  for  the  pressure  by  differentiating  (5.16)  with  respect  to  time  and  substituting 
(5.19)  and  a 2  =  yp/p: 


d2p  2Pn  [  W 

w  %0  [{v/po)1^ 


dv  d 

ypS7  ■  (u  •  Vu)  -  7— V  •  u  -  —  (u  •  Vp) 


The  boundary  condition  is  defined  by  taking  the  component  of  (5.19)  normal  to  the  boundary: 


n  •  Vp  =  —  —  po  n  •  —  +  n  •  V  (u  •  Vu) 


Equation  (5.20)  and  its  boundary  condition  are  easily  linearized  by  assuming  that  the  gas  is  at  rest  and  that 
the  fluctuations  are  all  of  the  same  order.  To  second  order  in  the  fluctuations  we  find 

S  -  oJvV  =  (p„V  ■(«'■  Vu')  -  7^V  ■  u'  -•!(«'  ■  vpf)  I 


=  &  +  &  <u'  W)}  <523) 
Equations  (5.4)  a,b  are  recovered  when  the  second  order  terms  are  neglected. 

5.1.1.  The  Velocity  Potential.  It  is  often  convenient  to  introduce  scalar  and  vector  potentials  $  and  A  from 
which  the  velocity  is  found  by  differentiation: 

u=-VHVxA  (5.24) 

With  this  representation,  the  dilation  and  curl  (rotation)  of  the  velocity  held  are  separated: 

V  •  u'  =  -V2$  ;  Vxu'  =  VxVxA  (5.24) 

In  general,  both  potentials  are  required  if  the  mean  velocity  is  non-zero  or  sources  are  present  in  the  how.  The 
boundary  conditions  may  also  induce  non-zero  rotational  how.  Here  only  the  scalar  potential  is  required  for  small 
amplitude  motions  because  in  that  limit,  the  classical  acoustic  momentum  is  (5.5);  taking  the  curl  with  uniform 
average  density  gives 

p £  (V  x  u')  =  -V  x  (VpO  =  0 

Hence  if  V  x  u'  =  0  initially,  it  remains  so  and  we  can  take  A  =  0. 


The  acoustic  equations  for  momentum,  3.40  and  3.40  in  dimensional  variables  are 

duf  1  . 

~dt  +  =  0 

§)  +  ■  u'  =  0 


(5.25)  a,b 
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Differentiate  the  first  with  respect  to  time  and  insert  the  second  to  give  the  wave  equation  for  the  velocity 
fluctuation, 

-  a2V2u  =  0  (5.26) 


Now  substitute  u'  =  — V<I>  to  give 


v  [wr-“2v2$l  =0 

Otz 


which  is  satisfied  if  the  terms  in  brackets  are  a  function  of  time  only,  so 

D?  -  «2V2$  =  f(t)  (5-27) 

The  right-hand  side  represents  a  source  held  for  the  potential,  uniform  over  all  space.  We  may  absorb  f(t)  by 
defining  a  new  potential  4>i  =  +  Jf  dt'  Jf  f(t\)dt\  and  relabel  4>i  — >•  <I>  to  find13  the  wave  equation  for  4>: 

^-a2V2$  =  0  (5.28) 

When  the  velocity  potential  is  used,  the  acoustic  velocity  is  calculated  with  (5.24)  and  A  =  0 

u'  =  -V<f>  (5.29) 

The  acoustic  pressure  is  found  by  setting  u'  =  —  V4>  in  the  momentum  equation  (5.25)  a,b,  giving 

vHHT° 

This  solution  is  satisfied  if  the  terms  in  parentheses  are  a  function  of  t  only,  g(t),  so 


As  above,  we  may  define  a  new  potential  4>(t)  +  f  g(t')dt'  =  &i(t)  and  hence  absorb  g(t)  so  we  may  redehne 
4>i  — >•  and 

p'  =  P~a7  (5-31) 


The  conditions  under  which  the  acoustic  held  can  be  completely  described  by  a  velocity  potential  alone  are 
precise  and,  so  far  as  problems  involving  combustion  are  concerned,  very  restrictive.  Any  analysis  or  theory  based 
on  the  velocity  potential  alone  must  also  include  demonstration  that  the  vector  potential  can  be  ignored,  i.e.  set 
equal  to  a  constant  or  zero.  In  general,  the  presence  of  a  non-uniform  mean  how  held  and  various  kinds  of  sources 
in  the  problems  we  are  concerned  with  in  this  work,  require  that  the  velocity  held  be  derived  from  both  scalar 
and  vector  potentials.  Use  of  the  unsteady  pressure  as  the  primary  how  variable  provides  a  simpler  approach  for 
many  purposes,  but,  as  we  will  hnd  later,  apparently  possesses  unavoidable  fundamental  limitations. 


5.2.  Energy  and  Intensity  Associated  with  Acoustic  Waves.  In  this  section  we  establish  dehnitions 
of  energy  density  and  the  intensity — i.e.  the  how  of  energy — for  classical  acoustic  waves.  The  dehnitions  are  only 
approximate  under  the  more  complicated  conditions  existing  in  a  combustor  but  the  general  ideas  remain. 

Following  Landau  and  Lifschitz  (1959)  we  return  to  the  basic  energy  equation  (5.9)  for  inviscid  how.  The 
idea  is  to  establish  a  connection  between  the  rate  of  change  of  something  (the  energy)  within  a  volume  and  the 
how  of  something  (the  intensity)  through  the  closed  boundary  of  that  volume.  Integrate  the  energy  equation  over 
a  volume  hxed  in  space;  and  apply  Gauss’  theorem  to  the  terms  on  the  right-hand  side: 

t/  p  (e + t)  dV = -  j  v  ’  pu  (e + y)  dV  -  j  v '  ^  dv 
=  -  if  (e + ir)  pu'dS~  ■ dS 

13 Alternatively,  one  can  reason  that  when  the  velocity  is  found  by  taking  the  gradient  of  4>  +  ///,  the  term  in  /  contributes 
nothing  and  hence  can  be  simply  dropped.  The  desired  solution  is  unaffected  by  setting  f  =  0. 
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This  relation  must  be  written  to  second  order  in  the  isentropic  fluctuations;  for  example, 


_  / 

9  .1 

1  '2 

d2(pe) 

pe  =  pe  +  p 

dp 2 

pe 


=  pe  +  p'k  + 


1  p- 


Eventually  the  result  is 


where 


d_ 

dt 


2  pa 2 

£.dV  =  -  (Jj)£,u  •  dS  -  (fttp'u'  ■  dS 

1  P  2 


£  = 


2  pa2 


-pu2 


(5.32) 

(5.33) 


is  the  acoustic  energy  per  unit  volume  and  p'u'  is  the  intensity,  the  flux  of  acoustic  energy  through  an  area 
normal  to  the  direction  of  propagation  (energy/area-S). 

The  first  term  on  the  right-hand  side  of  (5.32)  is  third  order  in  the  fluctuations  and  must  be  dropped.  Hence 
we  have  the  important  result  interpreted  in  Figure  5.1. 

§  +  v.(PV)  =  o 


Figure  5.1.  Acoustic  Energy  and  Intensity 


Table  5.1  summarizes  the  basic  properties  of  plane  sinusoidal  waves.  Brackets  (  )  denote  time  averages  over 

some  interval  r 

ft  +  T 

(5.34) 


l  r+T 

(())  =  -/  (  )dt 

T  Jt 


5.3.  The  Growth  or  Decay  Constant.  In  practice,  due  to  natural  dissipative  processes,  freely  propagating 
waves  and  oscillations  in  a  chamber  will  decay  in  space  and  time  if  there  is  no  external  source  or  energy.  If  there 
is  an  internal  source  of  energy,  waves  may  be  unstable,  having  amplitudes  increasing  in  time.  The  basic  measure 
of  the  growth  or  decay  of  waves  is  the  constant  appearing  in  the  exponent  describing  the  sinusoidal  spatial  and 
temporal  dependence  of  small  amplitude  waves,  the  definitions  (5.62).  For  ‘standing’  or  ‘stationary’  waves  in  a 
chamber,  the  wavelength,  and  hence  wavenumber,  is  real  and  constant,  but  the  frequency  is  complex: 

uj  — >•  uj  +  ia  (5.35) 

and  the  variables  of  the  motion  have  the  behavior  in  time 

e-i(U+ia)t  =  e-<wteat  (5.36) 

For  this  definition  (5.34),  a  <  0  means  that  the  waves  decay. 


Normally  in  practice,  |^|  <C  1,  implying  that  the  fractional  change  of  amplitude  is  small  in  one  cycle  of 
the  oscillation.  Thus  when  time  averaging  is  carried  out  over  one  or  a  few  cycles,  eat  may  be  taken  as  roughly 
constant,  and  the  average  energy  density  computed  with  (5.32)  and  (5.33),  is 

A 


<£>  = 


02 at  - 


l  pa2 


(5.37) 
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Table  5.1. 

Results  for  Rightward  and  Leftward  Traveling  Sinusoidal  Waves 


Wave  to  Right 


Wave  to  Left 

—  A  p-i{ujt+kx ) 


4 

=  p+e 

i(out  —  kx) 

p'- 

=  p_e~i[ 

u+ 

—  P+e~ 

i(out  —  kx) 

u'_ 

=  U-e~l 

P+ 

_  p- 

U+ 

PoCLq 

ZI¬ 

P0CL0 

'  2 

'  2 

_ P  + 

P' 

P- 

POCLO 

'  2 

C  — 

POCLO 

4 

=  P'+u'+ 

=  P+ 
poao 

/_ 

=  //_  u'_  - 

((  )>  =  H 


(: p +2>  =  hv\ 


)dtf 

(p-)  =  y2- 


<*+>  =  2^ 


<*->  = 


More  generally:  p'  =  •  uf  — 

4)  =  i  +  Pol*!2]  =  ibV*  +  /W  •  u'*) 

(0  =  \\P\ |u|  cos{ip  —  ip)  =  \{p*W  +  p'u*) 
where  (  )*  denotes  complex  conjugate. 

Hence  we  have  the  important  interpretations  which  serve  as  the  basis  for  measuring  values  of  a: 

a  =  1  d\p\ 

\P\  dt  (t.  ofiN  , 

i  ,m  (5-38)  a’b 

“  2(£)  dt 

The  sign  of  a  is  a  matter  of  definition  and  has  no  fundamental  significance.  If  the  time  dependence  is  taken  to 
be  el(UJ+ia)t  then  a  <  0  means  that  waves  are  amplified. 

The  formulas  (5.39)  define  local  values  of  the  growth  constant.  It  is  often  more  meaningful  to  know  the  value 
for  the  entire  volume  of  the  system  in  question,  found  by  using  f  (£)dV  rather  than  (£): 

°=mwil{Si)iV  <5-39) 


5.4.  Boundary  Conditions:  Reflections  from  a  Surface.  In  the  absence  of  other  sources,  the  linearized 
boundary  condition  on  the  pressure  at  a  surface  is  the  first  term  of  (5.1  b),  here  in  dimensional  form: 

dw! 

n  •  Vy  =  -/5—  •  n  (5.40) 

at 


4-60 


The  acoustic  surface  impedance  is  defined  by 


,  .  1  , 

U  II  =  — p 

z„. 


and  the  acoustic  surface  admittance  ya  is  the  reciprocal  of  the  admittance: 

1 

Va  =  — 

za 

Then  for  harmonic  motions,  p'  =  pe~lujt ,  we  can  rewrite  (5.40)  as 

„  _  ,  poo  .  _  . 

n  •  yp  =  —i — p  =  —i()(jjyap 


(5.41) 


(5.42) 


(5.43) 


The  units  of  impedance  are  (pressure/ velocity)  =  (density  x  velocity).  Hence  for  the  medium,  the  product  pa  is 
called  the  characteristic  impedance,  having  value  42  g/cm2-s.  at  standard  conditions.  Dimensionless  forms  are 
defined  as: 


acoustic  impedance  ratio:  Ca  =  vv 

pa 

acoustic  admittance  ratio:  rja  =  ~r 

S  a 

In  general,  impedance  functions  are  complex;  the  real  and  imaginary  parts  are  called: 

Re(za)  :  acoustic  resistance 
Imn(za)  :  acoustic  reactance 

From  (5.41)  and  (5.42),  the  surface  admittance  is 


(5.44) 


(5.45) 


u  •  n 


Va  = 


p, 


and  the  dimensionless  surface  admittance  ratio  is 


pa2  M'  n  M' 

Va  =  paya  =  — - 77—  =  l~rr 

p  p'/p  p'/p 

where  ML  is  the  fluctuation  of  the  Mach  number  normal  to  the  surface. 


(5.46) 


If  the  surface  is  impermeable,  the  velocity  at  the  surface  is  the  velocity  of  the  surface  itself.  However,  if 
the  surface  is  permeable,  or,  as  for  a  burning  propellant,  mass  departs  the  surface,  then  the  impedance  and 
admittance  functions  are  defined  in  terms  of  the  local  velocity  fluctuations  presented14  to  the  acoustic  field,  no 
matter  what  their  origin. 


Quite  generally  then,  the  admittance  function  represents  the  physical  response  of  processes  at  the  surface. 
It  is  of  course  an  assumption  that  in  response  to  an  impressed  pressure  fluctuation,  the  fluctuation  of  velocity 
normal  to  the  surface  is  proportional  to  the  pressure  change.  Alternative  definitions  of  quantities  representing 
the  acoustic  boundary  condition  at  a  surface  will  arise  when  we  consider  special  situations. 


5.4.1.  Reflections  of  Plane  Waves  at  a  Surface.  Confinement  of  waves  in  a  chamber  to  form  modes  necessarily 
involves  reflections  at  the  boundary  surfaces.  In  solid  propellant  rockets  the  processes  causing  reflection  are 
complicated,  being  responsible  not  only  for  confining  the  waves  but  also  are  the  dominant  means  for  transferring 
energy  to  the  oscillating  field  in  the  chamber.  Even  at  inert  surfaces,  more  than  the  simple  process  of  reflection 
is  involved.  Viscous  stresses  and  heat  conduction  in  the  region  adjacent  to  a  surface  cause  dissipation  of  energy, 
discussed  in  Section  5.6. 


Here  we  assume  that  all  activity  at  the  surface  can  be  represented  by  a  complex  impedance  or  admittance 
function.  The  calculation  follows  that  discussed  by  Morse  and  Ingard  (1968).  We  consider  reflection  of  a  planar 
wave,  Figure  5.2,  allowing  for  the  possibility  of  unequal  angles  of  incidence  and  reflection,  and  for  simplicity  we 


14For  burning  propellants,  care  must  be  taken  with  definition  of  the  surface  at  which  the  boundary  condition  is  imposed.  Usually 
the  velocity  at  the  ‘edge’  of  the  combustion  zone  in  the  gas  phase  is  the  most  convenient  choice.  Thus  the  admittance  presented  to 
the  acoustic  field  is  not  that  at  the  burning  surface  itself. 
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assume  that  there  is  no  transmitted  wave.  The  incident  wave  travels  in  the  direction  defined  by  the  unit  vector 
and  the  wavenumber  vector  is 

k  =  —  k  (5.47) 

A 

We  can  represent  the  acoustic  pressure  and  velocity  in  this  plane  wave  by 


Figure  5.2.  Reflection  of  a  Plane  Wave.  Plane  waves  propagating  in  direction  k  =  ^k 


p'(W)  =  -r  -oJt) 

,,  x  K  .  (5-48)  a’b 

u  (r ;t)  =  — ^  (ki  -r  -  ut) 


Similar  formulas  hold  for  the  reflected  wave  with  k^  replaced  by  kr  lying  in  the  direction  defined  by  the  unit 


vector  kr.  The  representations  are  therefore: 

Incident  Wave 

Reflected  Wave 

p'i 

=  Mi(&) 

p'r 

=  gr(jir) 

u' 

II 

jo 

Trv 

ll) 

=  ^r]m9r(^r) 

6; 

=  k?  ■  r  —  uot 

=  kr  •  r  —  uot 

=  k{x  sin  0i  —  y  cos  6^) 

—  uot 

=  k(x  sin(9r  —  ycos6r) 

Because  the  frequency  is  the  same  for  the  incident  and  reflected  waves,  so  are  the  magnitudes  of  the  wavenum¬ 
bers: 

|kj|  =  ^  =  |kr|  (5.49) 

Reflection  is  assumed  to  occur  at  y  =  0.  By  definition  of  za,  the  surface  impedance,  with  the  normal  velocity 
outward  from  the  surface  equal  to  uy  =  u  •  j  =  — u  •  n  where  n  is  the  unit  outward  normal  vector: 


gi(kx  sin  6i  —  uot)  +  gr{kx  sin  6r  —  uot) 
cos  0i gi ( kx  sin  6^  —  uot)  —  cos  0rgr ( kx  sin  9r  —  uot) 


In  general  is  variable  along  the  surface.  Suppose  that  in  fact  is  constant,  independent  of  x.  That  can  be 
true  if 


0i  =  0r  =  6 

gr(0  =  Pgi(0 


(5.51) 
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Then  (5.50)  becomes 


cos  6  =  pa 


it  [3 


and  the  complex  reflection  coefficient  [3  is  related  to  the  surface  impedance  by 


(5.52) 


,3  =  (5.53) 

za  cos  0  T  pa 

This  result  is  special  because  no  transmitted  wave  has  been  accounted  for.  For  example,  if  za  =  pa — perfect 
impedance  matching  exists  at  the  interface — (5.52)  gives  (3  =  0  when  6  =  0,  so  there  is  no  reflected  wave.  That  is 
true  in  one  sense  because  in  physical  terms  za  =  pa  means  that  the  same  gas  exists  in  both  sides  of  the  interface. 
Thus  we  are  simply  describing  wave  propagation  in  a  continuous  medium.  On  the  other  hand,  the  physical  picture 
treated  here  accommodates  no  transmitted  wave,  which  means  that  when  there  is  no  reflection,  processes  must 
exist  at  the  interface  providing  perfect  absorption. 


Now  suppose  6  0  but  =  pa.  Then  (5.52)  gives  (3  non-zero,  i.e.  partial  absorption  and  some  of  the 

incident  wave  is  reflected. 


5.5.  Wave  Propagation  in  Tubes;  Normal  Modes.  The  simplest  form  of  combustor  is  a  straight  tube, 
having  generally  non-uniform  cross-section  and  not  necessarily  axisymmetric.  Although  the  changes  of  cross- 
section  may  be  abrupt — even  discontinuous — experience  has  shown  that  good  results  may  be  obtained  by  assuming 
that  the  velocity  fluctuations  are  uniform  at  every  section  and  parallel  to  the  axis:  the  flow  is  treated  as  one¬ 
dimensional.  The  governing  equations  are  given  in  Appendix  B,  equations  (B.2)  (B.4)  with  no  sources: 


Conservation  of  Mass  : 
Conservation  of  Momentum  : 
Conservation  of  Energy  : 


d£_ 

dt 


+ 1 j(p«'so 

_du'  dp' 


PC , 


dT' 

dt 


dt  dx 

-  1  d  , 


0 

0 

0 


The  wave  equation  for  the  pressure  is: 


Sc  dx  \  c  dx  } 


1  ay 

a 2  dt 2 


=  0 


(5.54) 

(5.55) 

(5.56) 


(5.57) 


5.5.1.  Waves  in  Tubes. 


(a)  Normal  Modes  for  a  Tube  Closed  at  Both  Ends 

Results  for  a  tube  closed  at  both  ends  not  only  contain  many  ideas  basic  to  general  oscillations  in  chambers, 
but  also  are  widely  useful  for  practical  applications.  For  a  tube  closed  by  rigid  walls,  the  boundary  conditions 
at  the  ends  are  that  the  velocity  must  vanish.  The  momentum  equation  (5.54)  then  states  that  acceleration  and 
therefore  the  pressure  gradient  must  vanish  at  the  ends  for  all  time: 

=  0  x  =  0,  L;  allt  (5.58) 

dx 

General  linear  motions  within  the  tube  can  be  constructed  as  superpositions  of  normal  modes  defined  in 
general  by  two  properties: 

(i)  sinusoidal  variations  in  time 

(ii)  the  motion  at  any  point  bears  always  a  fixed  phase  relation  with  that  at  any  other  point  in 
the  volume 
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Those  conditions  imply  here  that  the  pressure  can  be  expressed  as 

p'(x]t)  =  p(x)e~iakt  (5.59) 

where  k  is  the  complex  wavenumber,  related  in  general  to  the  complex  frequency  by  the  formula 

ak  =  uo  +  ia  (5.60) 

Because  there  are  no  dissipative  processes  in  this  problem,  a  =  0  so  the  wavenumber  is  real.  Substitution  of 
(5.59)  in  (5.57)  with  S  independent  of  x  gives 

^  +  k2P  =  0  (5.61) 

A  solution  to  (5.61)  satisfying  (5.58)  at  x  =  0  is  p  =  Acoskx.  To  satisfy  the  condition  at  x  =  L,  cos  kL  =  0. 
Then  k  can  assume  only  certain  values  kp  called  characteristic  or  eigen  values:15 

h=l\  (1  =  0,1,2,---)  (5.62) 

Corresponding  to  each  ki  is  a  characteristic  function ,  or  eigenfunction , 

=  Ai  cos (kix)  (5.63) 

Po 


For  the  problems  we  treat  in  this  book,  the  motions  represented  by  the  kp  pp  and  ui  are  usually  called  normal 
modes ,  aki  =  ui  being  the  normal  or  modal  frequency ,  and  pp  ui  are  the  mode  shapes  of  pressure  and  velocity. 
All  of  these  terms  are  used  for  two-  and  three-dimensional  motions  as  well. 


A  normal  mode  is  characterized  by  its  frequency  and  the  spatial  distributions,  or  ‘shapes’  of  all  dependent 
variables.  The  mode  shape  for  the  velocity  is  derived  from  the  mode  shape  (5.63)  by  integrating  the  acoustic 
momentum  equation  (5.55)  written  for  up. 


Thus 


—iakiui 


l  dpi  h_ 

-  —  =  —  P1A1  sin  kix 
p  dx  p 


ui  =  irrrAi  sin  kix 
pa 

or,  written  as  the  Mach  number  of  the  mode, 


Mi  =  i—Ai  sin  kix 
7 


(5.64) 


(5.65) 


(b)  Normal  Modes  for  a  Tube  Open  at  Both  Ends 


In  this  case,  the  pressure  is  assumed  fixed  at  the  ends,  for  example  because  the  tube  is  immersed  in  a  large 
reservoir  having  constant  pressure,  and  pf  =  0.  For  isentropic  motions,  4  =  1^-  so  p'  =  -f^p'  and  the  continuity 
equation  (5.54)  is 


dp'  a 2  du! 
dt  p  dx 


(5.66) 


Hence  if  pr  is  fixed,  the  velocity  gradient  must  vanish  at  the  ends.  Set  pr  =  Ae  iakt  sin  kx  and  substitute  in  (5.66) 


i-kAe~iakt  sin  kx  = 
P 


a 2  du' 
p  dx 


15 Only  for  l  >  1  do  we  find  wave  modes.  For  l  =  0,  a  qualitatively  different  mode  exists  for  which  the  pressure  is  uniform  in  the 
volume  but  pulsates  at  a  frequency  well  below  that  for  the  fundamental  wave  mode.  The  velocity  is  practically  zero  and  the  oscillator 
is  sustained  by  some  sort  of  external  action.  A  prosaic  example  is  the  low  frequency  sound  one  can  create  by  blowing  across  the 
narrow  opening  at  the  neck  of  a  bottle.  In  this  case  the  mode  is  called  the  Helmholtz  mode  and  the  bottle  is  behaving  as  a  Helmholtz 
resonator. 
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The  left-hand  side  vanishes  (and  hence  du'/dx  =  0)  at  x  =  0  for  any  /c,  but  at  x  =  L,  we  must  have  sin  kiL  =  0. 
Hence  hi  =  (21  +  l)f;  and  the  normal  mode  shape  and  frequency  are 

^r  =  Aisin(kix)  ;  k  =  ly  (l  =  1,2,  •••)  (5.67) 

P  L 

and  the  mode  shape  for  the  velocity  is 

ui  1 

—  =  Mi  =  i— Ai  cos  kix  (5.68) 

a  7 

(c)  Normal  Modes  for  a  Tube  Closed  at  One  End  and  Open  at  the  Other 

Reasoning  similar  to  the  above  leads  in  this  case  to  the  normal  modes  when  the  tube  is  closed  at  x  =  0: 

^  =  At  cos(k,x)  ;  (fc;  =  (2Z  +  l)^r)  (/  =  1,2,---) 

Ul  .1  ,  .  /7  X 

—  =  —i—Ai  sin  kix) 
a  7 


5.5.2.  Normal  Modes  for  Tubes  Having  Discontinuities  of  Cross-Sectional  Area.  Combustors  having  discontin¬ 
uous  area  distributions  are  commonly  used  in  solid  propellant  rockets  and  in  various  laboratory  devices.  Consider 
the  example  sketched  in  Figure  5.3.  The  boundary  conditions  at  the  ends  are: 


x  =  0  : 
x  =  [3L  : 


p  =  0 


(5.69)  a,b 


_ 

Si 

Sa 
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Figure  5.3.  A  Uniform  Tube  Having  a  Single  Discontinuity. 

Possible  solutions  in  the  regions  to  the  left  and  right  of  the  discontinuity  are: 

-  =  A  cos  kx 
P 

-  =  B  sin  k(f3L  —  x) 

P 

Note  that  k  =  u/a  is  the  same  throughout  the  tube 
frequency. 

Completing  the  problem  comes  down  to  determining  the  conditions  for  matching  the  solutions.  Two  are 
required: 

(i)  continuity  of  pressure: 

lim  [p(L  —  e)  —  p(L  +  s)}  =  0 


(0  <  x  <  L) 
(L  <  x  <  f3L) 


(5.70)  a,b 


because  the  motion  occurs  everywhere  at  the  same 


which  gives 


A  cos  kL  =  B  sin (f3  —  T)kL 


(5.71) 
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(ii)  continuity  of  acoustic  mass  flow: 

Integrate  the  wave  equation  (for  harmonic  motions)  across  the  discontinuity, 


d_  dp 
dxy  c  dx 


k2Scp 


dx  =  0 


Because  p  is  continuous,  this  relation  becomes 


lim 
£ — ^0 


=  0 


Thus,  with  p  constant  and  ^  u: 


ipScu) L+e  -  (PScU) L_e  (5.72) 

After  substituting  the  waveforms  (5.70)  a,b,  and  using  (5.71)  we  find  the  transcendental  equation  for  the 
modal  wavenumbers: 


Si 

s2 


tan  kiL  =  cot  ki  (f3  —  1  )L 


(5.73) 


This  method  of  solving  a  problem  with  discontinuities  is  only  approximate:  a  practical  question  is:  how 
large  are  the  errors?  To  gain  some  idea  of  the  errors  incurred,  tests  at  ambient  temperature  (Told  flow  tests’) 
were  carried  out  by  Mathis,  Derr  and  Culick  (1973)  for  the  geometry  of  a  T-burner  used  for  measuring  the 
combustion  response  of  burning  solid  propellants.  Results  are  shown  in  Figure  5.4.  The  measured  values  of 
both  the  frequencies  and  the  mode  shapes  are  surprisingly  well-predicted  by  this  theory.  The  principal  reason 
is  that  the  influence  of  a  discontinuity  is  confined  to  a  relatively  small  region  near  the  change  of  area,  but  the 
characteristics  of  the  normal  modes  depend  on  the  motion  in  the  entire  volume. 


Figure  5.4.  Comparison  of  Experimental  and  Theoretical  Results  for  Normal  Frequencies  in  a 
T-Burner  (Ambient  Temperature) 


5.6.  Normal  Acoustic  Modes  and  Frequencies  for  a  Chamber.  We  now  consider  a  volume  of  any 
shape  enclosed  by  a  rigid  boundary  and  containing  a  uniform  gas  at  rest.  Unsteady  small  amplitude  motions 
therefore  satisfy  the  linear  wave  equation  (5.4)  a,b  and  its  boundary  condition  ((5.4)  a,b)b  requiring  that  the 
velocity  normal  to  the  boundary  vanish  at  all  times.  By  this  definition  given  in  Section  5.5.1,  normal  modes 
are  solutions  to  this  problem  which  oscillate  sinusoidally  in  time  and  have  fixed  phase  relations  throughout  the 
volume.  We  assume  the  form16  p'  =  ^e~iakt .  The  formal  problem  is  to  find  ^  satisfying  the  scalar  wave  equation, 
also  called  the  Helmholtz  wave  equation,  with  vanishing  normal  gradient  at  the  surface: 


V2,0  +  k 2ip  =  0 

h  •  =  0 


(5.74)  a,b 


16Consistent  with  the  general  character  of  this  problem,  we  replace  p  by  t/>,  introducing  a  common  notation  for  normal  modes. 
The  velocity  potential  <f>  satisfies  the  same  pair  of  equations,  a  result  reflected  by  equation  (5.31)  which  for  sinusoidal  motions  means 
that  p'  and  <f>  are  proportional:  p'  =  iakp&. 
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There  are  many  well- written  books  covering  this  problem  and  its  solution,  for  example  Hildebrand  (1952), 
Morse  and  Feshbach  (1952),  and  Morse  and  Ingard  (1968).  The  simplest  approach  is  based  on  the  method  of 
separation  of  variables,  applicable  for  closed  form  solutions  in  thirteen  coordinate  systems;  see,  e.g.,  Morse  and 
Feshbach  (1952).  In  practical  applications  to  combustors,  only  rectangular  and  circular  cylindrical  chambers  are 
important. 


+  TOT  +  k  =  0 


5.6.1.  Normal  Modes  for  Rectangular  Chambers.  The  wave  equation  in  Cartesian  coordinates  is 

d2fj  d2fj  d2fj 

dx 2  dy 2  dz 2 

and  n  •  must  vanish  on  the  six  flat  surfaces  each  perpendicular  to  a  coordinated  axis,  Figure  5.5.  Applying 
the  method  of  separation  of  variables  leads  to  a  solution  having  the  form 

fj  =  Acos(kxx)  cos (kyy)  cos (kzz)  (5.75) 

and 


k  —  kx  T  ky  T  kz 


(5.76) 


Figure  5.5.  Rectangular  Chamber 


The  boundary  conditions  must  be  satisfied: 

s- 

ox 

ir  =  ° 

dy 

^  =  0 
oz 


x  =  0,  L 


y  2  ’  2 

b  b 

Z~~2'2 


(5.77)  a,b,c 


Reasoning  similar  to  that  given  in  Section  5.5.1  leads  to  the  values  of  the  wavenumbers 

kx  =  l- 
L 

i  71 

ky  =  m  — 
b 

kz  =  n- 


(5.78)  a,b,c 
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and  the  mode  shapes  are 


Tplmn  =  Amu  COS  (^)  COSm“  {v  +  |)  COSn^  (2  + 


(5.79) 


The  distributions  of  pressure  therefore  have  the  same  form  in  all  directions;  of  course  the  components  (5.78)  a,b,c 
can  assume  any  of  the  allowed  values,  and  the  frequency  is  given  by  (5.76),  uo  =  ak. 


5.6.2.  Normal  Modes  for  a  Circular  Cylindrical  Chamber.  Let  x  be  the  polar  axis  (Figure  5.6)  and  the  wave 
equation  in  circular  cylindrical  coordinates  is 


1  d  f  dip\  1  d24>  d2i>  ;2  ,  _  n 
rfr\rfr)+r 2W+0^  +  k 


(5.80) 


Figure  5.6.  Circular  Cylindrical  Coordinates 


The  boundary  condition  requires  that  n  •  vanish  at  the  ends  and  on  the  lateral  boundary: 

df) 

dx 

dr 

Application  of  the  method  of  separation  of  variables  leads  to  a  solution  of  the  form 


=  0 
=  0 


x  =  0  ,L 
r  =  R 


x,  00)=  A  jg°^j  cos  hzJm  («;mnE) 


(5.81) 


(5.82) 


To  satisfy  the  boundary  conditions,  the  values  of  ki  are  integral  multiples  of  7 x/L  as  above  and  the  Kmn  are 
the  roots  of  the  derivative  of  the  Bessel  function: 

dJ m  (^?i 


dr 


=  0 


(5.83) 


Figure  5.7  shows  the  lowest  six  modes  in  the  transverse  planes,  and  the  identifying  values  of  n  and  m.  More 
extended  results  are  given  in  standard  texts  and  collections  of  special  functions. 


tn=},  ft=ti 


tn=l,  n=I 


m-L  n-2 


J)  1=2,  Tf=d 


m=2,  n-f 


tn=J .  n=2 


Figure  5.7.  The  First  Six  Transverse  Modes  in  a  Circular  Cylinder 
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6.  LINEAR  STABILITY  OF  COMBUSTOR  DYNAMICS 

All  problems  of  unsteady  motion  in  combustion  systems  can  be  divided  into  the  two  classes:  linearized  and 
nonlinear.  From  the  earliest  discoveries  of  their  transient  behavior  until  the  late  1950s  ‘combustion  instabilities’ 
implied  small  amplitude  unsteady  (and  unwanted)  motions  growing  out  of  a  condition  of  linear  instability.  Even 
with  the  expanding  awareness  that  the  nonlinear  properties  must  be  understood  as  well,  the  linear  behavior 
remains  an  essential  part  of  understanding  all  aspects  of  combustion  instabilities,  including  the  consequences  of 
nonlinear  processes. 

The  literature  of  linear  combustion  instabilities  contains  many  papers  dealing  with  special  problems.  There 
seems  often  to  be  a  tendency  to  regard  the  results  as  somehow  disconnected.  However,  apparent  differences  arise 
chiefly  from  the  differences  in  the  processes  accounted  for  and  in  the  choices  of  models  for  those  processes.  So 
long  as  the  problems  are  dominated  by  oscillating  behavior  in  combustors,  probably  most,  if  not  practically  all 
of  the  results  can  be  obtained  in  equivalent  forms  by  suitable  applications  of  the  methods  explained  here.  That 
statement  is  not  as  outrageous  as  it  may  seem,  following  as  it  does  from  the  generality  of  the  expansion  procedures 
and  the  method  of  averaging  covered  in  Section  4. 


6.1.  Solution  for  the  Problem  of  Linear  Stability.  By  ‘solution’  we  mean  here  formulas  for  calculating 
the  amplitudes  rjn(t)  of  modes  retained  in  the  expansion  for  the  pressure  held,  p'(r,t)  =  pY,rjn(t),iljn(r).  The 
amplitudes  satisfy  the  oscillator  wave  equations  (4.36) 

—77r+UJnVn  =  Fn  +  Fn  (6.1) 


where  F';:  stands  for  the  generalized  ‘force’  associated  with  the  exercise  of  control;  and  Fn  is  the  spatial  average 
of  that  part  (sometimes  called  the  ‘projection’  on  the  basis  function  i/jn)  of  the  internal  processes  affecting  the 
motion  of  the  nth  oscillator,  given  by  (4.32): 


Fn 


h'lpndV  + 


fi^ndS 


(6.2) 


Here  we  ignore  F ^  because  we  are  concerned  only  with  the  internal  behavior  of  the  system.  In  general,  the  Fn 
contain  contributions  associated  with  the  motions  of  oscillators  other  than  the  nth — i.e.  the  modes  are  coupled. 
For  analysis  of  linear  stability  we  are  justified  in  ignoring  that  coupling,  for  reasons  given  by  Culick  (1997).  Each 
Fn  is  therefore  a  linear  function  of  the  amplitude  and  velocity  of  the  oscillator,  having  the  form 

Fn  =  F^n+F^  (6.3) 

where  the  F%  and  F%  are  constants,  depending  only  on  the  mode. 


With  these  assumptions,  the  oscillator  equations  (6.1)  are  the  uncoupled  set 

+  -  F)  vn  =  o  (6.4) 

Because  the  equations  are  uncoupled,  the  normal  modes  ipn  for  the  corresponding  classical  acoustic  problem  are 
also  the  normal  modes  for  the  linear  problem  of  combustor  dynamics.  The  general  problem  of  determining  linear 
stability  has  therefore  come  down  to  the  problem  of  determining  the  stability  of  the  normal  modes.  In  the  usual 
fashion  we  assume  sinusoidal  time  dependence  with  complex  frequency: 

Vn{t)=VnFQt  (6.5) 

Equation  ((5.4)  a,b)  gives  the  quadratic  equation  for  Qn: 

n2-iF^  +  {^n-F^)=  0  (6.6) 

with  solution 


2' 


(6.7) 
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where  we  take  the  (+)  sign  on  the  radical  to  give  a  positive  real  frequency.  Hence  the  amplitudes  are 

r,n(t)  = 

and 


The  nth  mode  is  stable  of 

K<0 

That  is,  the  coefficient  of  i)n  in  the  expression  for  Fn  must  be  positive  for  the  nth  mode  to  be  stable. 


(6.8) 

(6.9) 

(6.10) 


Now  according  to  the  methods  of  Fourier  analysis,  an  arbitrary  disturbance  at  some  initial  time  (say  t  =  0) 
in  the  chamber  can  be  synthesized  of  the  normal  modes.  The  time-evolution  of  the  disturbance  is  therefore 
determined  by  the  In  particular,  an  arbitrary  disturbance  in  a  combustor  is  stable  if  (and  only  if)  all  of 

the  normal  modes  are  stable  and  we  arrive  at  the  general  result  for  the  linear  stability  of  a  combustor: 

(i)  Write  the  linearized  function  for  the  force  acting  on  the  nth  oscillator  (spatially  averaged 
acoustic  mode)  in  the  form 

p  _  pv^  i  pv  ^ 71 
1  n  —  r  n'ln  \  rn 

(ii)  Then  any  initial  disturbance  in  a  combustor  is  stable  if  and  only  if  all  the  are  negative: 

Linear  Stability  <^>  <  0  (all  n) 

The  preceding  calculation  and  its  conclusion,  illustrate  further  a  point  first  made  in  Section  3.  We  have  found 
a  means  of  computing  the  linear  stability  of  a  combustor  without  knowing  the  linear  motions  themselves.  The 
complex  frequency  (6.7)  is  in  fact  the  frequency  for  the  actual  linear  modes  including  the  influences  of  all  the 
processes  accounted  for.  But  calculation  of  the  F%  and  F%  with  the  formula  (6.2)  requires  knowledge  only  of 
the  unperturbed  normal  modes — their  frequencies  uon  and  shapes  ^n(r).  The  formal  statement  of  this  property 
is  that  the  eigenvalues  (Qn)  to  any  order  in  the  relevant  expansion  parameter  (here  Mr  :=  (i)  can  be  computed 
knowing  the  eigenfunctions  (^n)  only  to  one  less  order.  The  eigenvalues  Qn  are  here  given  to  first  order  in  the 
Mach  number  of  the  average  flow  but  only  the  unperturbed  classical  eigenfunctions  ipn  are  required.  This  is  the 
basic  characteristic  of  the  expansion  procedures  with  spatial  averaging  that  makes  the  method  devised  here  so 
useful  in  practice. 

6.2.  An  Alternative  Calculation  of  Linear  Stability.  An  equivalent  calculation  of  the  result  for  linear 
stability  makes  direct  use  of  the  formula  for  the  wavenumber.  Write 


Vn  =  Vne 

and  substitute  in  (6.1)  with  F%  ignored  to  find 


—  iakt 


Fn  =  Fne 


—  iakt 


{akf  =  {aknf  +  T  (fW  + 


(6.11) 


With  ak  =  uj  +  ia,  this  formula  is 


CJ2  +  i(2au)  -  a2  =  uj2n  +  -f  (. F: f }  +  ipA 

Vn  v  / 


where  (  and  (  )^  stand  for  real  and  imaginary  parts.  Because  a  and  Fn  are  of  first  order  in  the  expansion 

parameter  and  terms  of  higher  order  must  be  dropped17,  we  ignore  a 2  with  respect  to  uo2 .  Then  the  real  and 
imaginary  parts  of  the  last  equation  give 

1 


,  ,2  _  2  j _ fp{r 

U  ~  Un 

'In 

a  =  -  -A—  F (i) 

2  LO„  n 


17Recall  the  remarks  in  Section  4. 
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where  uo  has  been  set  equal  to  uon  in  the  right-hand  sides  to  ensure  that  higher  order  terms  are  not  retained. 
Now  take  the  square  root  of  the  first  equation  and  again  drop  higher  order  terms  to  find 


1  f7 


(r) 


UJ  =  UJr,  — 


2cen  fjn 

b) 


i  f;_ 

2cJn  V  n 


(6.12)  a,b 


The  system  is  unstable  if  F^  is  negative.  This  condition  is  essentially  a  generalized  form  of  Rayleigh’s  criteria 
discussed  further  in  Section  6.4. 

After  higher  order  terms  are  dropped  from  (6.7),  the  real  and  imaginary  parts  of  uo  are 


(6.14)  a,b 


Comparison  of  (6.12)  a,b  and  5.14  gives  the  connections  between  the  two  representations  of  the  forcing  function18: 


F71  = 


F7 


(r) 


Vn 


b) 


F71  =  — 


1  Fj 

^ n  V  n 


(6.15)  a,b 


Generally  Fn  will  contain  several  processes,  each  of  which  will  depend  linearly  on  r]n  and  and  appears 
additively  in  Fn.  Hence  formulas  corresponding  to  (6.15)  a,b  apply  to  each  of  the  individual  processes.  They  are 
often  useful,  if  only  for  checking  correctness,  in  detailed  calculations. 


6.3.  An  Example:  Linear  Stability  with  Distributed  Sources  of  Heat  and  Motion  of  the  Bound¬ 
ary.  As  a  first  approximation  to  problems  of  combustion  instabilities  it  is  useful  to  ignore  all  processes  involving 
interactions  between  the  unsteady  and  steady  fields,  and  focus  attention  on  the  two  generic  causes  of  instabili¬ 
ties:  time-dependent  energy  addition  and  motions  of  the  boundary.  With  suitable  interpretation  the  second  may 
represent  the  influence  of  unsteady  combustion  of  a  solid  propellant.  Then  in  dimensional  variables  the  linearized 
pressure  and  momentum  equations  ((3.46)  a-e)d  and  ((3.46)  a-e)b,  and  the  boundary  condition  (3.57)  on  the 
pressure  fluctuations  are 


dp'  ,  R  'f 

—  +  1PV.U=-Q 

y +Vi,'=° 

„  _  ,  _du'  „ 
n  •  Vp  =  -p-^~  •  n 

at 

Now  form  the  wave  equation  as  in  Section  3.4,  so  the  problem  is  governed  by  the  two  equations 


vy 


1  °2p '  _  h 

a2  dt2  ~  h 

n  -W=  ~f 


(6.12) 

(6.13) 

(6.14) 


(6.19)  a,b 


where 


1  R  d_F 
a 2 Cv  dt 


t  =  -p-^—  ■  n 
J  1  dt 


(6.20)  a,b 


18The  (— )  sign  in  (6.15)  a,b  arises  from  the  (— )  sign  in  the  exponential  time  dependence. 
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The  expansion  procedure  and  application 


of  spatial  averaging  leads  to  the  explicit  oscillator  equations  (4.36): 


dt 2 


4% 


1  R  d&_ 

a 2  Cv  dt 


^pndV  + 


_du' 

^~dt 


(6.21) 


Figure  6.1.  A  Tube  with  Distributed  Heat  Addition  and  an  Oscillating  Piston  to  Drive  Waves 


As  a  simple  example,  consider  the  one-dimensional  problem  of  waves  excited  in  a  tube  fitted  with  a  piston, 
Figure  6.1,  and  with  distributed  heat  addition  provided  by  an  electrically  heated  coil.  Only  longitudinal  modes 
are  accounted  for,  and 


^ n  =  COS  (knx) 


kn  =  n- 


L 


El  =  ~2ScL 


(6.21) 


where  Sc  =  tvR 2  is  the  cross-section  area  of  the  tube.  We  ignore  any  average  motion  in  the  tube,  and  suppose 
that  the  average  thermodynamic  properties  are  maintained  constant  and  uniform  by  suitable  steady  heat  losses 
through  the  walls  of  the  tube.  The  heat  addition  and  motion  of  the  piston  are  sinusoidal,  having  phases  (j)q  and 
c t>n  with  respect  to  pressure  oscillations: 


Hence  for  use  in  h  and  /: 


Q'=  Q{x 


e-i{akt-(f)Q ) 
—  i(akt—<fip) 


d_ 

dt 


=  —iak 


Q{x) 


0-i(akt-cf)Q ) 


dQf 
dt 

(lip  •  n)  =  —iak  \up\  e~dakt~4>u) 


(6.22)  a,b 


(6.23)  a,b 


With  r]n  =  7)neiakt ,  substitution  in  the  oscillator  equations  (6.21)  leads  to 

[-(afc)2  +  Ujl]  fjn  =  ~Jg2  /  COS(knX)  Q(X ) 

Mpak  (jj)  cos(knx)\up\el(*’ 

After  some  rearrangement,  and  setting  ak  =  uo  —  ia,  we  hnd 


i^QdV 


(uj  +  ia)2  =  uol  —  i(u  +  ia)  — j 


a 2 


1  R 


p{\scl )  d2  a. 


Sc  /  cos (knx) 


Q{x) 


d^dx 


Vn 


-PSc\EEe^ 

Vn 

Because  \Q\  and  \up\  are  small  perturbations  we  can  write  this  equation  to  first  order  in  small  quantities: 


uj2  —  i(2auo)  =  uol  —  iujr 


2  R 


pLC, 


v  JO 


cos  (knx)- 


Q{x) 


e^dx  +  iujJJ-^Se^ 

L  r)n 


dx 
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Take  the  real  and  imaginary  parts  to  find 


A  A  i 

uj  =  cm  + 


2^  (  R 


PL  \CJJ o 


pLC , 


v  70 


cos (kn 


cos (knx) 
Q(x) 


Q(x) 


■  27W„  |  Up  | 

sin  <ftQ<ix - t - A —  sin  c 


Vn 


cos  <pndx  —  —  —r1  cos  < 
L  Tfn 


L  V  n 


dx 


dx 


(6.24)  a,b 


Internal  feedback,  and  hence  a  condition  for  instability,  exists  of  either  or  both  \Q\  and  \up\  depend  on  the 
fluctuating  pressure  (or  velocity).  For  example,  set 


\Q\  =  dOVn^n  =  qoVn  COS  knX 
\up\=  u0fjn 


(6.25)  a,b 


and  (6.24)  a,b  becomes 
where 


u2  =  lo2  +  2oon  ( Aq0  sin  4>q  ~  Bu0  sin  (j)u) 


A  =  il  .  B  =  i 

2p Cv  ’  L 

To  first  order  in  small  quantities  we  find  the  results  for  the  frequency  and  decay  or  growth  constant: 

uj  =  ujn  +  Aqo  sin  <pQ  —  Buo  sin  <j)u 
a  =  Aqo  cos  0q  —  Buq  cos  <fiu 


(6.26) 


(6.27)  a,b 


Remarks: 

(i)  the  nth  mode  is  unstable  if  Aqo  cos  (j)Q  >  Buo  cos  <pu 

(ii)  the  first  term  in  a  is  an  example  of  Rayleigh’s  criterion  discussed  in  Section  6.3: 

a)  ifO  <  4>u  ^  f  then  a  necessary  condition  for  instability  is  0  <  <pQ  < 

b)  instability  of  the  nth  mode  is  encouraged  if  \Q(x)  \  cos  knx  is  larger, 

i.e.  if  the  heat  addition  is  greater  where  the  mode  shape  of  the  pressure. 

It  is  important  also  to  notice  that  due  to  the  spatial  averaging,  one  cannot  distinguish  the  ultimate  effects 
of  volumetric  and  surface  processes.  There  is  an  equivalence  of  the  influences  of  the  various  processes,  their 
importance  in  respect  to  position  within  the  chamber  being  dominated  by  their  location  with  respect  to  the  mode 
shapes.  That  characteristic  has  far-reaching  consequences. 

6.4.  Rayleigh’s  Criterion  and  Linear  Stability.  As  part  of  his  research  on  the  excitation  of  acoustic 
waves  by  heat  addition  in  chambers,  Lord  Rayleigh  (1878,  1945)  formulated  the  following  explanation  for  the 
production  of  tones  in  a  Rijke  tube: 

“If  heat  be  periodically  communicated  to,  and  abstracted  from,  a  mass  of  air  vibrating  (for  example) 
in  a  cylinder  bounded  by  a  piston,  the  effect  produced  will  depend  upon  the  phase  of  the  vibration 
at  which  the  transfer  of  heat  takes  place.  If  heat  be  given  to  the  air  at  the  moment  of  greatest 
condensation,  or  be  taken  from  it  at  the  moment  of  greatest  rarefaction,  the  vibration  is  encouraged. 

On  the  other  hand,  if  heat  be  given  at  the  moment  of  greatest  rarefaction,  or  abstracted  at  the 
moment  of  greatest  condensation,  the  vibration  is  discouraged.” 

That  paragraph  has  become  probably  the  most  widely  cited  explanation  for  the  presence  of  combustion  instabilities 
generally.  For  easy  reference,  the  explanation  has  long  been  referred  to  as  “Rayleigh’s  Criterion.” 

It  is  important  to  realize  that  Rayleigh  addressed  only  the  conditions  under  which  unsteady  heat  addition 
‘encourages’  oscillations,  i.e.  is  a  destablilizing  influence.  Other  processes,  stabilizing  or  destabilizing  are  neither 
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excluded  nor  included,  and  there  is  certainly  no  implication  that  satisfaction  of  the  criterion  is  either  a  necessary 
or  a  sufficient  condition  for  instability  to  exist.  Several  published  examples  exist  of  quantitative  realizations  of 
the  criterion  (Putnam  1971;  Chu  1956;  Zinn  1986;  Culick  1987,  1992).  The  purpose  of  this  section  is  to  establish 
a  generalized  form  of  Rayleigh’s  Criterion  by  using  the  analysis  based  on  spatial  averaging. 


The  main  idea  is  that  a  positive  change  of  the  time-averaged  energy  of  a  modal  oscillator  in  a  cycle  of 
oscillation  is  exactly  equivalent  to  the  principle  of  linear  instability,  that  the  growth  constant  should  be  positive 
for  a  motion  to  be  unstable.  To  establish  the  connection  we  use  the  oscillator  equations, 

F^  +  Uj2nr1n  =  Fn  (6.27) 

The  instantaneous  energy19  of  the  nth  oscillator  is 

=  \  (jil  +  (6-28) 

and  the  change  of  energy  in  one  cycle  is  the  integral  over  one  period  of  the  rate  at  which  work  is  done  by  the 
force  Fn : 


ft  +  Tn 


A  £n  = 


Fn{t')f]n{t')dt' 


(6.29) 


Under  the  integral,  Fn  and  rjn  must  be  real  quantities:  here  we  use  the  real  parts  of  both  functions, 

Vn  =  f,ne-iakt  =  \f,n\e~iakt 

Fn  =  Fne~iakt  =  \Fn\e~i{akt+^F)  =  |F„|  (cos <f>F  -  ism<j>F)  e~iakt 


(6.31)  a,b 


We  measure  all  phases  with  respect  to  the  pressure,  so  fjn  is  real  and,  being  the  maximum  amplitude,  is  positive. 
Substitution  in  the  oscillator  equations  gives 


of  which  the  real  and  imaginary  parts  are  to  first  order  in  small  quantities: 

COS  (j)F 

a n  =  T — Im  (  y  )  =  77-^  |y|  sin  (j)F 
Zcj7 


(  Fn\ 

2 

Fn 

~ — 

=  - 

yVn  J 

Vn 

(A) 

-1 

Fn 

1  s 

1  CM 

1 

Vn 

(6.32)a,b 


Also  for  use  in  (6.29)  we  have 

Vn  =  iak\rjn\e~is,kt  =  dk\f,n\e-<akt+^  « 

SO 

Re(f]n)  =  idn  \fjn  |  cos  (wnt  +  |-)  =  -0Jn\Vn\smunt 

The  real  part  of  Fn  is 

Re{Fn )  =  \Fn  \  cos  {uont  +  <j)F)  =  \Fn  \  {cos  uont  cos  (j)F  —  sin  uont  sin  (j)F} 

Hence  the  right-hand  side  of  (6.29)  is 

/t+rn  ^  rt+Tn  r  1  1 

Re{Fn)Re{rjn)dtf  =  oo\Fn\  J  |sin2  uontr  sin  (j)F  —  —  sin  2untr  cos (j)Fj  dtf 
=  w|Fn||?7„|y  sin  (j bF 

Substitution  of  (6.32)a,b  leads  to  the  formula 

A  =  2tv  Qtn(jjn\f}n\ 

which  establishes  the  desired  connection  between  Rayleigh’s  criterion  and  linear  stability: 


(6.33) 

(6.34) 


(6.35) 


19 £n  is  not  the  energy  of  the  nth  acoustic  mode,  which  is  given  by  the  integral  of  (5.33)  over  the  volume  of  the  chamber. 
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Remarks: 

(i)  Positive  an  (the  system  is  linearly  unstable)  implies  that  the  average  energy  of  the  oscillator 
increases,  and  vice-versa. 

(ii)  Rayleigh’s  original  criterion  is  equivalent  to  the  principle  of  linear  instability  if  only  heat 
exchange  is  accounted  for  and  is  neither  a  necessary  nor  a  sufficient  condition  for  existence 
of  a  combustion  instability. 

(iii)  The  extended  form  (6.35)  of  Rayleigh’s  criterion  is  exactly  equivalent  to  the  principle  of  linear 
instability. 

Putnam  (1971)  has  made  the  widest  use  of  Rayleigh’s  Criterion  in  practical  situations.  His  book  and  papers 
give  many  examples  of  applying  the  Criterion  as  an  aid  to  making  changes  of  design  to  avoid  oscillations  generated 
by  heat  release,  particularly  in  power  generating  and  heating  systems. 

In  the  past  fifteen  years  many  groups  have  been  making  direct  observations  on  laboratory  systems  to  check 
the  validity  of  the  Criterion’s  implications.  The  key  step  is  based  on  the  assumption  that  radiation  by  certain 
intermediate  species  in  hydrocarbon  reactions  (CH  and  OH  are  the  most  common  indentihers)  can  be  interpreted 
as  a  measure  of  the  rate  of  chemical  reactions  taking  place  and  hence  of  the  rate  at  which  energy  is  released. 
Simultaneous  measurement  we  made  of  the  spatial  distribution  of  radiation  in  a  system,  and  of  the  pressure 
oscillations,  the  results  then  allow  at  least  a  qualitative  assessment  of  the  extent  to  which  the  oscillations  are 
being  driven  by  the  energy  released  in  the  combustion  held,  or  whether  other  mechanisms  may  be  active. 

It  seems  that  the  first  report  of  that  sort  of  effort  appeared  in  a  Ph.D.  thesis  (Sterling,  1987;  Sterling  and 
Zukoski,  1991).  Figure  6.2  is  a  sketch  of  the  dump  combustor  used  as  the  test  device,  and  Figure  6.3  shows  the 
main  result. 


Premixed 
CH4/  Air 


Exhaust  to 
Atmosphere 


FIGURE  6.2.  The  Caltech  Dump  Combustor  (Sterling  1985) 


6.5.  Explicit  Formulas  For  Linear  Stability.  The  term  ‘stability  of  motions’  has  several  interpretations 
for  hows  in  combustion  chambers,  including: 

(i)  the  stability  of  laminar  average  how  when  viscous  and  inertial  properties  of  the  medium 
dominate,  leading  to  turbulence,  a  held  of  distributed  vorticity  if  the  steady  how  is  unstable; 

(ii)  the  stability  of  shear  layers,  commonly  producing  large  scale  vortex  motions  when  a  shear 
layer  is  unstable; 

(iii)  the  stability  of  laminar  hame  fronts,  responsible  for  one  source  of  turbulent  combustion  when 
fronts  are  unstable; 

(iv)  the  stability  of  small  disturbances  which,  when  the  compressibility  and  inertia  of  the  medium 
dominate,  can  develop  into  acoustic  waves. 

In  terms  of  the  modes  of  motion  mentioned  in  Section  3.1  and  discussed  further  in  Section  3.3,  the  phenomena 
(i)  (iii)  are  classihed  as  waves  of  vorticity  and  the  fourth  comprises  acoustic  waves.  Here  we  are  concerned  only 
with  the  stability  of  acoustic  waves.  The  results  are  very  general,  accommodating  all  relevant  processes  and 
applicable,  in  principle,  to  any  combustion  chamber.  Eventually  the  obstacles  to  successful  applications  are 
associated  almost  entirely  with  problems  of  modeling.  In  the  hrst  instance,  the  formal  results  given  here  establish 
explicitly  what  modeling  is  required. 

6.5.1.  Linear  Stability  in  Three  Dimensions.  The  formulas  (6.14)  a,b  are  general,  restricted  only  by  the 
approximations  used  in  formulating  the  analytical  framework.  Hence  the  problem  of  obtaining  results  specific  to 
any  given  problem  comes  down  to  Ending  explicit  forms  for  F^  and  F^,  i.e.  evaluating  the  integrals  defining  Fn, 
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Note  that  we  have  removed  the  exponential  time  factor  for  linear  harmonic  motions  and  (6.38)  contains  the 
amplitudes  of  fluctuations,  denoted  by  (  ).  Two  remarks  are  important: 


(i)  the  mean  flow  held  may  be  rotational  (VxM/0)  and  sources  are  accommodated  (V-M  ^  0). 

(ii)  owing  to  the  ordinary  procedure  discussed  in  Section  3,  the  substitutions  of  classical  acoustic 
mode  shapes  are  required  in  the  right-hand  side: 

v  =  pfini>n  ;  m  =  -Jji)nVipn  (6-39) 

7  K 

where  rjn  =  idknr\n. 


Eventually  the  complex  wavenumber,  (6.11),  is 

^2  f 


k2  =  kl  +  ^ipakn  +  ^M7n  j  •  n-fndS 

+  i(y-l)—  p  [  (V  •  M )p^ldV-i  —  [  ^-pndV 
&  J  &  J  Vn 


J 


•  V^ndV 


(6.40) 


It  is  important  to  understand  that  in  the  result  unsteady  gasdynamics  (acoustics)  and  interactions  between 
the  acoustics  and  the  mean  how  are  accounted  for  ‘exactly’  to  0{Mr). 


The  real  and  imaginary  parts  of  (6.40),  written  symbolically  as  equations  (6.12)  a,b  and  (6.14)  a,b  are  sums 
of  contributions  from  the  various  processes  accounted  for.  For  example,  the  formula  for  the  growth  constant 
appears  in  the  form 

(J  (^) combustion  T  (®)mean  flow / acoustics  T  (pt) nozzle  T 

Similar  results  can  be  derived  for  the  case  when  the  one-dimensional  approximation  is  used.  The  required  basis 
for  the  calculations  is  given  by  Culick  (1998).  The  results  for  the  frequency  and  growth  constant  are: 
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(6.42) 


Two  remarks  on  interpretation 

(i)  the  hrst  two  terms  in  the  formula  for  a  represent  the  dynamical  response  of  the  enclosing 
surface  and  the  net  effect  of  linear  interactions  between  the  acoustic  held  and  the  mean  how. 

(ii)  the  last  term  represents  a  dissipative  process  commonly  called  ‘how  turning’  due  to  inelastic 
acceleration  of  the  incoming  how,  initially  normal  to  the  surface,  to  the  local  axial  velocity 
parallel  to  the  surface.  This  process  generates  unsteady  vorticity  at  the  surface;  the  result 
shown  here  does  not  capture  the  entire  contribution.  See  Flandro  (1995)  and  Mulhotra 
(2001). 
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These  results  for  linear  stability  have  been  applied  extensively  to  problems  of  combustion  instabilities  in  solid 
propellant  rockets.  Their  validity  has  long  been  confirmed.  However,  their  accuracy  depends  entirely  on  the 
accuracy  of  modeling  processes  rather  than  the  gasdynamics  shown  explicitly  in  (6.40)  (6.42). 

Due  to  the  large  uncertainties  associated  with  modeling  some  processes,  it  is  difficult — in  fact  impossible  at 
this  time — to  make  an  entirely  satisfactory  comparison  between  theoretical  results  and  measurements.  Hence 
the  best  way  to  check  theory  is  to  compare  results  obtained  here  with  results  of  numerical  simulations,  all  for 
the  same  problem.  Even  this  procedure  is  imperfect  because  different  approximations  must  be  made  in  the  two 
approaches — it  is  impossible  to  solve  the  ‘same’  problem  numerically  and  with  the  analysis  given  here. 

Results  of  an  example  for  a  solid  propellant  rocket  are  shown  in  Figures  6.4  6.6.  The  calculations  were  carried 
out  for  nonlinear  behavior.  Figure  6.4  shows  the  development  of  the  unstable  motion  into  a  stable  limit  cycle 
and  Figure  6.5  is  a  comparison  of  the  spectra  of  the  waveforms  in  the  limit  cycle.  The  approximate  analysis 
can  be  carried  out  only  for  a  finite  number  of  modes.  As  a  consequence,  although  the  frequencies  are  accurately 
predicted,  the  amplitudes  have  greater  errors  for  the  higher  modes.  Figure  6.6  shows  one  effect  of  truncating  the 
modal  expansion.  For  this  example  the  effect  is  not  large — the  two-mode  approximation  seems  quite  adequate. 
That  is  not  always  true,  a  matter  discussed  in  the  following  Section. 
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(a)  Approximate  Analysis 
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Figure  6.4.  Growth  of  Unstable  Motions  According  to  (a)  the  Approximate  Analysis;  and  (b) 
a  Numerical  Simulation 
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7.  NONLINEAR  BEHAVIOR 

It  is  linear  behavior,  especially  linear  stability,  that  is  most  easily  understood  and  therefore  has  dominated 
discussions  of  combustion  instabilities.  Almost  no  attention  has  been  paid  to  nonlinear  behavior  in  works  on 
control  of  combustion  instabilities.  One  justification  for  that  deficiency  has  been  the  view  that  if  control  of  the 
oscillations  works  properly,  it  should  stop  the  growth  before  the  amplitude  reaches  a  large  value.  There  are  several 
reasons  why  that  reasoning  is  flawed: 

•  if  the  growth  rates  are  unusually  large  the  control  system  may  not  have  a  sufficiently  large 
bandwidth  to  be  effective; 

•  because  combustion  systems  are  intrinsically  nonlinear  design  of  a  control  system  based  only 
on  linear  behavior  may  produce  a  control  system  far  from  optimal; 

•  linear  control  demands  actuation  at  the  frequency  of  the  oscillation  to  be  controlled,  while 
nonlinear  control  of  particular  types  are  effective  at  lower  frequencies;  an  example  is  described 
in  Section  7. 

•  observed  nonlinear  behavior  contains  much  information  about  properties  of  the  system  in 
question  and  in  the  interests  of  understanding  should  not  be  ignored. 


Existing  examples  of  controlling  combustion  instabilities  have  almost  totally  ignored  issues  of  nonlinear  be¬ 
havior.  In  no  demonstration,  either  in  the  laboratory  or  full-scale,  have  the  amplitudes  of  the  oscillations  been 
predicted  or  interpreted  either  before  or  after  control  has  been  exercised.  Hence  nothing  has  been  learned  about 
why  the  initially  unstable  motions  reach  the  amplitudes  they  did,  or,  why  the  control  system  affected  them  in  the 
observed  way.  In  fact  few  attempts  exist  to  determine  quantitatively  the  stability  of  motions.  Hence  the  subject 
of  controlling  the  dynamics  of  combustion  systems  has  largely  been  a  matter  of  exercising  the  principles  of  control 
with  little  attention  paid  to  the  characteristics  of  the  systems  (‘plants’)  being  controlled.  It  seems  that  following 
this  strategy  is  likely  not  the  most  fruitful  way  of  achieving  meaningful  progress.  Especially,  this  is  not  a  sound 
approach  to  developing  the  basis  for  designing  control  systems.  The  current  state  of  the  art  is  that  feedback 
control  is  designed  and  applied  in  ad  hoc  fashion  for  systems  already  built  and  exhibiting  instabilities. 

A  central  concern  of  a  controls  designer  is  construction  of  a  ‘reduced  order’  model  of  the  system.  What 
that  really  means  in  the  present  context  is  the  need  to  convert  the  partial  differential  equations  of  conservation 
developed  in  Section  3,  to  a  finite  system  of  ordinary  differential  equations.  The  analysis  developed  in  Section  3  and 
4  accomplishes  exactly  that  purpose.  It  is  not  the  only  approach  possible  (e.g.  proper  orthogonal  decomposition 
has  been  examined  briefly)  but  the  method  of  modal  expansion  and  spatial  averaging  has  many  favorable  properties 
and  has  been  proven  to  work  well. 

The  main  purposes  of  this  section  are  to  quote  a  few  results  displaying  some  aspects  of  the  nonlinear  behavior 
arising  from  gasdynamics;  and  to  illustrate  some  consequences  of  truncating  the  modal  expansion,  that  is,  what 
might  be  the  consequences  of  reducing  the  order  of  the  model.  Another  important  issue  we  will  examine  briefly 
is  the  application  of  time- averaging.  As  the  calculations  in  Section  4  showed,  the  great  advantage  of  time¬ 
averaging  is  that  it  replaces  N  second  order  oscillator  equation  by  2 N  first  order  equations.  That  transformation 
enormously  reduces  the  cost  of  obtaining  solutions,  aids  theoretical  work,  and  provides  a  simplified  representation 
for  application  of  feedback  control.  But  as  for  truncation,  the  question  arises:  How  accurate  are  the  results  and 
what  are  the  limits  of  the  validity  of  time-averaging? 

Only  the  nonlinearities  due  to  gasdynamics  are  treated  in  this  section.  The  results  must  be  viewed  with 
that  caveat,  particularly  because  the  forms  of  the  nonlinearities  are  very  special,  if  only  because  the  dominant 
coupling  acts  to  cause  energy  to  flow  from  low  to  high  frequency  waves,  the  tendency  which  produces  the  familiar 
steepening  of  compressive  disturbances  into  shock  waves. 


7.1.  The  Two-Mode  Approximation.  This  is  the  simplest  class  of  problems  for  which  nonlinear  mode 
coupling  is  accommodated.  Each  mode  is  characterized  by  two  constants:  a  (energy  gain  or  loss)  and  0  (frequency 
shift).  The  energy  gain  or  loss  may  be  nonlinear — that  is,  a  could  in  principle  depend  on  amplitude — but  here 
both  a  and  0  are  taken  to  be  constant,  characterizing  entirely  the  linear  processes.  As  a  result  of  several  works 
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in  the  past  few  years,  the  two  mode  approximation  is  quite  well  understood  (Awad  and  Culick,  1986;  Paparizos 
and  Culick,  1989;  Yang  and  Culick  1990;  Jahnke  and  Culick,  1994;  Culick,  1994). 
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Figure  7.1.  Energy  Flow  in  the  Two  Mode  Approximation 


Only  gasdynamic  nonlinearities  to  second  order  are  accounted  for  here.  Their  special  form  allows  the  conve¬ 
nient  closed  form  solutions  to  the  time- averaged  equations,  first  found  by  Awad  (1983).  The  results  provide  much 
basic  understanding  which  is  applicable  to  more  complicated  nonlinear  problems.  For  example,  contrary  to  one’s 
expectation  based  on  the  behavior  of  shock  waves,  nonlinear  behavior  in  the  present  context  need  not  involve 
large  amplitudes,  and  the  pressure  oscillation  may  appear  to  be  a  clean  sinusoid,  free  of  significant  harmonic 
content.  The  basic  reason  is  that  here  the  two-mode  system  both  gains  and  loses  energy;  each  interaction  with 
the  environment  is  necessary.  In  the  absence  of  the  nonlinear  modal  coupling,  or  some  other  linear  process,  limit 
cycles  cannot  exist.  Moreover,  both  stable  and  unstable  limit  cycles  exist. 

Truncation  of  the  modal  expansion  to  two  modes  introduces  errors  because  the  flow  of  energy  to  higher  modes 
is  blocked.  The  amplitude  of  the  highest  mode  is  therefore  greater  than  the  correct  value  in  order  to  provide  the 
higher  linear  rate  of  energy  loss  required  to  sustain  a  limit  cycle.  The  example  in  Section  6.5.1  shows  this  effect. 

It’s  an  interesting  feature  of  the  two-mode  approximation  that  nonlinear  instability  to  stable  limit  cycles 
seems  not  to  exist.  Although  no  rigorous  proof  exists,  experience  with  many  examples  has  shown  that  conclusion 
to  be  quite  generally  true  if  only  the  acoustic  (gasdynamics)  nonlinearities  are  accounted  for.  ‘Triggering’  or 
pulsing  to  stable  limit  cycles  does  occur  for  special  forms  of  nonlinear  energy  gain  from  the  environment  (i.e. 
extinction  from  the  mean  flow  or  supply  from  combustion  processes). 

If  we  ignore  linear  mode  coupling  and  account  for  acoustic  nonlinearities  to  second  order,  the  oscillator 
equations  can  be  put  in  the  form 


(fir/n 
dt 2 


+  U nVn 


oo  oo 

T  @ rJ]n  ^  ^  ^  ^  Y  BnijTjiTJj}  Y  Fn 

i=l  j  =  1 


(7.1) 


where  F^L  represents  other  nonlinear  contributions.  The  coefficients  Anij,  Bnij  are  defined  as  integrals  involving 
the  basis  functions  'ipnij.  Hence  their  values  are  fixed  primarily  by  the  geometry  of  the  chamber  in  question. 
See  Culick  (1976)  for  additional  details  of  the  derivation  of  (7.1).  It  is  extremely  important  that  the  nonlinear 
gasdynamic  terms  involve  no  cross-products  rjifjj  and  also  (not  obvious  here)  no  ‘self-coupling’,  terms  proportional 
to  rjn  or  r}\.  Those  properties  are  the  formal  reasons  that  nonlinear  instabilities  do  not  exist  if  only  these 
nonlinearities  are  included. 


Equation  (7.1)  simplify  considerably  for  longitudinal  modes.  Due  to  orthogonality  and  special  properties  of 
the  cos  knz,  the  double  sum  becomes  a  single  sum  and  (7.1)  can  be  put  in  the  form: 


dt 2 


^lVn 


ani)n  +  0nrjn  -  y  [AihU-i  +  FiViVn-i\ 
i= 1 
oo 

-  y  [CniViVn+i  +  £>nibi»?n+i]  + 
i= 1 


(7.2) 
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The  time- averaged  forms  of  (7.2)  are 

dA  n(3  x?  . 

— — —  =  anAn  +  0nBn  H — —  [^(^-n-i  —  —  A^+n)  —  —  Bi_ 


■  Bi+n)\ 


dB  nd  x  ' 

7 ,  —  —6nAn  +  oinBn  H — —  [^(F>n-i  —  Fh_n  —  Fq+n)  —  Bi(An-i  —  Ai_n  —  Ai+n)] 


(7.3)  a,b 


where  as  in  Section  3,  ?7n  =  An  cosunt  +  F>nsincen£.  For  longitudinal  modes,  the  frequencies  are  all  integral 
multiples  of  the  fundamental,  a  property  that  is  crucial  to  the  forms  of  (7.3)  a,b.  For  example,  for  transverse 
modes  in  a  cylindrical  chamber,  the  nonlinear  terms  contain  factors  representing  modulation. 

For  two  modes,  the  four  first  order  equations  are 


— =  a\A\  +  0\B\  —  f3(A\A2  —  B1B2) 

— w -  =  &1B1  +  0\A\  —  (5{BiA2  —  A1B2) 

dt  (7.4)  a,b,c,d 

^  =  <^2^-2  +  O2B2  —  fd(Ai  —  B\) 
d  B 

— =  0L2B2  +  $2^-2  _  2f3BiA\ 
dt 

The  great  advantage  of  this  system  of  equations  is  that  some  useful  exact  results  can  be  found.  One  way  to  find 
them  is  to  change  independent  variables  to  the  amplitude  and  phases  (Tn,0n)  of  the  two  modes  by  writing 

r]i(t)  =  Ti(t)  sin(o;it  +  0i) 

=  r2(t)  sin(2cei£  +  02) 


where  Tr 


A 2  +  F>2.  The  governing  equations  for  Ti,r2  and  the  effective  relative  phase  ip  =  2<pi  —  02  are 


— -  =  a1r1  -  f3T1r2  cos  ip 
dt 

=  a2r2  -  cos  ip 

dil)  F2 

—  =  (6>i  -  20 1)  +  fi(2T\  -  y  sin  V1 


(7.5)  a,b,c 


62  ~  20i 
2oq<n2 


The  problem  of  linear  stability  is  solved  directly: 

oq ,  c^2  <  0  •<=>  small  amplitude  motions  are  stable  (7-7) 

Nonlinear  behavior  in  general  poses  two  basic  questions: 

(i)  What  are  the  conditions  for  existence  of  limit  cycles? 

(ii)  What  are  the  conditions  that  the  limit  cycles  are  stable? 

Stability  of  a  limit  cycle  of  course  is  a  matter  entirely  separate  from  the  linear  stability  of  small  amplitude 
motions.  We  are  concerned  here  with  a  system  executing  a  steady  limit  cycle.  If  the  limit  cycle  in  stable,  then  if 
slightly  disturbed,  the  motion  will  eventually  return  to  its  initial  form 

(a)  Existence  of  Limit  Cycles 


In  this  time- averaged  formulation,  existence  of  limit  cycles  corresponds  to  existence  of  stationary  or  equilib¬ 
rium  points  of  the  system  (7.5)  a,b,c: 


dr  dr2  di/j 
dt  dt  dt 


0  •<=>  transcendental  algebraic  equations 
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The  solutions  are 

Tio  =  —  \/ —' ^1^2(1  +  ft2) 

A 

r20  =  ol\{1  +  /32)  (7.8)  a,b,c 

V;o  =  tan_1(-/3) 

where 

K  =  (7-9) 

For  Tio  to  be  real,  — aqo^  must  be  positive,  implying  that  the  constants  011,012  must  have  opposite  signs.  The 
physical  interpretation  is  that  if  the  first  mode  is  unstable,  for  example,  a  >  0,  then  the  second  mode  must  be 
stable  (<^2  <  0):  the  rate  of  energy  flow  into  the  first  mode  must  equal  the  rate  of  loss  from  the  second  mode  in 
order  that  the  amplitudes  be  constant  in  time.  The  transfer  rate  upwards  due  to  coupling  must  have  the  same 
value.  Similar  reasoning  explains  the  care  when  the  second  grade  is  unstable,  requiring  that  the  first  mode  to  be 
stable. 


(b)  Stability  of  Limit  Cycles 

To  determine  the  stability  of  the  limit  cycles,  the  variables  are  written  as  T^  =  T^o  +  T',  ip  =  p)0  +  'll)1  and 
substituted  in  the  governing  equations  (7.5)  a,b,c.  The  linearized  equations  for  the  disturbances  are  then  solved 
for  characteristic  value  A  in  the  assumed  forms  T[  =  T'i0ext,  •  •  • .  For  stability,  an  initial  disturbance  must  decay. 
Applying  that  requirement  produces  regions  of  stability  in  the  plane  of  the  parameters  f30  =  (#2  —  2#i)2/ ( <n2+2oq )2 
and  012/011,  shown  in  Figure  7.2 


Figure  7.2.  Regions  of  Stability  for  Two  Modes,  Time- Averaged  Equations 


There  is  presently  no  basis  for  understanding  why  stable  limit  cycles  occur  only  for  the  special  ranges  of 
parameters  shown  in  Figure  7.2.  Moreover,  it  is  impossible  at  this  stage  to  understand  the  extent  to  which  the 
shapes  of  the  regions  of  stability  depend  on  the  use  of  time-averaged  equations  and  on  truncation  to  two  modes. 
It  is  important  for  both  practical  and  theoretical  reasons  to  assess  and  quantify  as  far  as  possible  the  consequences 
of  time-averaging  and  truncation.  Considerable  progress  has  been  made  in  that  direction  by  using  a  continuation 
method  to  solve  the  systems  of  oscillator  equations.  Some  results  are  discussed  in  the  following  section. 
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Here  it  is  useful  to  examine  several  special  cases.  Figure  7.3  shows  that  if  the  parameters  are  chosen  so  that 
the  operating  point  lies  with  the  range  for  stable  limit  cycles  and  the  first  mode  is  unstable,  truncation  may  have 
relatively  small  effects.  On  the  other  hand,  if  the  limit  cycle  is  unstable  within  the  two-mode  approximation  with 
an  unstable  first  mode,  it  may  become  stable  (with  the  same  values  of  oq,  <^2,  6h,  62)  if  more  stable  modes  are 
accounted  for. 


Figure  7.3.  Effects  of  Truncation  for  a  Stable  Limit  Cycle/First  Mode  Unstable 


TWE,  ftftt 


Figure  7.4.  Development  of  a  Stable  Limit  Cycle  when  the  Second  Mode  is  Unstable 


Figure  7.4  is  interesting  for  a  quite  different  reason.  In  this  case  the  second  mode  is  unstable,  and  the  motion 
evolves  to  a  stable  limit  cycle.  However,  unlike  the  example  in  Figure  7.3,  the  amplitudes  do  not  grow  smoothly 
and  monotonically  to  their  values  in  the  limit  cycle.  Their  erratic  behavior  is  due  to  the  fact  that  with  the  second 
mode  unstable,  energy  must  flow  from  high  frequency  to  low  frequency.  That  is  contrary  to  the  direction  of  flow 
imposed  naturally  by  the  fluid  mechanics  (of  the  steepening  of  a  compressive  disturbance  into  a  shock  wave) .  The 
conflict  between  the  natural  action  of  the  nonlinear  coupling  on  the  one  hand  and  the  flow  of  energy  imposed  by 
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energy  exchange  with  the  environment  causes  the  amplitudes  of  the  two  modes  to  wander  during  the  transient 
phase  before  finally  reaching  their  ultimate  values. 

7.2.  Application  of  a  Continuation  Method.  Much  of  the  work  during  the  past  decade  at  Caltech  on 
chamber  dynamics  has  been  directed  to  understanding  the  extent  to  which  nonlinear  behavior  can  be  explained  on 
the  basis  of  nonlinear  gasdynamics.  The  reasoning  is  that  first  we  know  the  model  of  gasdynamics — the  Navier- 
Stokes  equations  for  compressible  flow — so  we  can  do  accurate  analysis;  and  second,  those  features  that  cannot 
be  explained  must  be  due  to  other  causes  so,  by  elimination  we  have  some  guidelines  for  what  we  should  seek  in 
other  processes.  Experience  has  shown  that  ‘other  processes’  is  this  context  most  probably  means  combustion. 

To  carry  out  this  program  with  numerical  simulations — after  all,  few  exact  results  exist — would  be  a  formi¬ 
dable  task  because  of  the  number  of  characteristic  parameters.  The  parameter  space  comprises  those  defining 
the  geometry  of  a  chamber  and  two  parameters  (an,6n)  characterizing  linear  behavior  of  each  mode.  The  effect 
required  to  search  the  parameter  space  is  much  reduced  by  applying  a  continuation  method.  The  procedure  is 
an  efficient  system  means  of  locating  values  of  parameters  for  which  the  dynamical  behavior  suffers  a  qualitative 
change,  i.e.  bifurcation  points.  The  simplest — almost  trivial — example  is  the  Hopf  bifurcation  point  which  arises 
when  for  a  stable  system  one  of  the  values  an  changes  from  a  negative  to  a  positive  value;  the  system  becomes 
linearly  unstable  and  under  suitable  conditions  the  motion  develops  into  a  stable  limit  cycle.  In  fact,  linear 
instability  is  not  always  such  a  simple  matter.  We  have  found  cases  with  special  sorts  of  nonlinear  processes  that 
a  Hopf  bifurcation  may  occur  when  the  critical  value  of  the  critical  an  is  non-zero. 

The  essential  idea  of  a  continuation  method  applied  to  limit  cycles  is  illustrated  in  Figure  7.5  where  the 
variables  of  the  motion  are  x(t)  and  (i  is  the  parameter  in  question,  the  bifurcation  parameter.  A  continuation 
method  is  a  computational  (numerical)  scheme  for  following,  in  this  case,  the  changes  of  a  period  solution — a 
limit  cycle — as  the  values  of  one  or  more  parameters  are  changed.  A  picture  like  Figure  7.5  is  impossible  to  draw 
for  more  than  three  coordinates  so  the  conventional  display  of  information  is  a  bifurcation  diagram  in  which  the 
amplitude  of  one  variable  in  the  limit  cycle  is  plotted  versus  the  parameters  varied  as  the  continuation  method  is 
applied.  Figure  7.5  shows  two  examples,  a  Hopf  bifurcation,  also  called  a  supercritical  bifurcation  and  a  subcritical 
bifurcation  with  a  turning  point.  Those  are  the  two  types  of  bifurcation  most  common  in  the  present  context. 


Figure  7.5.  Schematic  Illustration  of  the  Continuation  Method  Applied  to  Limit  Cycles 


5-uhmticB.l  bifurcation 

Supororitk-al!  bifurcation  wirh  a  tu-crin*  point 


Figure  7.6.  Two  Examples  of  Bifurcation 


Thus  a  bifurcation  diagram  is  a  locus  of  equilibrium  point  traced  as  the  bifurcation  parameter  is  changed. 
As  a  practical  matter,  application  of  a  continuation  method  is  more  systematic  and  cheaper  to  use  than  use  of 
numerical  simulations.  We  have  successfully  used  a  continuation  method  (Doedel  et  al.  1991a, b;  Doedel  et  al 
1997)  to  investigate  four  classes  of  problems: 
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(i)  consequences  of  time-averaging 

(ii)  consequences  of  truncating  the  modal  expansion 

(iii)  influences  of  the  linear  parameters  (an,6n)  on  nonlinear  behavior 

(iv)  pulsed  instabilities:  the  conditions  for  existence  of  stable  limit  cycles  in  a  linearly  stable 
system. 

The  problems  (i)  and  (ii)  are  central  to  the  matter  of  constructing  reduced-order  models.  Hence  it  is  important 
to  emphasize  that  in  our  view,  application  of  the  continuation  method  to  investigate  the  consequences  of  time¬ 
averaging  and  truncation  is  part  of  the  procedure  for  establishing  the  validity  of  reduced  order  models  within  the 
framework  of  analysis  based  on  modal  expansion  and  spatial  averaging. 

The  continuation  method  is  a  powerful  means  for  investigating  many  nonlinear  problems  in  the  classic  listed 
above.  For  more  extensive  discussions  see  Jahnke  and  Culick  (1994);  Burnley  (1996);  Burnley  and  Culick  (1996); 
and  Ananthkrishnan  and  Culick  (2002).  As  an  illustration  we  quote  here  some  results  for  limit  cycles  for  systems 
of  longitudinal  modes  when  only  the  gasdynamical  nonlinearities  are  accounted  for.  We  are  interested  in  the 
consequences  of  truncation  with  time-averaging. 

In  Section  7.1  we  cited  a  few  results  for  the  limiting  case  of  two  modes  described  by  the  four  equations  found 
with  time- averaging.  Figure  7.3  shows  the  special  example  of  as  effect  of  truncating  the  series  expansion  for  the 
time- averaged  system:  increasing  the  number  of  modes  apparently  widens  the  region  of  stability.  In  fact,  use  of 
the  continuation  method  has  established  the  result  that  the  existence  for  region  of  stability  for  limit  cycles  with 
two  modes  is  due  to  truncation.  When  the  first  mode  is  unstable,  stable  limit  cycles  exist  for  all  values  of  a,  if 
more  than  two  modes  are  taken  into  account.  That  is  true  even  if  the  original  oscillator  equations  are  used. 

Figure  7.7  shows  that  if  time- averaging  is  not  used,  there  is  a  turning  point  in  the  bifurcation  diagram.  If 


Figure  7.7.  Effect  of  Time- Averaging  for  Two  Modes 


more  than  two  modes  are  accounted  for,  the  boundary  of  stability  persists  for  the  time-averaged  equations  but 
does  not  appear  if  more  than  two  modes  are  included.  Figure  7.8  is  the  result  for  the  time-averaged  equations 
and  Figure  7.9  shows  the  case  of  4  modes  computed  for  the  full  oscillator  equations. 

It  seems  true  that  if  the  system  is  only  slightly  unstable,  then  the  system  of  time-averaged  equations  for 
two-longitudinal  modes  is  a  good  approximate  model  for  investigating  nonlinear  behavior.  However,  if  one  is 
generally  interested  in  producing  reduced  order  models,  the  effects  of  truncation  and  time- averaging  should  be 
investigated.  Applying  a  continuation  method  seems  to  be  the  best  approach  for  doing  so. 
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Figure  7.8.  Stability  Boundaries  by  Truncation  of  the  Time- Averaged  Equations 


Figure  7.9.  Maximum  Amplitude  of  rji  in  The  Limit  Cycle:  Four  Modes,  Comparison  of  Results 
for  the  Full  Oscillator  and  the  Time- Averaged  Equations 


7.3.  Hysteresis  and  Control  of  Combustion  Instabilities.  The  existence  of  hysteresis  in  the  dynamical 
behavior  of  combustions  is  both  an  interesting  phenomenon  to  investigation  and  a  characteristic  that  has  poten¬ 
tially  important  practical  consequences.  It  seems  that  the  first  evidence  for  hysteresis  in  combustors  was  found 
by  Russian  researchers  concerned  with  instabilities  in  liquid  rockets  (Natanzon  et  al  1993;  Natanzon  1999).  In 
that  case,  Natanzon  and  his  co-workers  proposed  bifurcation  of  steady  states  of  combustion,  and  the  associated 
hysteresis,  as  a  possible  explanation  for  the  random  occurrences  of  combustion  instabilities.  The  Russian  workers 
were  in  a  special  situation  affording  them  the  opportunity  to  make  such  observations.  The  large  Russian  boosters 
were  designed  to  use  many  (up  to  thirty-three)  liquid  rocket  engines  in  a  single  stage.  Hence  large  numbers  of 
nominally  identical  engines  were  manufactured  and  tested  for  operational  use.  Sufficient  data  were  obtained  that 
statistical  analysis  of  the  behavior  could  be  carried  out.  Hence  a  basis  existed  for  identifying  random  behavior. 
The  idea  is  the  following. 
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In  a  liquid  rocket  many  zones  of  recirculation  are  created  at  the  injector  where  jets  of  liquid  fuel  and/or 
oxidizer  enter  the  chamber.  As  an  approximation,  one  may  regard  a  recirculation  zone  as  a  chemical  reactor 
whose  behavior  is  known  to  be  well-characterized  by  the  temperature  of  the  incoming  gases  entrained  from  the 
environment,  and  the  average  temperature  within  the  zone.  A  fairly  simple  calculation  based  on  consideration 
of  energy  and  mass  flows  leads  to  the  results  sketched  in  Figure  7.10.  The  upper  and  lower  branches  of  the 


Figure  7.10.  Hysteresis  Loop  for  a  Recirculated  Zone  Idealized  as  a  Simple  Chemical  Reactor 

hysteresis  loop  represent  different  branches  of  stable  combustion.  Those  states  have  different  influences  on  the 
state  of  combustion  in  the  chamber.  It  was  Natanzon’s  assertion  that  the  state  associated  with  the  lower  branch 
in  Figure  7.10  (the  cold  recirculation  zone)  is  more  unstable  and  prone  to  lead  to  combustion  instabilities.  Which 
branch  is  reached  depends  on  the  history  of  the  engine,  starting  from  ignition  or  some  other  sort  of  abrupt 
transient.  The  final  state  of  a  recirculation  zone  therefore  depends  on  random  ‘accidents’  of  history.  Therefore 
random  occurences  or  combustion  instabilities  may  be  observed.  Figure  7.11  is  a  sketch  of  a  possible  recirculation 
zone  and  adjacent  flow  of  a  fuel  or  oxidizer  jet,  this  model  has  been  used  as  the  basis  for  numerical  calculations 
supporting  Natanzon’s  proposal. 
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Figure  7.11.  Sketch  of  a  Recirculation  Zone  formed  by  a  Jet  of  Fuel  or  Oxidizer 


In  the  mid-1980’s  research  with  a  dump  combustor  at  Caltech  revealed  the  presence  of  a  different  kind  of 
hysteresis  of  dynamical  states  of  combustion  (Smith,  1985;  Sterling,  1987).  The  combustor  has  been  described  in 
Section  1,  Figure  1.3;  Figure  6.2  shows  the  inlet  region  and  the  recirculation  zone  at  the  dump  plane  during  steady 
combustion.  The  combustor  showed  combustion  instabilities  in  the  neighborhood  of  the  stability  boundary  defined 
in  the  plane  of  flow  rate  and  equivalence  ratio.  Figure  7.12(a).  Figure  7.12(b)  shows  the  hysteresis  loop,  observed 
as  dependence  of  the  level  if  pressure  oscillation  on  equivalent  ratio  with  the  total  flow  rate  held  constant.  This 
sort  of  behavior  has  been  observed  also  in  other  dump  combustors  (J.  Cohen,  UTRC;  and  G.  Richards,  METC)  as 
well  as  as  in  a  flame-driven  Rijke  tube  (Seywert,  2001)  and  in  an  electrically  driven  Rijke  tube  (Matveev,  2002). 

More  recent  works  (Knoop  et  al  1996;  Isella  et  al  1996)  have  established  the  physical  nature  of  the 
hysteresis  in  this  case  and  have  shown  how  active  control  can  be  used  to  extend  the  range  of  steady  operation 
into  the  hysteretic  region.  High  speed  films  have  confirmed  that  the  upper  branch  of  the  loop  is  associated 
with  shedding  of  large  vortices  which,  causing  periodic  combustion  of  entrained  reactants  sustain  high  amplitude 
pressure  oscillations.  The  lower  branch  is  associated  with  relatively  quiet  combustion  in  a  shear  layer  shed  from 
the  lip  at  the  inlet. 
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Figure  7.12.  (a)  Stability  Boundary  and  (b)  an  Idealized  Hysteresis  Loop  for  the  Caltech  Dump  Combustor 


Familiar  considerations  of  dynamical  behavior  suggest  that  it  should  be  possible  to  achieve  pulsed  transitions 
between  the  two  branches  of  stable  dynamical  states.  Those  processes  were  demonstrated  by  Knoop  et  al  and 
Isella  et  al  by  injecting  pulses  of  fuel  at  the  inlet  plane.  Single  pulses  of  fuel  always  cause  transition  from  the 
upper  to  the  lower  branch.  Thus  with  suitable  sensing  and  actuation  it  is  possible  always  to  maintain  the  low 
level  of  oscillations  (effectively  ‘noise’)  within  the  zone  where  hysteresis  exists. 

This  is  a  form  of  nonlinear  control.  Although  it  has  been  demonstrated  only  for  the  range  of  equivalence  ratio 
covering  the  zone  of  hysteresis,  it  is  an  important  demonstration  of  active  control  at  a  frequency  far  less  than  the 
frequency  of  the  oscillations.  That  is  a  significant  characteristic  because  if  the  reduced  bandwidth  required  of  the 
control  system,  particularly  the  actuation. 


7.4.  Representing  Noise  in  Analysis  of  Combustor  Dynamics.  Even  a  small  laboratory  combustor 
radiates  considerable  noise,  generated  by  turbulent  motions  (often  called  ‘combustion  noise’)  within  the  chamber. 
See,  for  example,  the  spectrum  reproduced  earlier  as  Figure  1.4.  The  scaling  laws  are  not  known,  but  it  is  obvious 
to  any  bystander  that  a  full-scale  combustor  of  any  sort  is  noisy  indeed.  Presently  it  is  not  well  understood 
how  important  noise  is  to  the  behavior  of  combustion  instabilities  or  to  the  application  of  feedback  control.  The 
purpose  of  this  section  is  to  introduce  a  means  for  investigating  those  matters  within  the  framework  developed 
in  Sections  3  and  4. 

There  are  three  sorts  of  problems  that  will  arise: 

(i)  formal  construction  of  noise  (stochastic)  sources  in  the  framework  of  spatially  averaged  equa¬ 
tions  for  unsteady  motions  in  a  combustor; 

(ii)  modelling  the  noise  sources; 

(iii)  solving  the  stochastic  differential  equations. 

The  first  step,  as  explained  in  Section  3.1,  is  to  apply  the  principle  of  splitting  small  disturbances  into  the 
three  basic  modes  of  propagation:  acoustic  waves,  vorticity  waves,  and  entropy  waves.  All  of  the  discussion  so  far 
in  these  lectures  has  been  devoted  to  the  acoustic  held.  Noise  is  associated  with  the  random  motions  comprising 
mainly  vorticity  but  also  entropy  (or  temperature)  waves  in  a  combustion  chamber.  Our  concern  in  the  present 
context  is  directed  chiefly  to  interactions  of  those  motions  with  the  acoustic  held.  The  formal  representation  will 
be  relatively  simple  and  intuitively  persuasive,  but  modelling  the  details  remains  to  be  accomplished.  Numerical 
results  require  assumptions  that  cannot  be  justihed  a  priori. 
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Following  the  principle  of  splitting,  we  write  the  flow  variables  as  sums  of  the  three  contributions,  one  each 
corresponding  to  the  three  modes  of  motion: 


V  —  Pa  +  Pn  +  Vs 

&  —  +  fig 

=  4  +  4  +  4 

u'  =  u'a  +  u'fi  +  u's 


(7.10)  a,b,c,d 


Subscripts  (  )a,  (  )o,  (  )s  denote  acoustic,  vortical  and  entropic  contributions.  Once  again,  the  ordering 

procedure  explained  in  Sections  3  and  4  allows  us  to  derive  meaningful  results  by  considering  only  the  first  order 
components.  Hence  we  assume  that  only  the  acoustic  waves  contain  pressure  fluctuation;  only  the  waves  of 
vorticity  contain  vorticity  fluctuations;  and  only  the  entropy  waves  have  fluctuations  of  entropy.  The  velocity 
held  possesses  contributions  from  all  three  modes. 


The  idea  then  is  to  substitute  the  assumed  general  forms  of  the  variables  and  substitute  in  the  primitive 
equations  of  motion  expanded  to  third  order  in  the  fluctuations.  Then  form  the  nonlinear  equation  for  the 
pressure  and  apply  spatial  averaging.  This  procedure  was  first  reported  by  Culick  et  al  (1992)  but  in  revised  and 
corrected  form  by  Burnley  (1996)  and  Burnley  and  Culick  (1999).  Eventually  one  finds  the  oscillator  equations, 

Vn  +  ^lVn  =  Fn 


by  now  Fn  contains  stochastic  sources.  The  ‘general’  form  of  Fn  is 


du' 


_du' 


Pln'u  +  P^ 


vE^  1  1 

- vt f~Fn  =  pl\  +  +  p/3  +  vy/4  +  pi 5 

or  az  az 

r  1  r  dP' 

•  mpndS  -  /  3*  •  V^ndV  +  —  ~dT^ndV 


where 


h  =  j  [u  •  Vu  +  u'  •  Vu]  •  VpJndV 

and  similar  definitions  for  the  remaining  integrals  I\.  See  the  references  for  details. 


Then  the  unsteady  velocity  held  is  split  according  to  (7.10)  a,b,c,d.  Eventually  re-arrangement  and  application 
of  the  assumptions  discussed  above  leads  to  the  result 

00  00 

Vn  T  ^nVn  =  nfjn  T  2 UJn0nTJn  ^  ^  ^  ^  \^-nijrdiVj  T  Bn .ijViVjl 

i=i  i=i  (7.11) 

+  ^2  \$niVi  +  CniVi]  +  +  (Fn  2  other 

where  the  £ ni  and  are  stochastic  sources  dehned  as  integrals  over  the  vortical  and  entropic  fluctuations  of 
the  velocity.  See  the  references  cited  above  for  details. 


No  modeling  based  on  experimental,  theoretical  or  phenomenological  grounds  has  been  accomplished.  Explicit 
results  have  been  obtained  by  approximating  the  stochastic  sources  as  white  noise  processes  having  properties 
chosen  to  be  realistic,  i.e.  the  results  seem  to  be  reasonably  consistent  with  available  measurements  of  actual 
behavior. 


Two  types  of  stochastic  influences  arise  in  (7.11): 


(i)  represent  stochastic  influences  on  the  ‘spring’  or  natural  frequency  of  the  nth  mode 
and  on  the  damping  or  growth  rate.  These  are  formally  referred  to  as  ‘multiplicative  noise 
sources’  because  they  appear  as  factors  multiplying  the  dependent  variables,  the  displacement 
and  velocity  of  the  nth  oscillator. 

(ii)  represents  a  stochastic  driving  source  causing  excitation  of  the  nth  oscillator  even  in 
the  absence  of  driving  by  combustion  processes;  the  En  are  formally  called  ‘additive  noise 


sources  . 
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It  is  evident  from  the  form  of  (7.11)  that  the  random  character  of  the  stochastic  sources  will  appear  as 
random  fluctuations  imposed  on  the  amplitudes  rjn(t)  of  the  acoustic  modes;  exactly  the  sort  of  behavior  found 
experimentally.  Thus,  Fourier  synthesis  of  the  pressure  held,  the  modal  expansion,  continues  to  serve  as  a  good 
approximate  representation  of  the  deterministic  results  can  be  obtained  by  retaining  only  a  small  number  of 
terms. 

Results  were  obtained  first  for  the  simplest,  case  of  two  modes,  with  noise  sources  only  in  the  fundamental 
mode.  Nonlinear  gasdynamic  coupling  transfer  stochastic  behavior  to  the  second  mode.  Computations  have  been 
carried  out  with  a  Monte-Carlo  method  to  give  probability  density  functions,  with  the  equations  written  in  the 
Stratonovich  form  of  stochastic  differential  equations  (Burnley,  1996).  Figure  7.13  shows  the  pressure  trace  and 
spectrum  for  a  simulation  in  which  the  first  mode  is  unstable. 


Figure  7.13.  Pressure  Trace  and  Spectrum  for  a  Simulation  with  Noise;  Four  Modes  Included, 
First  Mode  Unstable 


This  method  of  accounted  for  noise  in  a  combustor  seems  to  be  very  promising.  However  modeling  the 
noise  sources  is  in  a  primitive  state,  and  comparisons  of  results  with  experimental  observations  can  only  be  done 
qualitatively. 

7.5.  System  Identification  for  Combustor  Dynamics  with  Noise.  Use  of  system  identification  in  the 
held  of  combustor  dynamics  seems  to  have  been  developed  first  by  Russian  groups  as  part  of  their  development  of 
liquid  rocket  engines,  beginning  perhaps  as  early  as  the  1950’s  but  certainly  in  the  1960’s  (Agarkov  et  al.  1993). 

In  several  papers  during  the  1980’s,  Hessler  (1979,  1980,  1982)  and  Duer  and  Hessler  (1984),  and  more  recently 
Hessler  and  Glick  (1998)  have  asserted  that  the  oscillations  observed  as  combustion  instabilities  in  solid  rocket 
motors  are  driven  rather  than  self-excited.  The  sources  of  the  driving — i.e.  the  ‘mechanisms’ — are  supposed  to 
be  either  vortex  shedding  or  noise.  Hessler  and  co-workers  conclude  that  the  properties  of  the  noise  measured  in 
a  stable  chamber  can  be  used  as  the  basis  for  infusing  properties  of  the  primary  mechanism  causing  instabilities 
when  they  arise  or  more  correctly,  such  data  will  provide  quantitative  information  about  the  static  stability 
margins — how  close  the  dominant  acoustic  modes  are  to  becoming  unstable. 

The  basic  idea  is  sound.  When  the  mechanisms  are  interpreted  as  driving  forces  independent  of  the  acoustic 
held,  and  they  are  assumed  to  be  broad-band,  then  the  acoustic  modes  are  excited  to  amplitudes  related  directly 
to  the  amount  of  damping  (an).  Hence  the  idea  is  to  process  noisy  records  in  such  a  fashion  as  to  extract  the 
values  of  the  linear  parameters  (oin,0n).  The  proposed  method  can  be  tested  using  the  oscillator  equations  with 
some  sources  derived  in  the  preceding  section. 
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Seywert  and  Culick  (1999)  have  reported  results  of  some  numerical  simulations  carried  out  to  check  the  idea 
just  described.  In  particular,  the  main  purpose  was  to  determine  the  accuracy  with  which  the  experimental 
method  would  give  the  linear  parameters.  The  procedure  is  straightforward.  To  be  definite  and  to  keep  the 
computations  within  practical  bounds,  we  consider  a  system  of  four  modes,  each  containing  noise  sources  which, 
as  explained  in  Section  7.4,  are  assumed  to  be  white  noise.  The  amplitudes  of  the  noise  (rms  values)  are  selected 
so  that  random  amplitude  fluctuations  in  the  pressure  spectrum  have  values  in  the  ranges  experimentally  observed 
(Seywert  and  Culick). 

Three  types  of  problems  arise,  associated  with  the  three  types  of  noise  sources:  additive  noise,  En;  and  two 
kinds  of  multiplicative  noise,  £%  which  affects  mainly  the  growth  and  decay  rates,  and  £ n  which  causes  random 
variations  of  the  frequency.  In  all  cases  we  are  concerned  here  with  discovering  the  ways  in  which  noise  affects  the 
result  of  system  identification.  The  idea  is  to  select  values  of  the  an,  Qn  and  carry  out  numerical  simulations.  The 
data  are  then  processed  to  give  values  of  the  an,  9n  which  now  have  mean  values  and  some  uncertainties  due  to  the 
presence  of  the  noise.  The  questions  to  be  answered  are:  How  close  are  the  mean  values  to  the  time  values  used  as 
inputs?  and  How  large  are  the  uncertainties?  These  are  important  practical  matters.  If  the  method  is  effective, 
then  data  from  hot  brings  of  full-scale  combustors  could  be  used  to  infer  the  linear  parameters  characterizing 
the  dynamics  represented  by  several  modes.  Those  parameters  identify  the  poles  of  the  response  function  of 
the  chamber.  Hence  a  relatively  straightforward  process  would  give  the  information  required  to  proceed  with 
designing  a  linear  control  system  (see  Section  2.5). 

Actually  there  are  two  ways  to  get  the  information:  process  pressure  records  naturally  occurring;  or  process 
the  pressure  record  following  an  pulse.  The  method  of  pulsing  has  long  been  used  as  means  of  assessing  the 
stability  margin  of  liquid  rockets  (Harrje  and  Reardon,  1972).  Both  methods  have  been  used  for  a  stable  system 
of  four  longitudinal  modes  having  the  parameters  given  in  the  table;  the  fundamental  frequency  is  900  s-1.  Figure 
7.14  shows  a  simulated  pressure  trace  and  Figure  7.15  shows  its  power  spectrum  and  construction  using  Berg’s 
method.20 


mode 

1 

2 

3 

4 

-50 

-375 

-584 

-889 

0n{s~r) 

12.9 

46.8 

-29 

-131 

Table  7.1.  Values  of  the  Linear  Parameters 


_-|  5 1 _ i _ i _ i _ i _ i _ i _ i _ i _ i _ I 

'  0  0.05  0.1  0.15  0.2  0.25  0.3  0.35  0.4  0.45  0.5 

time  (s) 


FIGURE  7.14.  Simulated  Pressure  Trace  with  Noise;  All  Modes  Stable 


2° Berg’s  method  is  a  standard  method  of  signal  processing,  widely  available.  We  have  used  the  software  included  in  the  Signal 
Processing  Toolbox,  and  extension  of  MATLAB. 
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In  Figure  7.17,  a  simulated  response  to  a  pulse  is  fitted  by  the  superposition  of  four  modes: 


P 


—  =  Aieait  cos (uit  +  (f>i) 


i=  1 


The  parameters  Ai,  ai ,  uy,  <pi  are  fitted  using  a  least  squares  method. 


Figure  7.15.  Application  of  Berg’s  Method:  Power  Spectrum  of  the  Pressure  Trace  in  Figure 
7.14  and  its  Reconstruction 


Figure  7.16.  Dependence  of  the  Peak  Amplitudes  of  the  Power  Spectra  for  Four  Modes,  on  Noise  Power 

Without  good  data  for  the  noise  in  an  actual  combustor  and  no  model,  we  assume  white  noise  sources.  Their 
amplitudes  are  chosen  so  that  the  average  (rms)  values  of  the  simulated  pressure  records  are  reasonable  Table  7.2 
shows  the  relation  between  the  rms  value  of  the  system  response  (jpr /p)  and  the  noise  power  of  £.  The  ‘noisepower’ 
cannot  be  measured,  being  the  height  of  the  power  spectral  density  of  the  noise.  Figure  7.16  gives  a  more  detailed 
picture,  showing  how  the  amplitudes  of  the  spectra  of  the  four  modes  increase  with  noise  power. 

We  use  the  noise  power  as  a  parameter.  Figure  7.18  shows  an  example  of  the  sort  of  results  one  finds  for 
multiplicative  noise  in  the  modal  damping  ^  0;  =  0;  =  0).  The  corresponding  results  of  using  the 

pulse  method  are  given  in  Figure  7.19. 
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Noise  Power  of  ^ n 

rms  Values  of  p'  /p 

101 

.005% 

103 

.05% 

105 

.5% 

Table  7.2.  Relation  Between  the  Noise  Power  of  ^ n  and  the  rms  Value  of  the  Simulated  Pressure 
Fluctuation 


simulated  signal 


0  0.02  0.04  0.06  0.08  0.1  0.12  0.14  0.16  0.18  0.2 


fitted  signal 


0.1  - 1 - 1 - 1 - 1 - 1 - 1 - 1 - r 

0.0^  -lit 


-0.05  - 

-0  1  - 1 - 1 - 1 - 1 - 1 - 1 - 1 - 1 - ' - 

0  0.02  0.04  0.06  0.08  0.1  0.12  0.14  0.16  0.18  0.2 

Figure  7.17.  Reconstructed  Pressure  Trace  for  the  Transient  Response  Excited  by  a  10%  Pulse 


Noise 

ai 

OC2 

a3 

& 4 

101 

-57±14 

-301  ±31 

-560±84 

-886±98 

102 

-51±13 

-307±52 

-576±75 

-903±126 

icT 

-47±11 

-307±38 

-558±78 

-901±117 

104 

-56±16 

-300±51 

-591±88 

-883±150 

105 

-59±18  ; 

-310±53 

-598±95 

-914±128 

106 

-53±15 

-310±46 

-564±84 

-905±172 

107 

-59±19 

-3 13  ±44 

-591±83 

-887±124 

correct 

-50 

-325 

-584 

-889 

FIGURE  7.18.  Values  of  Decay  Rates  (Modal  Attenuation)  Found  with  Berg’s  Method  with 
Multiplicative  (£n)  Noise 


We  conclude  from  these  results  that  substantial  errors  may  accompany  system  identification  in  the  presence 
of  realistic  (we  believe)  noise.  How  significant  the  errors  are  depends  the  particular  application  at  hand  and  in 
how  small  the  stability  margins  are.  For  a  weakly  stable  system,  values  of  the  margins  determined  in  this  way  are 
suspect  because  of  the  finite  uncertainties.  The  results  would  therefore  not  be  useful  as  a  basis  for  representing 
the  combustor’s  response  function. 


<1/sec) 
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noise  power 


FIGURE  7.19.  Values  of  Decay  Rates  (Modal  Attenuation)  Found  with  the  Method  of  Pulsing 

It  should  be  clear  from  the  nature  of  the  methods  described  here  that  the  system  must  be  stable  (i.e.  all 
modes  must  be  stable)  for  this  application.  For  example,  if  data  (simulated)  for  a  limit  cycle  are  processed  in 
this  fashion,  the  inferred  values  of  an,  6n  have  no  apparent  connection  with  the  correct  values. 
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8.  PASSIVE  CONTROL  OF  COMBUSTION  INSTABILITIES 

For  several  sound  reasons,  and  some  not  so  sound,  active  control  of  combustor  dynamics  has  become  a  subject 
of  lively  research,  of  some  development  for  operational  systems,  and  of  much  found  optimism  for  successful 
practical  use.  However,  with  one  possible  exception  cited  in  the  following  section,  there  are  no  installations  of 
active  control  in  operational  combustors.  Yet,  as  we  have  described  in  Section  1,  combustion  stabilities  have 
occurred  in  all  types  of  high  performance  systems.  In  almost  all  cases  the  amplitudes  of  the  oscillations  were 
reduced  to  acceptable  levels,  or  eliminated  entirely.  How?  By  methods  of  possible  control. 

For  solid  rockets,  two  sorts  of  passive  control  are  routinely  applied:  change  the  propellant  composition;  or 
modify  the  geometry.  It  is  rarely  possible  to  alter  the  reactants  in  liquid  fueled  systems.  Hence  methods  of  passive 
control  have  become  the  usual  means  of  trying  to  improve  the  chamber  dynamics.  There  seem  to  be  three  classes 
of  methods  having  histories  of  success: 


(i)  fuel  scheduling 

(ii)  baffles,  acoustic  liners  and  resonators 

(iii)  changing  the  dynamics  of  the  injection  system 

Fuel  scheduling  means  the  history  and  spatial  distribution  of  fuel  injection  during  a  firing.  It  is  a  common 
strategy  for  extending  the  envelop  of  stable  operation  for  afterburners  (thrust  augmentors) .  It  is  a  practically 
effective  method  for  combustors  containing  an  array  of  many  injectors.  The  way  in  which  the  injectors  themselves 
are  distributed  in  the  chamber  is  part  of  the  method.  Liquid  rockets  having  many  injector  elements  distributed 
over  the  injector  face  offer  a  wide  range  of  choices;  see,  for  example,  the  interesting  review  of  the  development  of 
the  F-l  engine  by  Ofelein  and  Yang  (1993).  Probably  the  chief  reason  for  the  effectiveness  of  fuel  scheduling  is 
that  the  distribution  of  reaction  zones  and  energy  release  are  affected.  Rayleigh’s  criterion  (Section  6.4)  should 
be  helpful  in  qualitative  interpretation  of  test  results,  but  no  results  have  been  reported.  Indeed,  because  of  the 
strong  commercial  competition,  virtually  all  details  of  afterburners  are  held  proprietary. 

A  standard  practice  in  the  development  of  afterburners  is  to  incorporate  acoustic  liners  as  part  of  the  basic 
design  to  help  avoid  instabilities  of  transverse  modes,  and  use  fuel  scheduling  to  treat  lower  frequencies,  those  of 
the  longitudinal  modes.  The  latter  is  an  expensive  trial  and  error  procedure  in  practice.  Especially  costly  is  the 
need  for  many  tests  under  high  altitude  conditions. 

We  classify  baffles,  acoustic  liners  and  resonators  together  because,  although  they  operate  differently,  all  act 
directly  in  the  acoustic  held.  Baffles  have  at  least  two  important  effects  (Figure  8.1):  extending  downstream 
from  the  injector  face,  radial  or  circumferential  baffles  effectively  shadow  responsive  regions  at  the  injector  face 
from  acoustic  velocity  fluctuations;  and,  especially  if  they  extend  well  into  the  chamber  volume,  baffles  can  cause 
large  modifications  of  the  natural  acoustic  modes.  They  impose  internal  boundary  conditions,  thereby  raising  the 
modal  frequencies.  This  is  a  useful  strategy  if  the  driving  mechanism  is  responsive  in  a  narrow  frequency  range: 
the  idea  is  to  ensure  that  the  frequencies  of  the  normal  modes  are  not  resonant  or  commensurate  with  the  natural 
frequencies  of  the  driving. 

Acoustic  liners  are  distributed  arrays  of  small  resonator  mounted  usually  on  the  lateral  boundary  of  the 
combustor  in  question.  Because  the  resonators  are  small,  liners  are  normally  effective  in  the  frequency  range 
of  transverse  modes.  Most  of  their  influence  is  due  to  their  dissipation  of  energy  although  there  is  necessarily 
some  effect  in  the  values  of  the  modal  frequencies  of  the  chamber.  Larger  resonators  will  be  effective  at  lower 
frequencies  but  due  to  volume  contraints,  installing  them  is  rarely  a  practical  strategy. 

The  third  type  of  passive  control,  based  on  the  dynamics  of  the  injection  system  is  considerably  more  com¬ 
plicated  than  the  first  two.  There  are  roughly  two  courses  of  action:  eliminate  harmful  dynamics;  or  design  the 
system  to  take  special  advantage  of  injector  dynamics.  It  has  long  been  known  that  large  pressure  drops  across 
injectors  provide  high  impedance  and  therefore  discourages  coupling  between  the  dynamics  of  the  chamber  and 
the  dynamics  of  the  fuel  systems. 
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FIGURE  8.1.  Examples  of  Baffles  in  the  F-l  Liquid  Rocket  Engine 

There  is  much  more  to  the  matter  because  the  fluid-mechanical  processes  immediately  downstream  of  the 
injector  face  are  very  sensitive  to  details  of  the  design.  A  particularly  good  (and  expensive)  example  is  the 
development  of  the  injectors  for  the  F-l  engine  reviewed  by  Ofelein  and  Yang  (1993). 

Probably  the  most  extensive  work  in  design  of  injectors  with  a  view  towards  passive  control  of  chamber 
dynamics  has  been  accomplished  by  Bazarov  who  accomplished  much  of  his  work  during  the  period  of  most 
active  development  of  Russian  liquid  rocket  engines  (Bazarov  1979,  Bazarov  and  Yang  1998). 

Changing  the  geometry  of  the  chamber  itself,  other  than  by  introducing  baffles  has  been  successfully  used 
to  reduce  instabilities  in  solid  rockets.  Normally  that  is  not  an  option  for  treating  undesirable  dynamics  in 
gas  turbines.  The  main  consequence  of  changing  chamber  geometry  is  to  change  the  natural  mode  shapes  and 
frequencies.  One  possible  result  is  that  the  natural  frequencies  may  then  lie  outside  the  range  where  the  combustion 
dynamics  tends  most  strongly  to  drive  instabilities. 

In  fact  that  tactic,  avoiding  close  coincidence  between  the  natural  frequencies  of  the  chamber  and  the  frequency 
range  where  the  net  driving  is  greatest,  is  central  to  many  methods  of  passive  and  active  control.  The  point  is  made 
with  Figure  8.2,  an  extended  form  of  Figure  1.6.  The  most  important  point  of  Figure  8.2  is  that  active  control 
offers  flexibility  equivalent  to  the  possibilities  of  passive  control,  but  in  any  case  more  complete  understanding  of 
the  plant  will  allow  more  effective  application  of  control,  whether  it  be  passive  or  active. 

With  suitable  modeling,  all  types  of  passive  control  can  be  taken  into  account  within  the  analytical  framework 
developed  in  Sections  2  and  3.  For  example,  baffles  may  affect  the  mode  shapes  ipn  and  frequencies  ujn  \  and  acoustic 
linears  can  be  represented  by  surface  admittance  functions. 
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Figure  8.2.  Qualitative  Interpretation  of  the  Action  of  Linear  Passive  and  Active  Control 
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9.  ACTIVE  CONTROL  OF  COMBUSTION  INSTABILITIES 

Most  recent  works  on  active  control  have  been  reviewed  in  other  lectures  in  this  course.  In  this  section 
we  restrict  the  discussion  largely  to  the  connection  between  the  framework  based  on  spatial  averaging;  and  the 
principles  of  modern  control  theory. 

The  chief  premise  of  these  two  lectures  is  that  for  effective  control  of  combustor  dynamics — passive  or  active — 
it  is  essential  to  understand  the  system  as  completely  as  possible.  By  ‘system’  we  mean  the  coupled  dynamical 
system  labeled  in  Figure  1.1  ‘combustor  dynamics’  and  ‘combustion  dynamics’.  Figure  9.3,  a  form  of  generic 
block  diagram  often  appearing  in  textbooks  suggests  how  the  system  bring  controlled  fits  into  a  general  control 
scheme.  Actuation  and  sensing  are  included  as  part  of  the  ‘plant’  being  controlled.  They  are  of  course  crucial 
items  as  other  lecturers  have  emphasized,  but  they  are  outside  our  concerns.  Their  dynamics  must  be  known  but 
are  determined  by  methods  outside  those  discussed  in  these  two  lectures. 
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PLANT  :  Combustor  with  Internal  Feedback  ;  Actuation  ;  Sensing 
CONTROLLER  :  State  Estimator  ;  Regulator 

FEEDBACK  :  Connection  between  Plant  Output  and  Controller  Input  (control  loop) 


Figure  9.3.  A  Generic  Block  Diagram  for  Classical  and  Modern  Control. 


Given  that  at  a  sufficiently  high  level  practically  all  control  systems  fit  the  picture  shown  in  Figure  9.3, 
and  further  that  the  principles  of  linear  control  are  well-known  and  their  applications  highly  developed,  it  is  a 
reasonable  question:  what  is  special  about  the  problem  of  controlling  the  dynamics  of  a  combustion  system? 
Probably  the  best  simple  answer  is  that  combustion  systems  bring  together  at  least  five  defining  characteristics 
each  of  which  individually  already  may  be  difficult  to  treat  in  a  control  system: 

•  internal  instabilities 

•  substantial  time  lags 

•  intrinsically  nonlinear 

•  substantial  internal  noise 

•  the  action  of  control  changes  the  system 
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The  fact  that  the  system  is  unstable — the  origin,  after  all,  of  the  problems  discussed  here — is  not  unusual,  nor 
is  the  presence  of  time  lags.  Control  of  nonlinear  systems  has  successfully  been  treated  in  special  cases  and  it 
seems  that  much  is  known  about  controlling  some  kinds  of  general  nonlinear  behavior  in  other  types  of  physical 
systems.  Presently  the  significance  of  the  noise  in  respect  to  controlling  combustion  systems  is  not  understood; 
the  matter  merits  consideration  since  often  the  levels  of  noise  are  not  negligibly  small  compared  with  those  of  the 
instabilities.  When  a  combustion  system  is  controlled,  significant  changes  in  the  defining  characteristics,  such  as 
the  distribution  of  average  energy  release  may  occur.  In  fact  those  changes  may  account  for  elimination  of  an 
instability.  That  sort  of  behavior  is  quite  different  from  the  usual  situation  in  a  mechanical  system  whose  defining 
properties  such  as  masses,  are  not  affected  by  the  action  of  control. 

All  five  of  the  items  listed  above  raise  issues  of  modeling.  That  situation  justifies  the  principal  thrust  of  these 
lectures.  The  general  framework  based  on  spatial  averaging  is  attractive  for  at  least  two  important  reasons: 

(i)  the  process  of  averaging  tends  to  reduce  the  consequences  of  errors  in  details  of  modeling; 

(ii)  there  is  a  perfect  match  between  the  methods  of  feedback  control  in  state  space  on  the  one 
hand;  and  the  theory  of  combustor  dynamics  based  on  spatial  averaging  and  expansion  in 
acoustic  modes  on  the  other. 

In  the  literature  of  control  theory  this  merging  of  control  theory  and  the  behavior  of  a  continuous  system  is  often 
called  ‘control  of  a  distributed  parameter  system.’  However,  that  label  normally  implies  representation — i.e.  a 
mathematical  model — of  the  system  based  on  partial  differential  equations. 

The  subject  of  this  section  is  more  appropriately  called  modal  control,  using  a  representation  of  the  system 
based  on  ordinary  differential  equations  describing  the  amplitudes  and  relative  phases  of  the  modes.  Modal  control 
has  been  developed  mainly  in  the  held  of  structures,  nonflowing  systems  generally,  which  can  be  represented  as 
dumped  paramter’  systems  by  working  with  Lagrange’s  equations:  Figure  9.4  summarizes  the  scheme  we  have 
discussed  in  the  preceding  seven  sections.  Matters  of  control  arise  in  the  bottom  line  of  blocks.  Our  remarks  here 
are  limited  to  linear  control,  which  encompasses  both  classical  and  modern  control.  It  is  essential  to  understand 
the  well-established  principles  of  classical  control.  However,  for  several  reasons  it  is  preferable  to  treat  control  of 
combustion  systems  within  the  modern  control  theory,  using  the  representation  in  state  space. 


Figure  9.4.  The  General  Scheme  Connecting  the  Physical  System  (a  Combustor),  Physical 
Modeling,  Mathematical  Modeling,  Dynamics  and  Control 
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First,  it  happens  that  the  analytical  formulation  based  on  spatial  averaging  becomes  a  state  space  representa¬ 
tion  by  simple  redefinition  of  symbols.  Hence  the  entire  apparatus  of  modern  control  theory  becomes  immediately 
applicable.  The  group  at  Penn  State  has  taken  the  most  systematic  formal  advantage  of  that  attractive  feature 
(Fung,  Yang  and  Sinha,  1991;  Yang,  Sinha  and  Fung,  1992;  Fung  and  Yang,  1992;  Hong,  Yang  and  Ray,  1999; 
Hong,  Yang  and  Ray,  2000).  Other  works  by  groups  at  MIT,  Georgia  Tech  and  at  Caltech  are  closely  related  in 
some  respects  or  other. 


The  basic  idea  is  quite  simple  and  straightforward,  following  from  the  form  of  the  equations  (3.54)  and  their 
boundary  conditions  (3.56)  governing  the  evolution  of  arbitrary  unsteady  motions  in  a  combustor: 


vy 


i  ay 

a 2  dt2 

n  •  Vpr 


h  T  hc 

-f-fc 


(9.1) 

(9.2) 


The  functions  hc  and  fc  represent  the  actions  of  control.  The  splitting  on  the  right-hand  sides  of  (9.1)  and 
(9.2)  is  legitimate  for  linear  problems  because  any  means  of  control  (passive  or  active)  can  work  only  because  it 
affects  the  mass,  momentum  and  energy  of  the  system;  the  additivity  follows  from  the  assumption  of  linearity. 
In  principle,  hc  and  fc  can  be  computed  with  the  same  formulas  defining  h  and  /  discussed  in  Section  3.  The 
formalism  of  spatial  averaging  can  be  applied  without  change  to  (9.1)  and  (9.2),  giving  the  extended  oscillator 
equations  corresponding  to  (4.36),  written  here  for  the  nth  mode: 

V  n  +  W nVn  =  Fn  +  (9-3) 

where  is  the  ‘force’  of  control  acting  on  the  nth  oscillator,  (i.e.  the  nth  mode).  The  set  of  equations  (9.3) 
forms  the  mathematical  model  used  in  application  of  the  principles  of  control.  We  emphasize  once  again  that  the 
most  difficult  part  of  applications  consists  in  modeling  the  physical  processes21  contained  in  Fn  and  Fn°\ 


As  a  simple  example  of  the  general  procedure,  we  suppose  that  the  combustor  is  given  and  that  its  internal 
processes  are  well-characterized.  Thus  the  mean  flow  held,  and  the  steady  distribution  of  chemical  reactions  and 
energy  release  are  known.  Hence  we  may  assume  that  the  basic  functions  ipn  and  the  normal  frequencies  can  be 
computed  and  are  known.  Hidden  in  Fn  are  quantities  that  must  be  modeled.  In  particular,  the  most  important 
is  the  fluctuation  of  energy  release,  Q' ,  associated  with  the  chemical  reactivity  of  the  how.  Its  contribution  to  Fn 
has  already  been  introduced  in  the  simple  example  of  the  Rijke  tube  discussed  in  Section  2: 
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(9.4) 


In  reality  Q'  depends  on  local  fluctuations  of  pressure,  temperature,  velocity  and  species  concentrations.  It 
therefore  cannot  be  determined  from  considerations  of  chemistry  and  chemical  kinetics  only. 


A  term  similar  to  (9.4)  arises  in  F^  so  on  the  right-hand  side  of  (9.3)  we  have  the  combination 


pQ  i  pQ(c)  _  7 _ 1  1  f 

n  n  P  irndvj 
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dQf  dQ'c 
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(9.5) 


where  Q'c  is  the  local  fluctuation  of  heat  release  rate  ascribed  to  the  controlled  actuation.  If  -^(Q'  +  Q'c)  vanishes, 
then  there  is  no  effect  of  heat  in  energy  release  in  the  excitation  and  maintenance  of  unsteady  motions.  This 
seems  a  simple  if  not  almost  obvious  result.  However,  it  is  the  formal  expression  within  the  analysis  developed 
here,  of  what  is  widely  accepted  as  likely  the  most  effective  practical  means  of  actively  controlling  the  dynamics 
of  gas  turbine  combustors,  fuel  modulation. 


The  basic  idea  is  that  if  the  fuel  supply  so  modulated,  or  if  a  secondary  fuel  supply  is  injected  in  the  chamber, 
and  the  modulation  as  effected  according  to  the  right  control  law,  then  the  fluctuation  of  energy  release  rate  Q'c 
due  to  its  action  may  exactly  compensate  the  amount  Q'  due  to  fluctuations  due  to  other  causes.  ‘Other  causes’ 
might  include  coupling  between  the  mean  flow  (e.g.  vortex  shedding)  and  acoustic  modes  and  destabilization 
of  flame  stabilization  processes  near  the  lean  blowout  limit.  This  kind  of  control  can  be  interpreted  in  terms  of 


21  The  formulation  here  is  very  general  and  of  course  is  valid  as  well  for  non- reacting  flows.  Hence,  at  least  in  principle,  these 
equations  with  noise  sources  included  (Sections  7.4  and  8)  are  applicable  as  well  to  active  control  of  sound  or  noise  (Nelson  and 
Elliott,  1992;  Peake  and  Crighton,  2000). 
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Rayleigh’s  original  criterion,  Section  6.4:  if  Q'c  =  —  Q'  and  only  this  process  is  accounted  for,  then  V£n,  equation 
(6.28),  vanishes.  Hence  control  by  modulation  of  the  fuel  supply  is  commonly  referred  to  as  a  strategy  “according 
to  Rayleigh’s  criterion”  or  similar  words. 


9.1.  State- Space  Representation  for  Control  of  Combustor  Dynamics.  Casting  the  oscillator  equa¬ 
tions  (9.3)  in  the  state-space  representation  familiar  in  control  theory  is  largely  a  matter  of  selecting  appropriate 
definitions.  We  already  know  from  the  developments  in  Section  7,  that  no  matter  what  processes  are  accounted 
for,  so  long  as  the  behavior  is  linear,  except  for  the  nonlinear  gasdynamics  required  to  include  noise,  Fn  will  have 
the  form 


Fn  —  —  [ Dnirji  +  EniTJi\  +  [CniitfVi  +  Cni(t)rji]  +  ^n(t) 

1=1  i= 1 


(9.6) 


The  physical  processes  associated  with  actuation  must  lead  to  terms  linear  in  the  rji  and  rji]  for  simplicity  we 
drop  stochastic  contributions,  although  they  might  in  fact  exist  in  practice.  It  is  quite  conceivable  that  control 
can  be  exercised  independently  of  the  state  of  the  system,  and  the  general  (noiseless)  form  of  is  evidently 

oo 

dc)  =  -  E  Him  +  E^m]  +  un(t)  (9.7) 

1=1 

where  the  un  are  independent  of  the  r]n  and  rjn. 

We  consider  only  a  finite  number  N  of  modes  and  define  the  state  variables 

Xi  =  T)1  ,  Xi  =  TJ2  ,  ^3  =  m  J  ■  ■  ■  XN  =  f]N 
XN+ 1  =  Vi  5  XN+ 2  =  r]2  ,  XN+3  =  fjs  ,  •  •  •  X2 N  =  VN 


More  concisely,  the  state  vector  is 


X  =  [m  ,  r]2  ,  •  •  •  r]N  ,  m  ,  V2  V2N]* 


(9.8) 


The  first  order  equations  for  the  state  variables  are 
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For  example,  for  the  case  of  two  modes  (TV  =  2)  and  with  (9.6)  and  (9.7),  this  system  reduces  to: 
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In  matrix  form  these  equations  are: 
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B  = 


0  0  0  0 
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The  description  is  completed  with  the  equation  for  the  observed  variables, 
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regarded  as  the  sum  of  two  matrices,  one  depending  on  the  properties  of  the  uncontrolled  chamber,  and  one, 
whose  elements  are  identified  by  the  superscript  (  )(c). 
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It  is  a  natural  consequence  of  the  way  in  which  we  approached  the  matter  here  that  we  have  incorporated  full-state 
feedback  represented  by  the  matrix  A^c^. 


Many  examples  of  simulations  of  feedback  control  of  combustor  dynamics  have  been  reported,  usually  without 
reference  to  the  general  framework  described  here.  With  a  few  exceptions  (e.g.  Fung  et  al.  1991;  Haddad  et 
al.  1997;  Seywert,  2000;  Isella,  2000)  the  intimate  connection  between  the  actuation  and  the  physical  processes 
within  the  combustor  are  ignored,  a  tactic  that  probably  detracts  from  the  validity  of  the  simulations.  In  lieu 
of  modeling  the  processes  that  must  be  taking  place  for  any  sort  of  actuation  to  work,  the  control  problem  is 
handled  in  traditional  fashion.  The  properties  of  the  system  are  assumed  to  be  known  and  unchanged  by  the 
action  of  control:  the  state  matrix  A  is  fixed.  Moreover,  it  is  obviously  convenient  if  one  has  complete  freedom 
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to  specify  the  control  law  without  the  constraints  placed  by  any  requirements  to  model  the  internal  processes 
necessary  for  actuation  to  affect  the  system. 

Under  those  circumstances  it  is  virtually  pre-ordered  that  simulations  will  show  that  use  of  active  feedback 
control  will  be  successful.  No  matter  how  detailed  the  behavior  of  the  combustor  is  described — and  whether  the 
calculations  are  analytic  or  numerical,  any  combustor  will  behave  dynamically  at  least  roughly  like  a  system  of 
coupled  oscillators — that’s  intrinsic  to  the  nature  of  disturbances  within  the  chamber.  The  control  problem  then 
has  qualitatively  an  expected  result:  unstable  disturbances  can  indeed  be  controlled. 

Without  the  modeling,  however,  a  wide  array  of  interesting  and  practically  important  questions  can  be 
answered.  The  control  part  of  the  state  matrix,  can  be  simply  dropped,  a  common  tactic,  and  the  control 
vector  is  specified.  Alternatively,  the  rigorous  connection  between  the  state  feedback  represented  by  can  be 
ignored  and  an  arbitrary  model  used.  See  the  references  cited  for  many  examples.  In  any  event,  the  calculations 
do  not  pose  serious  practical  problems:  it  seems  that  almost  all  results  desired  can  obtained  with  MATLAB  and 
SIMULINK  (see  Isella,  2000;  Seywert,  2000;  and  Isella,  Seywert  and  Culick,  2000). 


4-105 


A.  EQUATIONS  OF  MOTION 

Combustion  systems  commonly  contain  condensed  phases:  liquid  fuel  or  oxidizer  and  combustion  products 
including  soot  and  condensed  metal  oxides.  Hence  the  equations  of  motion  must  account  for  two  or  three  phases 
and  at  least  one  species  in  each.  For  investigating  the  dynamics  of  combustors,  it  is  entirely  adequate  to  represent 
each  phase  as  its  mass  average  over  all  member  species.  It  is  unnecessary  to  distinguish  liquid  and  solid  material 
and  we  assume  a  single  species  in  the  condensed  phase,  devoted  by  subscript  (  )/.  For  some  applications  it  is 
appropriate  to  extend  the  representation  slightly  to  accommodate  distributions  of  particle  sizes,  not  included  in 
this  appendix.  There  is  some  advantage  to  treating  the  gas  phase  as  a  multi-component  reacting  mixture.  As  the 
primitive  conservation  equations  we  therefore  begin  with  the  following  set: 


A.l.  General  Equations  of  Motion.  Conservation  of  Species 

"T^"-  +  V  •  (pilli)  =  Wi  +  +  Wei 


(A.l) 


Global  Conservation  of  Mass,  Gas  Phase 

dpg 


dt 


+  V  •  {PgUg)  —  W^P  +  UJeg 


(A.2) 


Global  Conservation  of  Mass,  Condensed  Phase 
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-7^-  +  V  •  (piUi)  =  ~wP  +  Wei 


(A.3) 


Global  Conservation  of  Momentum 


piUi  +  PlUl  )  +  V  '  ($ Z  PiUiUi  +  Piui)  +  Vp  =  V  •  r 


V  =  V  •  r  v  +  meg  +  m ei 
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Global  Conservation  of  Energy 

2;  (T  Pie°i  +  Ple°l)  +  V  '  (E  Piuie°i 

+  pmeoi)  +  v  •  (y^pjUj)  =  V  •  (jv  •  Ug)  -  V  •  q  +  Qe 

(A.5) 

Equation  of  State,  Gas  Phase 

P  =  PgRgTg 

(A.6) 

For  simplification,  the  above  equations  already  contain  some  terms  involving  mass  averaging  over  the  species 
comprising  the  gas  phase,  namely  the  viscous  tensor  rv ;  the  vector  q  representing  heat  conduction;  and  the 
equation,  of  state  (A. 6).  For  more  complete  derivations  of  the  equations  for  multicomponent  mixtures,  see  for 
example  Chapman  and  Cowling  (1958);  Hirschfelder,  Curtis  and  Bird  (19  );  Truesdell  and  Toupin  (1960);  and 
Williams  (1985).  Superscript  (  means  that  the  liquid  phase  is  the  source  and  subscript  (  )e  denotes  an  external 
source.  It  follows  from  repeated  use  of  the  Gibbs-Dalton  law  for  mixtures  of  perfect  gases  that  p  is  the  sum  of 
partial  pressures,  pg  is  the  sum  of  the  densities  and  R  is  the  mass  average  of  the  individual  gas  species,  so  for  the 
gas  phase  we  have 

p  =  Y,p> 

Pg  =  ^2pi  (A. 7)  a,b,c 

Rg  —  ^  ^  PiRi 

Pg  ^ 


22 


!Note  that  pi  represents  the  mass  of  condensed  material  per  unit  volume  of  chamber,  not  the  density  of  the  material  itself. 
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Subscript  (  )i  identifies  the  ith  gaseous  species;  and  in  all  cases  except  Tp,  (  )g  means  a  mass  average  over  all  gas 
species  as,  for  example, 


Ufi=-]T  PiUi  =  ^  YiUi 


(A.8) 


where  Yi  =  Pi/ pg  is  the  mass  concentration  of  the  ith  species. 


Writing  equations  (A.l)  (A.5)  explicitly  with  sums  over  species  allows  proper  accounting  of  the  infiuencesof 
diffusion,  and  leads  to  the  formula  for  energy  released  by  chemical  reactions  written  in  the  conventional  fashion. 
Thus  the  basis  for  subsequently  modeling  is  rigorously  set.  For  analysis  of  unsteady  motins  in  combustors  it  is 
perfectly  adequate  to  reduce  the  general  description  for  a  multicomponent  mixture  to  a  model  representing  a 
single  fluid  having  the  mass- averaged  properties  of  the  actual  mixture.  Details  of  the  procedure  may  be  found 
elsewhere  (Culick  1999).  Only  the  results  are  germane  here.  The  set  of  equations  forming  the  basis  for  the  theory 
and  analysis  we  discuss  in  these  lectures  is: 


g  =  -^Vu  +  W 

(A.9) 

Du 

i’m=-Vp+* 

(A.10) 

DT 

pCv  —  =  -pV  •  u  +  Q 

(A.ll) 

Dp 

(A.12) 

Sl  =  h 

Dt  T 

(A.13) 

p  =  R  pT 

(A. 14) 

For  completeness  we  have  also  included  the  equation  (A.  13)  for  the  entropy,  obtained  in  familiar  fashion  by 
applying  the  combined.  First  and  Second  Laws  of  Thermodynamics  to  an  element  of  fluid.  That  is,  the  relation 
de  =  Tds  —  pdv  can  be  written 


Ds 

~Dt 


1 

T 

1 

T 


( De  Dv\ 
\Di+P~Dt ) 


DT  Dv\ 

~ Dt+Pl)i  ) 


Substitution  of  (A. 9)  and  (A.  11)  gives  (A.  13)  with  the  source 

§ = q  -  y  w 

p 2 


(A.15) 


(A.16) 


It  is  important  to  realize  that  this  formulation  contains  all  relevant  physical  processes,  including  those  repre¬ 
senting  the  actions  of  external  influences  associated,  for  example,  with  active  control  of  combustor  dynamics. 

The  source  functions  in  (A. 9)  (A.  13)  are 

W  =  we  —  V  •  (pi6 u)  (A.  17) 

y  =  V  •  t v  +  me  +  m d  ~  ~  +  SF i  (A.  18) 

Q=rt,-V-u  —  V-q  +  Qw  +  Qe  ~  ( eogwog  +  eolwi)  +Xd  +  Y  '  (/^W) 

—  u  •  (m  —  ae)  +  (u  •  <5u)  +  6Qi  +  <5u  •  F;  —  u  •  —  F/) 


(A. 19) 
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7  =  —Q  +  RT  [W  -  V  •  (Mu)]  (A. 20) 

i^>V 

§  =  Q-P'W  (A. 21) 

P 2 


The  quantities  S(  )  represent  differences  between  values  for  the  gas  and  condensed  phases.  For  example, 
ST  =  Ti  —  Tg  in  the  difference  in  temperature  between  the  temperature  Ti  of  the  condensed  phase  and  that,  Tp, 
of  the  gas  phase. 


A. 2.  Expansions  in  Mean  and  Fluctuating  Variables.  Following  the  steps  suggested  in  Section  3.3  to 
produce  equations  (3.23)  (3.28)  will  give  the  expressions  for  the  brackets  defined  there  to  simplify  the  appearance 
of  the  equations: 


{[p]} i  =  M  •  Vp  +  p'V  •  M  +  M'  •  Vp 
{p}2  =  V  •  (/MO 

{[M]} i  =  p(M  •  VM'  +  M'  •  VM  + 

<9M' 

{M}2  =  p'~ —  +  pM'  ■  VM'  +  /  (M  •  VM'  +  M'  •  VM) 

{M}3  =  p'W  •  VM' 

DT 

{[T]}i  =  -pCv  (M  •  VT'  +  M'  •  VT)  +  cvp'—  +  p'  ■  VM 
BT' 

{T}2  =  Cvp’—  +  Cvp'  (M  •  VT'  +  M'  •  Vf )  +  CvpM'  ■  VT'  +  p'V  ■  M' 
{T}3  =  Cvp'M'  ■  VT' 

{[p]}i  =  M  •  V/  +  M'  •  Vp  +  7/V  •  M 
{p}2  =  M'  •  V/  +  7 p'V  •  M' 

_  ns 

{[s]}i  =  pTM  ■  Vs'  +  p’T—  +  p  (TM'  +  T'M)  •  Vs 

{s}2  =  p,f^i  +  p'r%  +  +  pt')  M'  •  +  pt'% 

{,s}3  =  (pT1  +  p'T)  M'  •  Vs'  +  p'T'  (M'  •  Vs  +  M  •  Vs') 

{s}4  =  p'T' M'  •  Vs' 


(A. 22) 
(A. 23) 

(A. 24) 

(A. 25) 
(A. 26) 

(A. 27) 

(A. 28) 
(A. 29) 
(A. 30) 
(A.31) 

(A. 32) 

(A. 33) 
(A. 34) 


(A. 35) 
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The  subscript  {  }n  on  the  curly  brackets  means  that  the  contained  quantities  are  written  to  order  n  in  the 
fluctuations  of  flow  variables.  Similarly,  the  square  brackets  indicate  that  the  terms  are  of  first  order  in  the  Mach 
number  of  the  mean  flow.  Higher  order  square  brackets  are  not  required,  as  explained  in  Section  3.3.1. 
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B.  THE  EQUATIONS  FOR  ONE-DIMENSIONAL  UNSTEADY  MOTIONS 


These  are  many  problems  for  which  the  flow  may  be  approximated  as  one-dimensional.  Even  when  the 
approximation  may  not  seem  as  accurate  as  we  might  like,  it  is  always  a  good  beginning.  The  desired  results 
are  usually  obtained  without  real  effect  and  often  are  inspiringly  close  to  the  truth.  An  elementary  example  is 
computation  of  the  normal  modes  for  a  straight  tube  having  discontinuities,  Section  5.5.2.  Here  we  are  concerned 
with  situations  in  which  influences  at  the  lateral  boundary  must  be  accounted  for.  The  formulation  of  the  general 
problem  is  then  essentially  the  counterpart  of  the  constitution  of  the  one-dimensional  equations  for  steady  flow 
in  ducts  thoroughly  discussed  by  Shapiro  (1953). 

Accounting  for  changes  of  area  in  the  one-dimensional  approximation  is  a  straightforward  matter;  following 
the  rules  applied  to  derivations  appearing  in  the  three-dimensional  equations: 


u- V( 

V-( 

>  -  kfu  » 

(B.l) 

V2( 

)=iaV  > 

’  Scdx  c  dx 

where  the  axis  of  the  duct  lies  along  the  x-direction  and  Sc(x)  is  the  distribution  of  the  cross-section  area. 

More  interesting  are  consequences  of  processes  at  the  lateral  boundary,  particularly  when  there  is  flow  through 
the  surface.  The  most  important  applications  arise  in  solid  propellant  rockets  when  burning  propellant  forms 
all  or  part  of  the  lateral  surface.  Inflow  of  mass  momentum  and  energy  must  be  accounted  for  (Culick  1971, 
1973;  Culick  and  Yang  1992).  The  equations  have  the  same  form  as  the  three-dimensional  equations  derived  in 
Appendix  A,  equations  (A. 9)  (A.  13)  but  the  rule  (B.l)  applied  and  only  the  velocity  component  u  along  axis  of 
the  duct  taken  to  be  non-zero: 


Conservation  of  Mass 


Conservation  of  Momentum 


Conservation  of  Energy 


Equation  for  the  Pressure 


Equation  for  the  Entropy 


where 


^=yi(s‘“»+w'+w" 

(B.2) 

Du  dp 

pWt=~di  +  ^1  +  ^ls 

(B.3) 

^=-PPs^+Q'+Q>- 

(B.4) 

(B.5) 

f  =  |(S.+S„) 

(B.6) 

D  d  d 

Dt  dt  dx 

(B.7) 

The  source  terms  Wi,  T i,  Qi,  tPi  and  §i  are  the  one-dimensional  forms  of  (A.  17)  (A. 21)  written  for  the  axial 
component  of  velocity  only  and  with  the  rules  (B.l)  applied.  In  addition,  sources  of  mass,  momentum  and  energy 
associated  with  flow  through  the  lateral  boundary  are  represented  by  the  symbols  with  subscript  (  )s  (Culick 
1973,  Culick  and  Yang  1995): 


4-110 


Wls 

$18 

Qis 

Vis 

§1  s 


F  j  rnsdq  =  F  j  [ms  +  mls]  dq 

(B.8) 

F  /  [(««  -  u)m9s  +  (uis  -  ui)mls }  dq 

(B.9) 

F  J  [(ho,,  -  e0)m9  +  (eWs  -  um)mls  +  CvTm9]  dq 

(B.10) 

jrQsi 

(B.ll) 

~Qls  =  -Wis 

(B.12) 

Superscripts  (  )(g)  and  (  refer  respectively  to  the  gas  and  liquid  phases  and  subscript  (  )s 

denotes  values  at  the  surface.  The  mass  fluxes  at  the  surface,  and  mP  are  of  course  computed  as  values 

normal  to  the  boundary  and  are  positive  for  inward  flow.  Here  q  stands  for  the  parameter  of  the  local  section 
normal  to  the  axis. 


B.l.  Equations  for  Unsteady  One-Dimensional  Motions.  Forming  the  equations  for  the  fluctuating 
motions  within  the  one-dimensional  approximation  is  done  in  exactly  the  same  way  as  for  the  general  equations, 
Appendix  A.  We  need  only  apply  the  rules  (B.l)  and  add  to  the  inhomogeneous  functions  h  and  /  the  contributions 
from  processes  at  the  boundary.  As  for  the  general  three-dimensional  equations,  we  defer  writing  the  fluctuations 
W^,  •  •  •  until  we  consider  specific  problems. 


The  procedure  introduced  in  Section  3.3.3  for  forming  the  systems  of  equations  for  a  hierarchy  of  problems 
applies  equally  to  one-dimensional  motions.  As  above,  the  equations  are  obtained  from  the  three-dimensional 
equations  by  applying  the  rules  (B.l):  the  results  can  be  constructed  when  needed.  However,  the  contributions 
from  processes  at  the  lateral  boundary  are  special.  Written  to  first  order  in  the  fluctuations  and  the  Mach  number 
of  the  mean  flow;  the  dimensional  forms  of  (B.8)  (B.12)  are: 


Wia  =  ^/  K)A 

(«s  -  u)  I  (m9)'  dq+y  (« is  ~  «)  j  ( )'  dQ 

+  J-  «  -  u')  j  m9dq  +  F  {u'ls  -  u[)  j  mlsdq 
Q'is  =  J-  {hos  ~  eo)  j  ( m9s)'  dq  +  F  +  (eWs  -  ew )  J  [mls)'  dq  +  CVT  j  (m9)'  dq 
+  J-  ( Ks  -  eo)  J  m9'dq  +  J-  +  (eiOs  -  eio)  J  "4  +  CvT  J  (m9)'  dq 

Vis  =  Act 

Ks  =  -Q'ls  ~  -W'ls 
p  p 


(B.13) 

(B.14) 


(B.15) 

(B.16) 


(B.17) 
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This  set  of  lectures  describes  some  of  the  modeling  issues  and  methods  which  may  be  used 
to  analyze  combustion  instabilities  and  their  active  control.  Experimental  data  are  first  reviewed 
to  exemplify  the  variety  of  mechanisms  involved  in  combustion  dynamics.  The  data  indicate 
that  the  motion  of  the  flame  determines  to  a  great  extent  the  response  of  the  flame  submitted 
to  acoustic  interactions.  A  proper  representation  of  this  motion  is  essential  if  one  wishes  to 
obtain  a  suitable  description  of  the  nonsteady  heat  release  in  the  field.  It  is  well  known  that 
the  distribution  of  this  quantity  is  the  source  of  acoustic  energy  and  therefore  plays  a  central 
role  in  the  instabilty  phenomenon.  Simple  and  more  complex  models  of  nonsteady  heat  release 
are  examined.  In  the  case  of  turbulent  flames,  the  large  eddy  simulation  methods  provide  a 
suitable  framework  for  combustion  dynamics.  The  combination  of  an  unsteady  formulation  for 
the  large  scale  structures  with  adapted  flame  models  allows  a  representation  of  dynamical  flame 
phenomena.  This  type  of  approach  may  be  used  to  analyze  the  flame  response  to  incoming 
perturbations.  It  may  be  used  to  study  combustion  instabilities  and  may  serve  as  a  plateform  in 
the  simulation  of  control. 

A  review  of  active  control  of  combustion  indicates  that  development  in  this  area  has 
mainly  relied  on  experiments  with  some  attempts  at  using  low  order  models  to  describe  the 
flame  dynamics.  In  simple  cases  analytical  models  describe  to  a  certain  extent  the  flame  re¬ 
sponse  and  this  may  serve  to  design  the  controller.  In  the  general  case  the  reduction  to  a  low 
order  system  is  not  suitable  and  only  gives  a  crude  description  of  the  physical  reality.  It  is  there¬ 
fore  logical  to  see  how  one  may  simulate  control  by  coupling  an  unsteady  flow-solver  including 
a  dynamical  description  of  the  system  with  a  control  algorithm.  This  methodology  has  not  been 
used  extensively  up  to  now  but  it  has  great  potential  for  the  future.  It  is  shown  that  among  the 
many  problems  which  arise  in  this  approach,  there  are  three  aspects  which  deserve  special  care: 

•  It  is  first  important  to  devise  a  numerical  description  of  the  actuator.  This  may  be  done 
with  a  distribution  of  sources  in  the  field. 

•  It  is  then  necessary  to  deal  with  the  very  large  mismatch  between  the  time  stepping  needed 
by  the  flow  simulation  module  and  by  the  control  unit.  The  two  frequencies  of  operation 
differ  widely  (the  ratio  between  the  time  steps  is  of  the  order  of  100  or  more).  This  consti¬ 
tutes  a  source  of  perturbation  and  it  may  introduce  unwanted  high  frequency  components 
in  the  flow  simulation.  It  is  shown  that  this  problem  is  alleviated  by  placing  a  numerical 
low  pass  filter  at  the  controller  input. 

•  It  is  finally  necessary  to  eliminate  high  frequency  perturbations  resulting  from  the  sample 
and  hold  behavior  of  the  controller  output  (the  fact  that  the  controller  output  changes  by 
steps).  This  may  be  done  by  placing  a  low  pass  filter  at  the  controller  output. 

These  issues  are  illustrated  with  a  full  simulation  of  active  control  in  the  case  of  vortex 
shedding  instabilities  of  solid  propellant  rocket.  The  dynamics  of  simplified  model  of  such  a 
motor  is  simulated  with  an  unsteady  flow  solver.  The  instabilities  are  then  adaptively  controlled. 
This  example  serves  to  illustrate  the  simulation  methodology  and  provides  insights  into  the  op¬ 
eration  of  the  flow  controller.  It  constitutes  a  prototype  for  more  difficult  combustion  instability 
situations. 
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Chapter  I 
Introduction 


Combustion  instabilities  and  oscillations  constitute  a  crucial  problem  in  many  fields  of  appli¬ 
cation:  aerospace  propulsion  systems,  gas  turbines  operating  in  very  lean  regimes  (LPP).  In¬ 
stabilities  are  the  result  of  resonant  coupling  mechanisms  between  physical  processes  which 
may  lead  to  large  oscillations  of  the  flow,  inducing  many  undesirable  effects:  large  structural 
vibrations,  increased  heat  fluxes  to  the  system  walls,  flashback,  flame  blow-off  and,  in  extreme 
cases,  total  destruction  of  the  system  (Fig.I.l). 

Complex  physical  processes  are  involved  in  the  development  of  instabilities,  depending  on 
the  system  characteristics,  operating  conditions,  etc.  Therefore,  a  large  amount  of  experimental 
work  has  been  carried  out,  in  different  configurations,  to  identify  the  fundamental  mechanisms 
(see  early  observations  of  Mallard  and  Le  Chatelier  1883  [1]).  Theoretical  analysis  has  also 
been  developped  to  explain  the  processes  leading  to  instability.  In  an  early  analysis,  Rayleigh 
(1878)  [2]  established  a  criterion  stating  that  oscillations  are  sustained  when  heat  release  and 
pressure  fluctuations  are  in  phase.  More  recently,  numerical  methods  have  been  devised  to  test 
concepts  and  establish  descriptive  and  predictive  models. 

Basic  classifications  of  instabilities  were  proposed  by  Barrere  and  Williams  (1968)  [3] 
and  Putnam  et  al.  (1971)  [4].  The  subject  is  also  examined  in  detail  by  Williams  (1985)  [5]. 
Reviews  of  the  early  work  on  liquid  rocket  motor  and  jet  propulsion  engine  instabilities  were 
established  by  Crocco  (1965)  [6],  and  Harrje  and  Reardon  (1972)  [7].  Modem  reviews  of 
combustion  instabilities  are  due  to  Culick  (1988)  [8]  and  Candel  (1992)  [9].  The  special  topic 
of  active  control  is  reviewed  by  McManus  et  al.  (1993)  [10]. 


1.1  Combustion  instabilities 

Combustion  instabilities  result  from  resonant  interactions  between  coupled  mechanisms.  A 
driving  process  generates  perturbations  of  the  flow,  a  feedback  process  couples  these  pertur¬ 
bations  to  the  driving  mechanism  and  produces  the  resonant  interaction  which  may  lead  to 
oscillatory  combustion  (Fig.  1.2). 

In  general,  the  feedback  process  relates  the  downstream  flow  to  the  upstream  region  where 
the  perturbations  are  initiated.  As  a  consequence,  acoustic  wave  propagation  is  most  commonly 
responsible  for  the  feedback  path.  Practical  combustors  feature  a  wide  variety  of  acoustic  reso¬ 
nant  modes.  The  propagation  of  acoustic  waves  in  the  system  takes  place  in  many  ways.  These 
eigenmodes  depend  on  the  chamber  geometry,  boundary  conditions  and  flow  field.  While  other 
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Figure  1.1:  Sequence  of  schlieren  images  presenting  flame  motion  during  instability  (McManus 
et  al.  1993). 

processes  like  structural  vibrations  or  convective  modes  constitute  alternative  feedback  mecha¬ 
nisms,  the  following  developments  concentrate  on  instabilities  coupled  by  pressure  waves. 


Figure  1.2:  Typical  instability  mechanism. 

Among  the  three  main  classes  of  instabilities  identified  by  Barrere  and  Williams  1968  [3] 
(see  also  Poinsot  1987  [11]),  the  first  two  involve  a  coupling  by  pressure  waves. 

System  instabilities  involve  the  entire  combustion  system,  including  the  supply  tanks, 
fuel  lines,  combustor  and  exhaust  elements.  The  typical  scales  associated  with  such  instabilities 
and  the  corresponding  wavelengths  are  large  compared  to  the  transverse  dimensions,  so  that  the 
wave  propagation  is  essentially  longitudinal  and  may  be  described  in  terms  of  plane  modes.  The 
characteristic  frequencies  lie  in  the  low  range  (a  few  hundred  Hz  or  less).  When  one  component 
of  the  system  is  short  with  respect  to  the  wavelength,  it  may  be  treated  as  a  compact  element 
and  described  in  term  of  lumped  parameter  models. 

System  instabilities  appear  in  all  types  of  situations.  For  example,  they  are  encountered 
during  the  ignition  and  shut-down  sequences  of  liquid  rocket  engines,  when  the  pressure  drop 
through  the  injectors  has  a  reduced  value  and  the  supply  system  is  closely  coupled  to  the  cham¬ 
ber  (see  Barrere  and  Corbeau  1964  [12]).  They  also  arise  in  certain  ranges  of  the  flight  envelope 
of  high  performance  afterburners  and  ramjets  and  they  may  perturb  the  operation  of  large  scale 
powerplants. 
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Chamber  instabilities  are  coupled  by  the  chamber  eigenmodes  (resonant  acoustic  modes). 
The  size  of  the  combustor  fixes  the  instability  wavelength  and  consequently  the  frequency  lies 
in  the  high  range  (typically  above  1  kHz).  In  many  circumstances,  chamber  instabilities  are 
coupled  by  higher  order  transverse  modes  of  the  combustor.  The  spatial  structure  of  the  pressure 
fluctuation  then  becomes  an  important  aspect  of  the  problem.  When  the  combustor  has  an  axis 
of  symmetry  (as  in  a  cylindrical  or  annular  configuration)  the  transverse  pressure  pattern  may 
be  stationary  or  it  may  be  spinning. 

Chamber  instabilities  observed  in  liquid  or  solid  rocket  motor  or  in  ramjets  have  destruc¬ 
tive  effects  because  they  enhance  the  rates  of  heat  transfer  to  the  walls  and  injection  head, 
leading  to  hot  spots  and  local  melting  of  the  structure.  These  instabilities  require  considerable 
attention  in  design  and  extensive  testing  is  used  to  establish  the  domain  of  stable  operation  (see 
Rogers  and  Marble  1956  [13]). 

The  last  class  of  instabilities  described  as  intrinsic  instabilities  will  be  described  as  being 
unsteady  combustion  phenomena  resulting  from  chemical  and  thermo-diffusive  effects,  which 
modify  the  flame  propagation  rate.  The  characteristic  length  scales  associated  with  these  phe¬ 
nomena  are  of  the  order  of  the  front  thickness.  In  general,  these  instabilities  depend  upon  the 
properties  of  the  reactants.  A  review  of  the  instability  of  plane  laminar  flames  due  to  thermo- 
diffusive  effects  is  given  by  Clavin  (1990)  [14]. 


1.2  Active  control 

Control  schemes  used  to  damp  or  eliminate  instabilities  in  combustion  systems  will  be  broadly 
classified  as  being  either  passive  or  active  techniques.  Passive  control  techniques  include  hard¬ 
ware  design  modifications.  The  geometry  is  changed  to  include  baffles,  cavities,  acoustic  liners, 
etc.  The  objective  is  to  augment  damping.  Active  control  techniques  include  control  systems 
whose  operation  depends  on  a  dynamic  or  time  varying,  hardware  component  (actuator).  Ex¬ 
amples  of  such  components  include  acoustic  driver  units  fitted  to  the  combustor  or  to  the  feed 
lines  to  excite  acoustic  waves,  and  fast  servo-valves  used  to  modulate  flow  rates  to  produce  a 
time  variation  around  a  given  steady  state. 

The  present  review  will  include  active  control  techniques  only,  and  for  this  discussion  it 
is  convenient  to  categorize  the  active  control  system.  This  classification  will  be  based  on  three 
criteria: 

•  If  the  control  system  does  not  use  a  time  varying  input  from  the  combustion  system  (feed¬ 
back  to  determine  the  control  action),  the  control  system  will  be  called  “open-loop”,  and 
if  this  information  influences  the  control  action  the  system  will  be  called  “closed-loop”. 

•  If  the  time-scales  associated  with  the  controller  response  and  with  combustion  instability 
are  of  the  same  order,  the  control  system  will  be  called  “fast  response”.  If  the  controller 
time-scale  is  much  greater  than  that  of  the  instability,  the  control  system  will  be  called  a 
“trim  adjustment”  controller. 

•  Controllers  with  basic  response  characteristics,  or  transfer  function,  which  do  not  change 
with  time  will  be  called  “fixed-parameter”  controllers  and  those  which  have  internal  algo¬ 
rithms  allowing  time-varying  transfer  functions  through  parameter  optimization  will  be 
called  “adaptive”  controllers. 
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In  the  area  of  fluid  mechanics,  active  feedback  control  of  flow  instabilities  is  now  extensively 
investigated.  However,  a  review  of  literature  indicates  that  few  studies  deal  with  unstable  flows 
coupled  by  acoustic  resonances  (see,  for  example  Huang  and  Weaver  1991  [15]  and  Billoud  et 
al.  1992  [16]). 

Moreover  a  limited  number  of  studies  consider  adaptive  control  algorithms  in  the  area  of 
unstable  flows  (see,  for  example  Billoud  et  al.  1992  [16]  or  Ziada  1995  [17]).  The  disadvantage 
of  non-adaptive  algorithms  in  this  context  is  the  necessity  to  change  the  controller  gain  and 
phase  with  changing  flow  speed  (see,  for  example  Ziada  1995  [17],  Huang  and  Weaver  1991 
[15]  and  Welsh  et  al.  1991  [18]  among  others). 

Early  work  on  active  control  modeling  was  developped  in  studies  of  low-frequency  com¬ 
bustion  instabilities  in  rocket  motors.  Tsien  (1952)  [19],  Marble  and  Cox  (1953)  [20],  Crocco 
and  Chen  (1956)  [21]  consider  the  dynamics  of  fixed  parameter  controllers  represented  schemat¬ 
ically  in  Fig.  1.3(a).  These  models  were  demonstrated  in  the  prediction  of  combustion  instability 
suppression  through  the  use  of  closed-loop  controllers;  however,  the  resulting  theoretical  prin¬ 
ciples  were  never  verified  in  practice.  Adaptive  closed-loop  controllers  shown  in  Fig.  1.3(b)  are 
considered  in  more  recent  studies. 


(b) 


Figure  1.3:  Block  diagrams  of  (a)  fixed-parameter  and  (b)  adaptive  closed-loop  controllers. 
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1.3  Contents 

In  what  follows,  we  will  consider  system  and  chamber  instabilities  and  we  restrict  the  analysis 
to  the  rather  general  situation  where  the  instability  is  coupled  by  acoustic  waves.  We  will  here 
consider  some  theoretical  modeling  methods  and  focus  on  numerical  simulation  strategies. 

We  begin  with  a  tutorial  section  on  classical  theory  for  combustion  instabilities  studies 
(chapter  II).  An  acoustic  wave  equation  is  derived  for  reactive  mixtures,  the  acoustic  energy 
balance  in  combustor  cavities  is  then  established.  We  use  the  balance  equation  to  obtain  the 
Rayleigh  criterion  and  show  that  the  nonsteady  heat  release  constitutes  the  source  of  acoustic 
energy. 

We  then  examine  some  of  the  physical  mechanisms  leading  to  combustion  instabilities 
(chapter  III).  A  model  based  on  the  time  lag  concept  is  introduced.  It  describs  the  linear 
interaction  between  heat  release  source  and  acoustics.  The  time  lag  concept  is  briefly  reviewed 
in  this  chapter,  and  it  is  used  to  determine  the  instabilities  in  a  ducted  flame  situation.  An  active 
control  model,  to  predict  the  effects  of  a  simple  control  system  applied  to  the  instability  model 
is  proposed.  The  model  controller  will  be  adapted  to  the  ducted  flame  model  and  the  ability  of 
the  control  system  to  suppress  the  acoustically  coupled  instability  may  be  predicted. 

Flame  Dynamics  is  a  central  element  in  the  description  of  instabilities  and  control.  This 
topic  is  considered  in  chapter  IV.  We  first  propose  a  complete  theoretical  determination  of 
the  response  of  a  laminar  premixed  flame  to  acoustic  perturbations.  The  flame  transfer  function 
concept  is  also  presented  in  this  case.  An  example  of  Large  Eddy  Simulation  (LES)  calculations 
of  combustion  instabilities  in  a  turbulent  combustor  is  then  analyzed,  showing  the  possibilities 
in  predicting  the  instabilities. 

Chapter  V  deals  with  simulation  of  active  control.  A  review  of  recent  works  in  the  field 
of  adaptive  control  algorithms  is  proposed.  This  chapter  considers  central  issues  in  the  develop¬ 
ment  of  software  tools  for  active  control.  The  strategy  relies  on  an  unsteady  numerical  simula¬ 
tion  of  the  system  based  on  the  Navier-Stokes  equations.  A  set  of  calculations  are  carried  out  to 
simulate  vortex  shedding  instabilities  of  a  simplified  solid  propellant  rocket.  These  instabilities 
are  then  adaptively  controlled.  This  example  illustrates  some  of  the  problems  encountered  in 
the  numerical  simulation  of  active  control. 
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Chapter  II 

Acoustics  of  Reactive  Mixtures 


S.  Candel  and  T.  Poinsot  [22] 

The  objective  of  this  chapter  is  to  relate  the  pressure  field  and  the  heat  release  in  reactive  mix¬ 
tures.  The  derivation  leads  to  a  wave  equation  which  features  as  source  term  the  rate  of  change 
of  the  heat  release.  It  is  also  useful  to  derive  a  balance  equation  for  the  acoustic  energy.  Both 
results  indicate  that  combustion  dynamics  are  governed  by  the  non  steady  heat  release  and  that 
the  phase  between  this  source  term  and  the  pressure  determines  if  acoustic  energy  increases  or 
decreases  in  the  system. 


II.  1  Introduction 

The  description  of  acoustic  wave  generation  and  propagation  in  an  inhomogeneous  reactive 
medium  may  be  based  on  a  wave  equation  (see  for  example  Kotake  1975  [23]).  This  equation 
is  briefly  derived  in  section  II.2  to  provide  the  proper  background  for  studies  of  combustor 
cavity  modes.  The  derivation  also  exhibits  the  source  terms  associated  with  the  non-steady  heat 
release. 

Equations  obtained  in  this  section  will  be  used  in  section  II.  3  to  derive  an  acoustic  energy 
balance  for  general  combustor  cavities.  The  examination  of  the  balance  of  acoustic  energy 
plays  a  central  role  in  many  instability  studies.  Energy  considerations  are  often  put  forward 
in  the  field  of  solid  rocket  instabilities.  An  early  example  of  this  type  of  reasoning  may  be 
found  in  Cantrell  and  Hart  (1964)  [24],  Analyses  of  the  energy  balance  are  also  found  in  studies 
of  gaseous  combustor  instabilities  (  as  for  example  in  Poinsot  et  al.  1986  [25]).  The  energy 
balance  for  acoustic  perturbations  is  closely  related  to  the  Rayleigh  criterion  which  has  been 
quoted  and  used  in  many  qualitative  descriptions  of  flame  instabilities.  This  is  well  illustrated 
in  a  classical  monograph  due  to  Putnam  (1971)  [4], 

We  begin  section  II.3  by  deriving  an  acoustic  energy  balance  equation  for  a  chemically 
reacting  mixture.  A  global  balance  is  then  obtained  for  acoustic  cavities.  Results  due  to  Cantrell 
and  Hart  [24]  for  cavities  with  mean  flow  are  introduced.  Expressions  for  the  growth  rates  of 
acoustic  energy  are  then  derived. 
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II.2  Acoustic  wave  equation  for  a  reacting  mixture 


II.2.1  Derivation  of  an  acoustic  wave  equation 

We  start  from  the  general  equations  describing  a  chemically  reactive  mixture  of  N  species. 
These  equations  and  many  alternative  expressions  may  be  found  in  Williams  (1985)  [5],  Kuo 
1986  [26],  We  use  the  following  forms  : 

Conservation  of  mass 

^  +  V-/m  =  0  (III) 

Conservation  of  the  k  —  th  chemical  species 

^(pYk) +  V  ■  pYk(v +  vk)  =  wk  (II.2) 

Conservation  of  momentum 

d  N 

-tt (pv)  +  V  •  pvv  =  -Vp  +  V  •  r  +  ^2  pfkYk  (IL3) 

k= 1 

Conservation  of  energy  (enthalpy  form) 


N 


d  do  _ ^ 

ph  +  V  •  phv  =  -  V  •  q  +  —  +  $  +  22  PYkvk  •  fk 

k= 1 


dt 

Equation  of  state 


(H.4) 


N 

p  =  pRT  where  R  =  Rq  f/  Af)  (II. 5) 

k= 1 

Enthalpy  of  the  mixture 

N  N  n,T 

h  =  Y,  hkYk  =  +  /  cvhdT)Yk  (II.6) 

k= 1  k= 1  dr0 


In  these  equations  p,  p,  T,  v  respectively  designate  the  specific  mass,  pressure,  tem¬ 
perature  and  velocity  of  the  mixture.  Yk ,  vk  ,  fk,  Mk  represent  the  k  —  th  species  mass 
fraction,  diffusion  velocity,  specific  body  force  and  molar  mass.  The  mass  rate  of  production  of 
the  k  —  th  species  per  unit  volume  wk  constitutes  the  source  term  in  the  species  equation.  The 
global  conservation  of  mass  requires  that: 

N  N 

EjdJk  =  0  and  Ej  pYkVk  =  0 

k= 1  k= 1 


(II  7) 
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The  equation  describing  the  balance  of  enthalpy  also  involves  the  viscous  dissipation  function 
$  =  t  :  Vd  where  r  is  the  viscous  stress  tensor  and  a  heat  flux  q.  Neglecting  coupled  effects 
and  radiative  heat  transfer  this  flux  may  be  written  in  the  form: 


N 

q  =  -\VT  +  Y.PY*vkhk 

k= 1 


(II.8) 


In  the  general  case  the  diffusion  velocities  are  obtained  by  solving  a  system  of  multicomponent 
diffusion  equations  (see  Williams  1985,  [5]). 

Now  the  system  of  equations  (II.1)-(II.6)  may  be  simplified  by  neglecting  the  specific 
body  forces  fk.  It  is  also  convenient  to  introduce  the  material  derivative  d/dt  =  d/dt  +  v  ■  'V 
and  derive  an  equation  for  the  temperature  by  combining  the  species  and  energy  equations.  The 
following  system  is  obtained  : 


di  =  ~pV'v 
P^  =  — Vp+V-T 


dT 


Pcp~TT  =  -V-q  +  ^  +  $-J2  hkWk  +  J2(hk V  ■  PYkO 


N 


N 


dt 


dt 


k= 1 


k= 1 


(II.9) 

(11.10) 

(11.11) 


where  cp  =  J2k=i  cpk  designates  the  specific  heat  of  the  mixture.  The  last  equation  may  be 
simplified  by  introducing  expression  (II.  8)  for  q: 


pcP—  =  V  •  AVT  +  -£  +  $  ~  Y,  ~  Y<(PYkvkcPk)  ■  VT 


(11.12) 


If  it  is  assumed  that  all  the  specific  heats  of  the  species  are  equal  Cpk  =  cp  the  last  term  of  this 
equation  disappears.  We  now  divide  the  energy  equation  (11.12)  by  pCpT  and  use  the  equation 
of  state  (II.5)  to  get: 


1  dp  1  dp 

7 p  dt  p  dt 

N 

-  ^2  hkWk 
k= 1 


(V  •  A  VT  +  $ 

N 

-  -  cJ*vr)} 

k= 1 


1  dR 
^  R  dt 


(11.13) 


This  last  expression  combined  with  the  mass  conservation  equation  yields: 


- -lnp  +  V-  ,u  = 

Ip  at 

N 

-  22  hk^k 
k=l 


1 

pcpT 

N 


{V •  AVT  +  $ 


-22(PYkCpkV%  -VT)} 

k= 1 


1  dR 
^  R  dt 


(11.14) 


We  now  write  equation  (II.  10)  in  the  form: 

dv  c2  _ ,  1 

—  H - V  In  p  =  -V  •  r 

dt  7  p 


(11.15) 
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where  c2  =  7 p/p  designates  the  local  speed  of  sound.  The  last  two  equations  may  now  be 
combined  by  taking  the  divergence  of  the  second  and  subtracting  the  material  derivative  of  the 
first : 


vC-'np-Tti-/Tt]np)  =  v'ip~'v"r) 

N  N 


d 

J4-  t 


1 


dt  pcpT 
d2 


[V  •  AVT  +  $  -  hkwk  -  J2(pYkCpkv°  •  VT)]} 


k= 1 


k=l 


dt 2 


(In  R )  —  Vu  :  Vu 


(11.16) 


This  is  a  wave  equation  for  the  logarithm  of  the  pressure.  A  similar  expression  was  established 
by  Phillips  (1960)  in  a  classical  analysis  of  the  aerodynamic  generation  of  sound  in  non  reactive 
turbulent  gas  flows.  It  has  been  pointed  out  by  Doak  (1973)  [27]  that  such  an  equation  has  an 
essential  flaw  because  terms  appearing  in  the  right  hand  side  describe  features  of  the  propagation 
of  sound  in  the  medium  and  should  be  included  in  the  left  hand  side.  This  point  is  also  discussed 
by  Kotake  (1975)  in  a  study  of  combustion  noise  [23]. 

Despite  these  objections  we  will  regard  the  terms  appearing  in  the  right  hand  side  of 
equation  (11.16)  as  the  source  terms  generating  the  pressure  waves  in  the  reactive  mixture.  The 
main  source  terms  arise  from  entropy  fluctuations  associated  with  perturbations  in  the  heat  flux, 
viscous  dissipation,  chemical  heat  release  and  from  turbulent  velocity  fluctuations.  An  order  of 
magnitude  analysis  (see  Kotake  1975)  indicates  that  the  dominant  source  terms  are  associated 
with  the  chemical  heat  release  fluctuations  and  velocity  perturbations.  Neglecting  all  other 
terms  one  obtains: 


V- 


c 

— V  In  p  — 

7 


did 

dtKjdt 


In  p) 


dt v  pcpT 


N 

^2hkwk)  -  Vv  :  Vv 

k= 1 


(11.17) 


If  one  considers  low  speed  reactive  flows,  the  convective  term  in  the  material  derivative  may 
be  neglected  d/dt  ~  d/dt.  Assuming  in  addition  that  the  specific  heat  ratio  is  constant,  equa¬ 
tion  (11.17)  becomes: 


0 2  d  1 

V  •  c2V  In  p  -  —  In  p  =  — (-^y  hkwk )  -jVv.Vv  (11.18) 

This  equation  is  not  linearized  and  it  may  be  used  to  describe  finite  amplitude  waves.  However, 
in  many  circumstances,  the  pressure  waves  are  relatively  weak  and  linearization  is  appropriate. 
The  pressure  is  then  expressed  as  a  sum  of  a  mean  and  a  fluctuating  component:  p  =  Po  +  Pi 
with  pi/po  <  1.  Then  In  p  ~  pi/po  and  equation  (11.18)  becomes: 

f)  I  N 

v  • ' c2vO  -  E  :  <IU9> 

In  practical  continuous  combustion  devices  the  mean  pressure  does  not  change  by  more  than  a 
few  percent,  the  spatial  derivatives  of  p0  may  be  neglected  and  hence  equation  (11.19)  may  be 
written  as: 


N 


Q 2  Q 

V  •  c2Vpi  -  —  Pi  =  —[(7  -  1)  ^  hkwk ]  -  7 PoVv  :  Vv 

k= 1 


(11.20) 
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In  addition  to  this  equation  we  also  need  an  expression  for  the  acoustic  velocity.  This  may 
be  obtained  by  linearizing  the  momentum  equation  (11.15)  and  neglecting  the  viscous  stresses. 
This  yields: 


dvi 

dt 


- Vpi 

Po 


(11.21) 


Equations  (11.20)  and  (11.21)  describe  the  propagation  and  generation  of  small  perturbations  in 
the  reactive  mixture.  To  perform  a  modal  analysis,  one  first  assumes  that  all  waves  are  harmonic 

and  contain  the  common  factor  exp(-iut).  The  modes  are  the  eigensolutions  of  the  Helmholtz 
equation: 


V  •  c2  Vpi  +  u)2pi  =  0 


(11.22) 


and  the  corresponding  velocity  field  is  obtained  from 

=  (l/p0ico)VPl  (11.23) 

This  equations  must  be  solved  under  the  usual  boundary  conditions: 

{V\  ■  n  =  0  on  a  rigid  wall  ,  „  _ 

&  (11.24) 

Pi  =  0  open  plane  exit 

Equation  (11.22)  and  the  related  boundary  conditions  may  be  used  to  determine  the  combustor 
modes  of  oscillation.  The  effects  of  temperature  non-uniformity  is  taken  into  account  because 
the  spatial  variations  of  the  sound  speed  are  correctly  represented  in  equation  (11.22).  Such  a 
modal  analysis  is  performed  by  Laverdant  et  al.  (1985)  [28]  in  the  case  of  a  gaseous  dump 
combustor  or  more  recently  by  Le  Helley  (1994)  [29]  and  the  reader  may  find  further  details  in 
these  references. 


II.2.2  The  non-steady  heat  release  source  term 

Let  us  consider  again  the  source  term  corresponding  to  the  non-steady  heat  release: 

r)  N 

^[(7-1  )^2hkwk] 

k= 1 

Now  assume  that  the  chemical  change  occurs  by  a  single  reaction  step.  Then  if  A h°j  designates 
the  change  of  formation  enthalpy  per  unit  mass  of  the  mixture  and  if  w  represents  the  rate  of 
reaction,  the  chemical  source  term  becomes: 

J^(7-  1)(-A  h°f)w 

In  most  cases  the  only  time  dependence  in  this  expression  is  due  to  the  non-steady  rate  of  reac¬ 
tion  term  and  as  a  consequence  the  acoustic  source  term  associated  with  the  chemical  reaction 
may  be  written  in  the  form: 

dw 

(7-1)(-A^)- 
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II.3  Derivation  of  a  energy  balance  equation 

II.3.1  Energy  balance  for  acoustics  in  a  reacting  medium 

The  derivation  of  an  energy  balance  equation  for  acoustic  perturbations  in  a  reacting  medium 
may  be  based  on  the  conservation  relations  given  in  section  II.2.  These  relations  are  repeated 
below  for  convenience: 

o2  c\  N 

V  •  c2Vpi  -~^t  =  ^[(7  -  1  )Y1  -  IPoVv  :  Vu  (11.25) 

k= 1 

Po^  +  VPl=0  (11.26) 

at 

Now  let  us  only  retain  the  heat  release  source  term  in  equation  (11.25)  and  replace  V/7  in  that 
equation  by  its  expression  in  terms  of  V\  as  given  by  (11.26). 

This  yields: 

^  •  p^  +  =  -^[(7  - 1)  hk ^  (IL27> 

k= 1 

Only  the  non-steady  heat  release  source  terms  contribute  to  this  equation  and  wk  may  be  re¬ 
placed  by  which  represents  the  unsteady  rate  of  production  of  the  k  —  th  chemical  species. 

Now  the  time  derivative  appearing  in  all  three  terms  may  be  discarded  and  the  following 
relation  is  obtained: 


V-p0cV  +  ^  =  -(7-l)^^1)  (11.28) 

k= 1 

Consider  the  quantity  p0c2  =  7 p0.  In  many  situations  the  pressure  is  nearly  a  constant  in  the 
flow  and  equation  (11.28)  may  be  cast  in  the  form: 


V  •  vi  + 


1  dpi 
Poc2  dt 


7-1 
poc 2 


k= 1 


(11.29) 


Multiplying  this  equation  by  p\,  taking  the  scalar  product  of  equation  (11.26)  by  v\  and  adding 
the  resulting  expressions  yields: 


T  =- 


7  ~  1 
p0c2 


N 


pi  hk™k 


(i) 


k= 1 


(11.30) 


1  p2  1 

where  £  =  - — l—  +  -po'oj  is  the  instantaneous  acoustic  energy  and  T=  p\V\  stands  for  the 
2i  Pq  c  2j 

acoustic  energy  flux. 
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The  source  term  appearing  on  the  right  hand  side  corresponds  to  the  non-steady  heat 
release  in  the  reactive  mixture.  This  term  may  be  written  in  the  form: 


5  = 


7~  l_Pi 
7  Po 


hk™k] 


k= 1 


(11.31) 


The  meaning  of  this  term  is  best  understood  under  the  following  assumptions.  The  set  of  reac¬ 
tions  taking  place  in  the  mixture  is  replaced  by  a  single  global  equation  F  +  O  — >■  P.  The  rate 
of  this  reaction  is  w  and  the  change  of  formation  enthalpy  per  unit  mass  of  mixture  is  A h°j.  If 
the  specific  heat  of  the  mixture  does  not  depend  on  the  composition  it  is  possible  to  write: 


N 

~  J2 


k= 1 


(—A  h°f)w^ 


(11.32) 


and  the  source  term  in  equation  (11.30)  becomes: 

5=  ^zl(-Ah°f)—ww  (11.33) 

7  Po 

When  this  term  is  positive  energy  is  fed  into  the  acoustic  oscillation,  when  it  is  negative  energy 
is  extracted  from  that  oscillation. 

A  global  energy  balance  is  easily  derived  from  expression  (11.30)  by  integrating  over  the 
volume  of  the  combustor  : 


d_ 

dt 


l 


SdV 


PF  •  ndA 


(11.34) 


Let  us  now  examine  a  situation  where  all  the  acoustic  perturbations  are  quasi-periodic  oscilla¬ 
tions  and  contain  the  common  factor  exp (—iu>t).  The  complex  amplitudes  p\  (t).  Vi  (t),  w(t ) 
are  now  slowly  varying  with  time.  An  average  energy  balance  may  be  obtained  by  integrat¬ 
ing  (11.34)  over  a  period  of  oscillation  T  =  2tt /u>  and  dividing  the  resulting  expression  by  the 
period.  This  procedure  yields: 


d_ 

dt 


EdV 


<v 


F  ■  ndA 


(11.35) 


where  E,  F  and  S  are  period  averages  of  the  instantaneous  quantities  £,  T,  S: 


E  =  -r^pipl  +  ]p0V!  ■  vl  (11.36) 

4 p0cz  4 

F  =  l-Re{Plv\)  (11.37) 

S  =  ^—^(-Ah°f)lRe[p1wV*]  (11.38) 

Expression  (11.35)  together  with  the  period  averages  E,  F  and  S  provide  a  global  acoustic 
energy  balance  for  the  cavity  of  volume  V  surrounded  by  the  surface  A.  According  to  this 
expression  the  energy  contained  in  the  acoustic  perturbations  existing  in  the  volume  may  be 
changed  in  two  ways.  One  contribution  is  due  to  the  volume  integral  of  Re\piw^*]  while 
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the  other  comes  from  the  surface  integral  of  the  normal  flux.  The  energy  is  increased  if  the 
surface  integral  of  the  flux  is  positive.  The  growth  rate  of  the  acoustic  perturbations  may  be 

deduced  from  the  global  energy  balance.  For  this  let  us  assume  that  the  slow  variation  of  the 
perturbations  is  of  the  form: 

Pi  =  Plea\  Vl  =  Vieat,  w{1)  =  w{l)eat  (11.39) 


where  aT  <C  1  (i.e.  the  growth  of  the  perturbation  over  a  single  period  is  small).  The  global 
energy  balance  then  yields: 

[  EdV  (11.40) 

v 

where  factors  of  the  form  eat  may  be  discarded  from  all  the  terms  appearing  in  this  expression. 
To  obtain  a  practical  result  let  us  use  the  surface  admittance  Y  on  the  cavity  surface  and  intro¬ 
duce  the  complex  ratio  of  the  non-steady  volume  rate  of  reaction  to  the  pressure  perturbation: 


2  a  = 


ndA+  /  SdV 

Jv 


Y  =  vi  ■  n/pi  (11.41) 

D  =  w(1)/p1  (11.42) 


Both  Y  and  D  are  complex  numbers.  With  these  definitions  the  growth  rate  is  given  by: 


2  a 


-\fj>ip\Re(Y*)dA+l-j^PlP\Re(D*)dV  / J EdV 


(11.43) 


II.3.2  Acoustic  energy  balance  in  cavities  with  mean  flow 

Extension  of  the  previous  results  to  cavities  with  mean  flow  is  due  to  Cantrell  and  Hart  (1964) 
[24].  Their  results  will  be  presented  without  the  derivation  which  may  be  found  in  the  origi¬ 
nal  paper.  The  basic  assumptions  are  that  the  mean  flow  is  irrotational  and  isentropic.  These 
assumptions  are  rather  restrictive  but  the  results  are  nevertheless  useful.  For  simplicity  one  as¬ 
sumes  that  the  volume  rate  of  reaction  is  also  absent  but  this  term  may  be  included  with  little 
effort. 

Now  let  v0  designate  the  mean  flow  velocity  in  the  cavity,  the  global  energy  balance 
averaged  over  a  period  takes  the  form: 


S-  [  EdV  +  [  F-ndA  =  0 
dt Jv  JA 


where  now: 


E=  - 


lplP\  1 


1 


<V\. 


+  tPo^i  -  +  -Re(—v0 


4  p0c2  4ru  1  1  2  V 


v , 


(11.44) 


(11.45) 


F  =  ]-Re{piv{  +  ^\vo  +  pov i(w0  •  O  +  ^Vo(v0  ■  uj)} 

Z  pQ  C  C 


(11.46) 
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The  previous  expressions  may  be  interpreted  as  the  time  averages  of  the  acoustic  energy  and 
flux  in  the  moving  medium. 

Growth  rates  of  the  acoustic  perturbations  may  be  estimated  from  the  previous  energy 
balance.  Assuming  that  pi,  v\  are  of  the  form  eat  one  obtains 


2  a  = 


L 


-  fA  ^Re{Plvl 

IpiPl 


P1P1 


Pi 


H - ~V0  +  PoV^Vq  ■  v{)  +  -itV0(v0  •  Ui)}  •  ndA 


p0c 


1 


[4  p0c 2 


Po'Ui  •  vx  + 


lRe^(v0  ■  v{) 

2  cz 


dV 


(11.47) 


II.3.3  The  Rayleigh  criterion 

A  result  which  is  often  used  in  the  analysis  of  combustion  instabilities  is  a  criterion  due  to 
Rayleigh.  The  result  dates  back  to  1878  [2]  and  is  presented  in  Rayleigh’s  classical  book  on  the 
theory  of  sound  (Rayleigh  1945  [30]).  This  criterion  states  that  the  pressure  perturbation  and 
the  non-steady  heat  addition  must  be  in  phase  for  amplification. 

There  are  many  possible  derivations  of  this  result,  one  of  which  relies  on  the  acoustic  en¬ 
ergy  balance  relations  presented  in  this  section  (see  Culick  1987  for  an  alternative  presentation 
[8]).  Consider  once  more  the  local  energy  balance: 

l  +  <IM8) 

The  source  term  on  the  right  hand  side  will  enhance  the  acoustic  energy  if  pi  and  have  the 
same  sign.  If  the  previous  equation  is  averaged  over  a  period  of  oscillation  it  becomes: 

^  +  V-F  =  S  where  S  =  ^^(-Ah0f)lRe(Plww*)  (11.49) 

ot  Poc  J  2 

Now  let  cp  designate  the  phase  between  the  pressure  and  the  rate  of  reaction  perturbations.  The 
source  term  S  becomes: 

S  =  ^—^(-Ah0f)-P1W{1)*cosip  (11.50) 

p0c2  J  2 

The  source  term  will  be  positive  and  the  amplitude  of  oscillation  will  increase  if  —  n/2  <  ip  < 
7r/2  (i.e.  if  the  pressure  and  unsteady  heat  release  are  in  phase).  The  source  term  will  be  negative 
and  the  amplitude  of  oscillation  will  decrease  if  7t/2  <  p  <  Ztt/2  (i.e.  if  the  pressure  and  heat 
release  are  out  of  phase). 

In  other  words,  this  criterion  states  that  if  the  local  unsteady  heat  release  Qi(x ,  t)  is  in 
phase  with  the  local  pressure  fluctuation  Pi  ( x ,  t),  the  pressure  wave  associated  with  the  fluctua¬ 
tion  will  be  locally  amplified.  Rayleigh’s  criterion  has  often  been  used  in  combustion  instability 
studies  to  quantify  the  coupling  between  unsteady  heat  release  and  acoustic  pressure  fields  (see 
for  example  Poinsot  et  al.  1987  [31],  or  Bloxsidge  et  al.  1988,  [32]).  A  Rayleigh  index,  (7(x) 
can  be  defined  (Putnam  1971,  [4]): 

G(x)  =  ^  J  Qi(x,t)Pl(x.,t)dt 


(11.51) 
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where  T  represents  the  time  of  one  oscillation  cycle.  Rayleigh’s  criterion  states  that  if  G'(x)  > 
0,  local  amplification  of  flame-acoustic  interaction  takes  place  and  if  G(x)  <  0  damping  occurs. 
Equation  (11.51)  may  be  expressed  in  the  frequency  domain  as  follows: 

poo 

G(x)  =  2  /  jSPq(x,  f )l  cos 0Pq(x,f)df  (11.52) 

Jo 

where  Spq(f )  are  the  Fourier  coefficients  of  the  cross-spectrum  of  p\  (x,  t)  and  Q\  (x,  t)  and 
4>Pq(f)  are  the  relative  phase  angle.  Rayleigh’s  criterion  predicts  flame  driving  for  phase  angles 
between  — 7r/2  and  ir/2  (modulus  27t). 

The  direct  measurement  of  these  quantities  is  often  attempted  in  experiments.  A  typical 
setup  for  such  measurements  is  shown  in  Fig.  II.  1.  Pressure  is  obtained  from  probes  mounted 
on  the  combustor  walls.  Heat  release  is  deduced  from  free  radical  radiation  imaging.  It  is  then 
possible  to  estimate  the  local  Rayleigh  index  G(x)  which  determines  regions  of  driving  and 
regions  of  damping  (Fig.  II.2,  Samaniego  1993  [33]). 
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camera 


Figure  II.l:  Typical  setup  for  simultaneous  emission  imaging  and  pressure  detection 
(Samaniego  et  al.  1993). 


Driving  (R(x)>0) 


Damping  (R(x)<0) 


Figure  II.2:  Determination  of  the  regions  of  driving  and  damping  in  a  side  dump  combustor 
using  Rayleigh’s  criterion  (Samaniego  et  al.  1993). 
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Chapter  III 

A  Simple  Model  for  Instability  and 
Control 

K.  McManus,  T.  Poinsot,  S.  Candel  [10] 


III.l  Introduction 

As  a  general  introduction  to  combustion  instability  and  control  mechanisms,  it  is  useful  to 
consider  a  simple  model  describing  the  linear  interaction  between  an  unsteady  heat  release 
source  and  an  acoustic  resonator  (Crocco,  1952)  [34],  The  model  described  in  section  III.2 
has  been  successfully  applied  in  the  study  of  combustion  instability  associated  with  a  ducted 
premixed  flame  by  Lang  et  al.  (1987)  [35]  and  by  Le  Helley  (1994)  [29].  In  the  following, 
the  basic  equations  describing  such  a  system  are  developed  (section  III.2),  along  the  lines  of 
McManus  et  al.  (1993)  [10], 

It  appears  that  the  response  of  the  flame  to  acoustic  waves  is  a  crucial  parameter.  Deter¬ 
mining  this  relation  is  by  no  means  a  trivial  exercise  due  to  the  complex  relationship  between 
the  time  varying  flow  variables  and  the  dynamic  response  of  the  flame.  This  issue  will  be  ana¬ 
lyzed  in  depth  in  chapter  IV.  In  the  present  chapter,  the  global  response  of  flames  to  acoustic 
waves  is  represented  in  a  simple  way  The  model  allows  an  analytical  investigation  and  it  is 
useful  in  this  respect. 

The  sensitive  time  lag,  or  n  —  t,  formulation  is  extensively  used  in  the  early  literature 
dealing  with  combustion  in  rocket  motors.  This  concept  is  still  of  interest  because  it  allows 
construction  of  simple  instability  models  and  because  it  provides  a  basic  understanding  of  one 
important  instability  mechanism.  Numerous  applications  may  be  found  in  the  literature  dealing 
with  liquid  rocket  instabilities  (Crocco  and  Cheng  1956  [21]).  The  time  lag  concept  is  briefly 
explained  in  section  III.2,  and  it  is  used  to  determine  the  instabilities  in  the  duct  in  section  III. 3. 

The  control  model  which  will  be  developed  in  this  section  is  simpler  than  those  described 
in  earlier  studies  and  is  more  appropriate  for  the  present  discussion  in  that  it  is  easily  adapted  to 
the  ducted  flame  model. 


III.2  Linear  model 


Combustion  instability  mechanisms  in  practical  combustion  systems  are  quite  complex  because 
of  many  coupled  interactions  and  inherent  non-linearities.  In  general,  combustion  involves  tur- 
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bulent  fluctuations,  exothermic  chemical  reactions,  acoustic  pressure  perturbations,  etc.  As  a 
result,  most  instability  mechanisms  cannot  be  modeled  or  described  using  standard  analytical 
techniques  until  many  simplifications  have  been  made  to  render  the  problem  tractable.  The 
validity  of  certain  simplifying  assumptions  will  depend  on  the  combustion  system  under  con¬ 
sideration.  In  many  cases  the  analytical  description  may  result  in  an  oversimplified  view  of  the 
reality. 

For  example,  if  a  natural  hydrodynamic  instability  existing  in  the  initial  region  of  the  com¬ 
bustor  is  a  key  element  in  the  instability  mechanism,  a  model  which  ignores  this  phenomenon 
may  not  be  useful  in  predicting  instabilities  for  that  system.  Due  to  this,  a  universal  model 
for  predicting  combustion  instabilities  does  not  exist  and  combustion  instability  modeling  has 
generally  been  carried  out  on  a  case  by  case  basis. 

III.2.1  Basic  equations 

We  consider  the  mean  flow  of  a  combustible  mixture  through  a  long  duct  (an  acoustic  resonator), 
opened  at  one  end  and  closed  at  the  other  one,  with  a  flame  stabilized  at  the  axial  location  x  =  a 
(Fig  III.  1 ,  McManus  et  al.  1993  [10]).  In  this  development,  the  following  assumptions  will  be 
made: 

•  The  frequencies  of  the  acoustic  waves  considered  are  low  compared  to  the  duct  cut-off 
frequency  and  these  waves  correspond  to  plane  waves  propagating  along  the  longitudinal 
duct  axis. 

•  The  dissipation  of  acoustic  waves  throughout  the  duct  is  negligible. 

•  The  open  end  of  the  duct  corresponds  to  a  pressure  node  and  the  closed  end  to  a  pressure 
anti-node. 

•  The  mean  flow  Mach  number  is  small,  thus  the  flow  velocity  is  negligible  when  compared 
to  the  sound  speed. 

•  The  flame  is  compact  compared  to  the  acoustic  wavelength  so  that  the  region  of  heat 
release  may  be  approximated  as  a  thin  sheet  located  at  x  =  a. 

We  denote  the  portion  of  the  duct  upstream  of  the  flame-holder  as  region  1,  with  a  non- 
reacted  gas  density  pi  and  with  sound  speed  c\.  Region  2  corresponds  to  the  post-combustion 
zone  downstream  of  the  flame-holder,  with  a  reacted  gas  density  fh  and  with  sound  speed  c2. 

For  longitudinal  plane  waves  traveling  along  the  duct,  the  pressure  p  and  the  acoustic 
velocity  u  may  be  expressed  in  the  following  form: 

Region  1 

Pi(x,  t)  =  A  exp  (iki(x  —  a)  —  iuit)  +  B  exp(— iki(x  —  a)  —  iuit)  (III.  1) 

uAx,t)  = - [A  exp(iki(x  —  a)  —  iut )  —  B  exp(— ikAx  —  a)  —  iujt )]  (III.2) 

PlCl 


Air  +  Fuel 
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Figure  III.l:  Sketch  of  the  model  geometry  (McManus  et  al.  1993). 

Region  2 

P2(x,  t)  =  C exp (ik2(x  —  a)  —  iut)  +  D exp (— —  a)  —  iut)  (III. 3) 


U2(x,  t )  = - [C exp(ik2(x  —  a)  —  iut )  —  D exp(— ik2(x  —  a)  —  iut)]  (III.4) 

P2C2 

where  k  =  u /c  is  the  wave  number  and  A,  B,  C  and  D  represent  the  amplitudes  of  acoustic 
traveling  waves  in  the  duct. 

By  assuming  that  the  outlet  of  the  duct  (x  =  l)  acts  as  a  pressure  node  and  that  the 
upstream  end  (x  =  0)  is  a  rigid  wall,  one  may  write: 

p2(U)=0  (III.5) 

ui(0,i)  =  0  (III.6) 

Furthermore,  we  will  use  a  matching  condition  to  prohibit  a  pressure  jump  across  the  flame 
(x  =  a),  this  may  be  expressed  as  follows: 


Pi(a-,t)=p2(a+,t)  (III.7) 

By  applying  these  boundary  conditions  to  Eqs  (III.1)-(III.4),  we  are  left  with  the  following 
relations: 

Aexp(-ikia)  —  B  exp(ik\a)  =  0  (III. 8) 

C  exp(z/c2(/  —  a))  +  D  exp(— z/c2(/  —  a))  =  0  (HI-9) 

A  +  B  =  C  +  D  (III.  10) 

Up  to  this  point,  we  did  not  consider  the  effects  of  heat  release  from  the  flame  and  its 
physical  significance  in  the  problem  formulation.  Combustion  acts  as  a  velocity  source  term 
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due  to  strong  dilatation  associated  with  the  heat  release.  This  effect  may  be  quantified  using  the 
linearized  acoustic  equations  for  a  reacting  flow  (see  chapter  II)  and  leads  to: 

u2(a+,  t)  —  u±(a_,t)  =  (7-l)-%  (HI.  11) 

Pici 

where  Qi  represents  the  instantaneous  heat  release  rate  and  7  is  the  ratio  of  specific  heats.  If 
we  suppose  that  Q\  oscillates  sinusoidally,  we  may  write: 

Qi  =  Qexp(— iut)  (III.  12) 

where  Q  may  be  considered  constant  and  represents  the  maximum  level  of  heat  release  obtained 
during  combustion.  Substituting  these  expressions  into  Eqs  (III.l)-(III .4) ,  we  obtain: 

C  (c -D)-{A-B)  =  {  7-1)-  (III.  13) 

Ci 

where  (  =  p\C\f  p2c2  is  the  specific  acoustic  impedance.  Equations  (III.8),  (III.9),  (III.  10)  and 
(III.  13)  constitute  a  linear  system  which  may  be  solved  to  yield  the  wave  amplitude  coefficients, 
A  through  D,  provided  that  we  can  express  the  heat  release  rate  Qi  as  a  function  of  A  through 
D. 

Determining  the  functional  form  of  Qi(A,  B,  C,  D)  is  by  no  mean  a  trivial  exercise  due 
to  the  complex  relationship  between  the  time  varying  flow  variables  and  the  dynamic  response 
of  the  flame. 

Furthermore,  it  is  not  clear  that  the  heat  release  term,  or  the  flame  dynamics,  may  be  ap¬ 
propriately  modeled  as  a  function  of  the  acoustic  wave  amplitudes  alone,  this  term  may  well 
depend  on  other  phenomena,  which  are  not  implicitly  described  by  the  wave  amplitudes  (tur¬ 
bulence  characteristics,  wall  heat  transfer  properties,  non-linear  chemical  effects).  Chapter  IV 
will  be  dedicated  to  this  problem. 

For  the  present  example,  the  modeling  of  the  heat  release  term  will  be  simplified  and  an 
approach  using  a  “sensitive  time  lag”  hypothesis  will  be  employed  [34].  The  formulation  for 
this  approach  will  be  outlined  in  the  next  section. 

III.2.2  The  sensitive  time  lag  formulation 

In  the  present  formulation,  a  heuristic  argument  will  be  used  to  derive  a  simplified  form  of  the 
n  —  t  model.  As  before,  we  assume  that  the  combustion  process  in  the  duct  may  be  treated 
as  being  one-dimensional  and  that  the  heat  release  occurs  in  an  infinitesimally  thin  region  at 

x  =  a. 

If  we  then  suppose  that  the  perturbations  in  the  heat  release  rate  are  created  uniquely  by 
velocity  perturbations  existing  at  the  flame  holder  (ui(x  =  a,  £)),  but  after  a  time  lag  r,  we  may 
write  the  following  relation: 

(7  —  1)— =  mil  (a,  t  —  r)  (III.  14) 

pic{ 

where  the  non-dimensional  constant  n  is  called  the  interaction  index  and  describes  the  intensity 
of  coupling  between  the  velocity  and  heat  release  oscillations.  For  the  case  considered  here,  we 
take  r  as  being  constant. 
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We  also  know  that  for  our  problem,  u \  oscillates  sinusoidally  with  time,  thus  we  have: 

(III.  15) 


(7  —  l)  ~~~2  =  n  exp(io;r)'Ui(a) 
Pici 


This  expression  may  also  be  written  in  terms  of  the  maximum  heat  release  rate,  Q: 


,  -n  Q 
(7-  1)—  2 


n 


P\C\  P1C1 


(A  —  B)  exp (ilot) 


(III.  16) 


After  substituting  this  expression  into  Eq.  (III.  13),  we  are  left  with  a  linear  system  of  equations 
which  allows  the  determination  of  the  wave  amplitude  coefficients: 


((C  —  D)  —  (A  —  B)(l  +  n  exp  {ilot)  =  0  (III.  17) 

Aexp(— ik\a)  —  B  exp(ikia)  =  0  (III. 18) 

C  exp(ik2b)  +  D  exp(— ik2b)  =  0  (III.  19) 

A  +  B  =  C  +  D  (III.20) 


where  b  =  l  —  a.  This  system  has  a  non-trivial  solution  only  if  its  determinant  is  zero  and  this 
condition  yields: 

(cos(kia)  cos(k2b)  —  sin (Aqa)  sin  (c2b)  [1  +  nexp(ia;r)]  =  0  (III.21) 

where  ki  =  u/c\  and  k2  =  00/ c2.  For  any  given  set  of  values  for  n  and  r,  the  roots  of  Eq.  (III.2 1 ) 
will  provide  complex  value  of  00.  Since  the  necessary  condition  for  instability  for  the  linear 
problem  is  simply  to  have  a  growth  in  the  magnitude  of  the  oscillations,  instability  is  predicted 
when  the  imaginary  part  of  00  is  positive.  The  frequency  of  the  instability  is  given  by  the  real 
part  of  00. 


III.3  Solution  in  a  simplified  case 

For  the  general  case,  Eq.  (III.21)  requires  a  numerical  solution.  However,  it  is  quite  useful 
to  consider  simpler  cases  where  we  can  derive  the  exact  solution.  One  method  is  derived  in 
Lang  et  al.  (1987)  [35],  where  small  perturbations  around  the  acoustic  mode  frequency  without 
combustion  are  considered.  We  will  consider  here  another  case  where  one  can  determine  the 
complete  solution  by  choosing  certain  values  for  the  parameters.  Let  us  assume: 

a  =  b  ci  =  c2  =  c  pi  =  p2  (C  =  1)  (HI. 22) 

This  is  the  case  of  a  flame  located  in  the  center  of  a  duct  of  length  2 a  and  creating  a  negligible 
temperature  jump.  Neglecting  the  temperature  jump  is  unrealistic;  however,  the  resulting  solu¬ 
tion  retains  the  same  qualitative  properties  as  that  for  the  more  complex  case  with  a  temperature 
jump. 

In  this  case,  Eq.  (III.21)  may  be  written  (without  approximation)  as: 

cos(2  ka)  —  sin2  (ka)n  exp  (iur)  =  0  (III.23) 


5-26 


or 


cos(2  ka)  =  0.5: 


n  expfywr)  +  0.5n2 


1  +  n  cos  (lot)  +  0.25 n2 
or,  if  we  assume  that  n  <  1: 


(III.24) 


cos(2/ca)  =  0.5nexp(za;r)  (III.25) 

The  solution  of  the  problem  will  be  considered  in  two  steps:  first,  we  will  study  the  case  without 
combustion  (n  =  0)  and  find  the  corresponding  resonant  frequency  u ;0  =  k0c;  then  we  will 
consider  perturbations  around  this  value  of  uj 0  with  combustion  (0  <  n  <  1). 

We  will  describe  this  analysis  for  the  first  longitudinal  mode  of  the  cavity  (quarter  wave) 
at  a  frequency  u)q  =  k0c  where  k0  =  7r/4a  is  the  spatial  wave  number. 


III.3.1  The  quarter  wave  mode 

Without  combustion  (n  =  0),  the  first  resonant  frequency  u>0  =  k0c  is  real  (Im(a>o)  =  0)  and  is 
given  by: 

cos(2  ka)  =0  or  k0a  =  7r/4  (III. 26) 

This  mode  has  a  wavelength  given  by: 

A  =  — c  =  8a  (III.27) 

u>o 

which  is  four  times  the  duct  length.  It  is  the  first  resonant  longitudinal  mode  of  the  duct  (often 
referred  to  as  the  quarter  wave-mode)  and  has  a  pressure  antinode  at  x  =  0  and  a  pressure  node 
at  x  =  l.  Note  that  this  mode  is  not  amplified  (Im(co'o)  =  0):  if  energy  is  not  supplied  to  the 
system,  the  oscillations  will  not  grow  with  time. 

In  the  presence  of  combustion  (n  >  0),  we  can  expand  the  solution  about  the  wavenumber, 
ho,  corresponding  to  the  frequency  of  oscillations,  u ;0,  by  defining  k  =  k0  +  k' .  Assuming  that 
k1  -C  k(h  we  obtain,  from  a  Taylor  series  expansion  of  equation  (III.25): 

Ti 

Re(k')  =  -—  cos(ojot)  (III.28) 

Tlli 

Tl 

Im(k')  = - sin(cjor)  (III.29) 

4a  " 

A  more  general  expression  of  these  equations  may  be  found  in  Lang  et  al.  (1987). 

We  see  that  the  system  will  be  unstable  (i.e  Im(/c/)  >  0)  when  sin(a.’0r)  is  negative.  In 
this  case,  an  acoustic  oscillation  near  the  spatial  wave  number  k0  (which  corresponds  to  the 
first  eigenmode  found  in  the  absence  of  combustion)  will  be  amplified  due  to  the  oscillatory 
combustion  and  will  lead  to  an  acoustically  coupled  instability. 

The  criterion  for  this  instability  is  therefore: 

sin  (i ;0t)  <0  or  —  n  +  2jn  <  ujqt  <  2jn  (III.30) 

where  j  is  an  integer.  Rewriting  this  result  as: 

-^T+jTo<T<jTQ  with  T0  =  —  (III.31) 

2  LO0 

reveals  that  the  growth  of  a  given  mode  will  occur  if  the  time  delay  introduced  by  combustion 
is  greater  than  half  the  acoustic  mode  period  T0  (modulus  T0). 
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III.3.2  Application  of  the  Rayleigh  criterion 

As  seen  in  chapter  II,  this  criterion  states  that  if  the  local  unsteady  heat  release  c((x,  t )  is  in  phase 
with  the  local  pressure  fluctuation  p'(x,t),  the  pressure  wave  associated  with  the  fluctuation 
will  be  locally  amplified.  This  can  be  used  to  check  the  instability  condition  given  by  the  model 
(Eq.  (III.  30))  by  calculating  the  phase  </>  between  the  pressure  and  heat  release  using  the  model 
equations.  Because  the  flame  is  concentrated  near  the  flame-holder,  we  only  need  to  consider 
the  pressure  at  x  =  a  and  the  total  unsteady  reaction  rate  Q\ .  The  pressure  is  given  by: 


P2{a,  t)  =  (A  +  B )  exp(-iuiot)  (III.32) 

and  the  expression  for  total  unsteady  heat  release  becomes: 

Qi  =  n(A  —  B )  exp(— iuo(t  —  r))  (III.33) 

Substituting  Eq.  (III. 26)  into  Eq.  (III.  18)  yields  A  =  iB,  so  that: 

P2(a,  t )  =  (1  +  i)B  exp(-iLOot)  (III.34) 

and  the  expression  for  total  unsteady  heat  release  becomes: 

Q  i  =  n(i  —  1)B  exp(— iuo(t  —  r)) 

=  n(l  +  i)B  exp(—iuo(t  —  r)  +  i/pi/2 )  (III.35) 

The  phase  between  p2(«,  t)  and  Q\  is  then  given  by: 

<j)  =  loqt  +  7t/2  (III.36) 

Substituting  this  expression  into  the  condition  deduced  from  Rayleigh’s  criterion  for  flame  driv¬ 
ing  leads  to: 

— 7T  +  2j7r  <  uj0t  <  2/jTi  with  j  =  1,  2, ...  (III. 37) 


which  is  identical  to  the  criterion  obtained  with  the  instability  model  (see  relation  (III.30)). 


III.4  A  Model  for  Active  Control 

The  principle  behind  this  controller  is  to  create  a  time-varying  acoustic  boundary  condition  in 
the  duct  which  will  inhibit  the  amplification  of  longitudinal  acoustic  waves  and  minimize  the 
combustion  oscillations.  This  is  a  fast-response  closed-loop  system  with  fixed  parameters.  The 
control  system  consists  of  four  elements  including  a  microphone  (sensor),  an  acoustic  driver 
(actuator),  a  time  delay  generator  (controller  element)  and  an  audio-amplifier  (controller  ele¬ 
ment).  The  controller  will  be  adapted  to  the  model  combustor  by  replacing  the  closed  end  of 
the  duct  with  the  acoustic  driver  to  allow  the  imposition  of  a  non- zero  velocity  boundary  con¬ 
dition  at  x  =  0.  The  acoustic  pressure  near  the  flame  location  (x  =  a)  will  be  monitored  by 
the  microphone  and  will  be  used  as  the  feedback  signal.  A  mathematical  model  describing  the 
controller  will  be  given  in  the  next  paragraph. 
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III.4.1  Basic  equations 


To  describe  the  input/output  relation  of  the  controller,  a  control  transfer  function  can  be  written 
which  is  simply  the  ratio  of  the  time-varying  velocity  created  by  the  acoustic  driver  to  the 
time-varying  pressure  at  the  microphone  location  and  in  dimensionless  form  may  be  written 
as  (Fig.  III.2): 


Ui(0,f)piCi 

Pi(a,t) 


(III.38) 


Air  +  Fuel 


Figure  III.2:  Integration  of  the  active  control  system  to  the  model  geometry  (McManus  et  al. 
1993). 

The  transfer  function  can  be  express  in  terms  of  a  time  delay  <f>,  and  gain  a  and  can  be 
written  as  follows: 

S  =  aexp(i<l>)  (III.39) 

with  8r  =  a  cos  (f>  and  Si  =  a  sin  </>. 

With  the  control  system  adapted  to  the  model  geometry,  the  analysis  performed  in  chap¬ 
ter  III  may  be  repeated  with  a  change  in  the  boundary  condition  at  x  =  0.  Eq.  (III.8)  becomes: 

Aexp(-ikia)  —  B  exp  (ikia)  =  6  (A  +  B)  (III.40) 

The  determinant  of  the  system  of  equations  is  now  given  by: 

C  cos(fcia)  cos (k2b)  —  sin(/cia)  sin^fr)  [1  +  n  exp(ia;r)]  (III.41) 

+i  sin(&2fr)<5(l  +  nexp(iur))  =  0 

As  before,  we  will  make  the  simplification  that  the  flame  is  located  at  one  half  of  the  duct  length 
and  produces  a  negligible  temperature  rise.  With  these  assumptions,  Eq.  (III.41)  becomes: 


cos(2  ka)  —  sin2  (ka)n  exp  (iut)  +  i  sin(/ca)5(l  +  nexp(za;r))  =  0 


(III.42) 


5-29 


III.4.2  The  quarter  wave  mode 


Without  combustion  (n  =  0),  the  first  resonant  frequency  of  the  duct  is  given  by  u0  =  k0c. 
With  combustion  and  active  control,  there  is  a  slight  frequency  shift  of  the  eigenmode,  due  to 
the  presence  of  the  control  system  and  can  be  expressed  as  a  shift  in  the  wavenumber  A'*,.  Thus 
we  will  define  k  =  k0  +  k1.  A  Taylor  series  expansion  of  Eq.  (III.42)  about  A::0,  taking  S  and  n 
as  small  parameters,  yields  the  following  values  of  k!\ 


Re(fc') 

Im(k') 


--COSM- 

Ti 

sin^or)  + 
4  a 


Si 

2ay/2 

5r 

2ay/2 


(111. 43) 

(111. 44) 


Without  active  control  (5  =  0),  it  has  been  shown  that  the  quarter  wave  mode  is  unstable  when 
sin(a>oT)  <  0.  With  active  control  on,  the  instability  condition  becomes: 


Ti  S 

sin (u0t)  +  >  0  (III.45) 

4a  2aV2 


or 


()r  >  5°c  (III. 46) 

with  =  0.5/7\/2  sin(^(Jr).  This  last  quantity  (6°)  is  called  a  critical  parameter  and  if  the 
controller  operation  is  such  that: 

Sr  =  <5°  (III.47) 

the  instability  will  be  suppressed. 

This  model  might  be  improved  for  example  by  including  viscous  losses  and  other  damping 
effects  in  the  model  equations.  However,  this  simple  linear  model  serves  well  in  reproducing 
certain  general  operating  characteristics  of  real  controllers  of  this  type. 


This  page  has  been  deliberately  left  blank 
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Chapter  IV 


Modeling,  Simulation  and  Identification 

S.  Ducruix,  D.  Durox  and  S.  Candel  [36,37] 

S.  Candel,  D.  Durox,  S.  Ducruix  and  D.  Thibaut  [38] 

C.  Nottin,  R.  Knikker,  M.  Roger,  D.  Veynante  [39] 


IV.  1  Introduction 

Because  combustion  instabilities  have  so  many  facets,  they  have  been  examined  with  a  wide 
variety  of  theoretical  models.  New  experimental  evidence  and  some  earlier  observations  indi¬ 
cate  that  the  instabilities  involve  large  oscillations  of  the  flame  front,  pulsations  of  the  injected 
reactant  streams,  hydrodynamic  instabilities,  vortex  roll-up,  burning  and  interactions  (see  for 
example  Keller  et  al.  1981  [40],  Candel  1992  [9],  McManus  et  al.  1993  [10]). 

The  fundamental  problem  is  to  represent  the  flow  dynamics  coupled  with  the  flame  mo¬ 
tion.  This  is  well  discussed  in  a  number  of  earlier  studies  and  in  review  articles.  Marble  and 
Candel  (1978)  [41]  first  indicated  that  the  non-steady  response  of  the  flame  could  be  a  possible 
source  of  low  frequency  oscillations  in  afterburners  or  large  utility  powerplants.  Their  model 
describes  the  dynamics  of  fresh  and  burnt  gases  submitted  to  axial  pressure  waves  as  well  as 
the  motion  of  the  flame  sheet.  The  flame  is  presented  as  a  sheet  which  is  thin  compared  to  the 
characteristic  wavelength  of  the  problem.  Poinsot  and  Candel  (1988)  [42]  used  an  integral  tech¬ 
nique  coupled  with  a  description  of  the  flame  position  to  represent  the  response  of  a  premixed 
turbulent  flame  stabilized  in  a  duct.  In  their  model  the  flame  was  treated  as  a  thin  discontinuity 
separating  fresh  and  burnt  streams.  Mean  velocities  on  the  two  sides  of  the  flame,  pressure 
as  well  as  the  flame  position  were  the  main  dynamical  variable.  This  led  to  a  time-dependent 
one-dimensional  problem.  One  limitation  of  this  analysis  is  that  the  flame  cannot  feature  large 
wrinkles  which  typically  occur  during  high  amplitude  instabilities. 

More  recently,  Fleifil  et  al  (1996)  [43],  Dowling  (1999)  [44]  and  Ducruix  et  al  (2000)  [37] 
proposed  descriptions  of  flame  front  dynamics  in  the  simple  case  of  a  laminar  conical  flame. 
Section  IV.2  reviews  the  model  derived  by  Ducruix  et  al  (2000).  The  aim  of  this  section  is  to 
characterize  the  flame  front  behavior  in  a  simplified  case  and  to  determine  a  relation  between 
heat  release  fluctuations  and  velocity  variations  at  the  burner  outlet. 

Section  IV.3  is  dedicated  to  Large  Eddy  Simulation  (LES).  In  an  interesting  article  Najm 
and  Ghoniem  (1993)  [45]  combined  a  random  vortex  method  of  solution  for  the  flow  with  a 
volume  of  fluid  technique  to  track  the  flame  treated  as  an  interface.  The  front  was  assumed  to 
propagate  at  a  laminar  speed  including  curvature  effects.  Another  important  study  was  carried 
out  by  Menon  and  Jou  (1991)  [46].  Combining  a  large  eddy  simulation  of  the  flow  with  a 
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description  of  the  front  motion  (the  G-equation  of  Kerstein  et  al.  1988  [47]),  these  authors 
were  able  to  represent  the  flame  response  to  instabilities  as  observed  in  model  scale  ramjet 
experiments. 

The  flame  motion  is  an  essential  aspect  of  the  problem.  It  is  in  particular  important  to 
describe  the  interaction  between  the  unsteady  flow  field,  the  reaction  front  and  the  associated 
heat  release.  In  previous  investigations  the  flame  was  considered  as  a  thin  interface.  This  pro¬ 
vided  a  convenient  simplification  because  the  internal  structure  of  the  flame  was  not  resolved. 
However  tracking  techniques  are  not  easy  to  extend  in  three  dimensions  while  methods  based 
on  the  level-set  G-equation  pose  problems  when  one  wishes  to  include  gas  expansion  processes 
(i.e.  to  describe  the  large  change  in  mass  density  occurring  at  the  flame,  a  problem  explored  by 
Pianaeta/.  (1996)  [48]). 

An  alternative  representation  of  the  flame  on  a  coarse  mesh  consists  in  artificially  thick¬ 
ening  the  flame  front  while  keeping  a  realistic  propagation  speed.  To  do  this  we  use  a  method 
initially  devised  by  Butler  and  O’Rourke  (1976)  [49]  to  deal  with  laminar  flames  propagating 
in  large  cavities.  This  technique  has  been  used  recently  by  Thibaut  and  Candel  (1998)  [50], 
Angelberger  et  al.  (1998)  [51]  and  Nottin  et  al.  (2000)  [39].  It  will  be  exploited  in  what  follows 
to  describe  the  flame  response  to  large  turbulent  structures  and  organized  perturbations.  It  has 
the  advantage  of  keeping  an  internal  flame  structure  and  of  naturally  accounting  for  gas  expan¬ 
sion.  This  formulation  also  avoids  problems  of  cusp  formation  which  are  encountered  in  front 
tracking  algorithms. 

Our  objective  will  be  to  demonstrate  that  the  method  is  well  suited  to  combustion  dy¬ 
namics  analysis.  We  adopt  the  LES  framework  to  describe  the  fine  grained  turbulence  but  the 
calculations  are  carried  out  in  two  dimensions  with  a  basic  subgrid  model.  The  generalization 
to  three-dimensional  situations  including  more  sophisticated  dynamic  subgrid  models  will  pose 
no  conceptual  difficulties  but  will  require  augmented  computational  resources. 

In  section  IV.3,  the  formulation  of  the  LES  model  and  its  numerical  implementation  are 
presented.  The  geometrical  configuration  investigated  are  described.  We  then  discuss  reactive 
computations  carried  out  for  several  operating  conditions,  demonstrating  the  ability  to  simulate 
unsteady  flame  propagation. 


IV.2  Description  of  flame  front  dynamics 

The  transfer  function  of  premixed  flames  has  been  studied  by  several  authors.  In  1956,  Merk 
[52]  proposed  a  first-order  model,  predicting  general  trends  of  flame  behavior.  With  laminar 
axisymmetrical  flames,  Blackshear  (1953)  [53]  and  De  Soete  (1964)  [54]  and  more  recently 
Baillot  et  al.  (1992)  [55]  and  Le  Helley  [29]  (1994)  have  shown  that  flames  behave  like  low- 
pass  filters. 

Becker  and  Gunther  (1971)  [56]  have  studied  turbulent  flat  flames,  using  a  pressure  sensor 
placed  in  the  mixing  chamber.  They  obtained  the  transfer  function  of  their  specific  configura¬ 
tion.  For  turbulent  stoichiometric  premixed  flames,  anchored  above  burners  of  8  to  10  mm 
exit  diameters,  Lenz  and  Gunther  [57]  observed  no  decrease  of  the  transfer  function  amplitude, 
for  low  frequencies  (/  <  100  Hz).  Goldschmidt  et  al.  [58]  have  obtained  a  monotonic  rela¬ 
tion  between  cut-off  frequency  and  flame  height.  The  configuration  analyzed  by  Matsui  (1981) 
consisted  in  a  flat  burner  with  different  types  of  slots  [59].  The  transfer  function,  determined 
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using  microphones,  confirmed  the  general  trend  observed  in  [56-58].  Matsui  reviewed  formers 
models,  and  proposed  a  new  description,  close  to  that  of  Merk  [52], 

Fleifil  et  al.  (1996)  [43]  and  Annaswamy  et  al.  (1997)  [60]  have  analyzed  the  flame 
transfer  function,  in  the  case  of  axisymmetrical  configurations,  using  a  set  of  simplifications. 
While  their  model  leads  to  a  compact  description  in  the  linear  small  perturbation  regime,  it 
deserves  further  analysis  and  a  comparison  with  experiments. 

Developments  in  laser  techniques  have  been  made,  and  velocimetry  measurements  are 
now  extremely  precise.  Experimental  data,  concerning  axisymmetrical  burners  and  correlating 
heat  release  fluctuations  to  velocity  variations,  are  not  widely  available.  However,  they  are 
necessary  for  direct  comparisons  with  the  models. 

In  this  section,  the  response  of  laminar  conical  premixed  flames  to  acoustic  modulations 
is  determined  experimentally,  and  compared  to  the  theoretical  model.  This  configuration  is 
simpler  than  found  in  practical  burners,  but  it  makes  it  possible  to  analyze  which  parameters 
are  relevant.  Experimental  results  may  easily  be  used  to  validate  simulation  codes,  and  general 
trends  of  the  behavior  of  real  configurations  can  be  deduced  from  the  present  results.  First,  the 
analytical  model  is  derived.  The  experimental  setup  is  then  described.  Finally,  results  and  their 
interpretations  are  presented. 

IV.2.1  Flame  response  model 

The  model  described  in  this  section  relies  on  that  devised  by  Fleifil  et  al.  [43].  Their  analysis 
is  extended  to  a  more  general  situation.  The  flame  front  is  placed  in  a  flow  characterized  by  its 
mean  and  perturbation  components.  The  flow  and  flame  parameters  are  sketched  in  Fig.  IV.  1. 


Figure  IV.  1:  Sketch  of  the  flame  and  flow  parameters,  (a)  in  the  steady  situation  and  (b)  in  the 
perturbed  situation. 
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Description  of  the  flame  front 


A  G  variable,  increasing  from  burnt  gases  to  fresh  gases,  is  used  to  describe  the  flame  position: 


BC 

—  +  v-VG  =  -S,d|VG,| 
dt 


(IV.l) 


where  v  =  ( u ,  v)  is  the  velocity  vector,  and  Sd  is  the  flame  displacement  speed.  In  the  follow¬ 
ing,  Sd  is  assumed  to  be  a  constant,  equal  to  the  laminar  burning  velocity,  .57,  .  Then,  it  does  not 
depend  on  the  flow  stretch. 

The  radial  velocity  u  is  supposed  to  be  negligible,  compared  to  v.  The  fresh  mixture  flow 
is  essentially  axial.  Fig.  IV.l  shows  that  G  may  be  replaced  by  rj  —  y,  where  rj  indicates  the 
flame  position.  The  following  relations  are  easily  derived: 


dj2 

VG  =  dr 


,  dG  drj 

and  -W=ai 


It  is  then  possible  to  write  Eq.  (IV.l)  for  any  flame  shape,  as  long  as  rj  is  well-defined: 


(IV.  2) 


dr]  dr]  (dr] 

dt+Udr  V  L  +(dr 


(IV.3) 


In  the  following,  subscript  0  indicates  steady  state  variables,  and  subscript  1  the  first  order 
perturbation  variables.  Relation  (IV.3)  may  be  derived  for  steady  state  flames  (r/o,  Fig.  IV.  1(a)): 


- Vo  =  -o  L  1  + 


(IV.4) 


To  understand  this  expression,  one  may  divide  it  by  |  VG0|.  Components  from  the  flame  front 
normal  vector  then  appear: 

„o  _  drlo/dr  _  n  _  -1  /TWC, 


1  + 

V  dr  J 


et  ri, 


1  +  ) 2 

V  dr 


(IV.5) 


Considering  the  conical  flame,  a0  is  the  angle  between  the  flame  front  and  the  vertical  axis  (cf 
figure  IV.l).  Relation  (IV.4)  becomes  : 


Mo  cos  oiq  +  r>o  sin  a0  =  Sl 

When  m0  is  supposed  negligible,  one  finally  obtains  the  well-known  relation: 

Sl  =  Vq  sintto 


(IV.6) 


(IV.7) 


Deriving  Eq.  (IV.3)  for  the  perturbed  situation,  with  //  =  r/o  +  r/i,  where  r]0  characterizes  the 
steady  flame  shape,  and  r/\  -C  r/0  (Fig.  IV.  1(b)),  one  may  develop  the  resulting  equation  at  the 
first  order.  Eq.  (IV.3)  may  then  be  written: 


To  ol  1/2 

dVi  ,  ,  c  i  ,  fdVo\  ,  0  dr]o  dr/i  ( dr]X\ 

~8t  - <  °+  ■) - ~Sl  1  +  (,  a7 j  +2irir  +  larj 


(IV.8) 
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Moreover,  considering  only  first-order  terms: 


f(v)  - 


1  + 


dyo 

dr 


1/2 


+ 


dr/0  /  dr  drji 


1  +  m- 

V  dr  J 


2l 1/2  dr 


(TV-9) 


For  the  perturbed  flame,  one  finally  derives: 

dvi  Q  drii 

—  =  SL  cos  a0— — h  v\ 
dt  dr 

Solutions  of  this  equation  may  be  obtained  by  using  Laplace  Transform: 


drj l 


-m  ~ 


Vl 


dr  Sl  cos  ao  S^cosao 

In  the  following,  we  use  the  method  of  constant  variations  to  solve  the  problem: 

rji  =  C  exp 


(IV.  10) 


(IV.ll) 


V  S L  cos  Clo 

where  C  is  a  function  of  r.  Integrating  the  transform  equation  (IV.  1 1),  one  can  write: 


(IV.  12) 


C  = 


Vl 


! R  S l  COS  OL o 


exp 


Sl  cos  cto 


r'  )  dr'  +  D 


(IV.  13) 


C  can  be  replaced  in  expression  (IV.  12),  using  the  boundary  condition  fj\  (R,  s )  =  0,  we  can 
deduce  that  D  =  0.  Writing  x  =  r  —  r1 ,  one  obtains: 


Vi  = 


f 


Vl 


exp 


Sl  cos  cko  \SL  cosckq 


*  .x)dx=m.mex P(_TS) 


(IV.  14) 


with  t  =  (R  —  r)/ ( SL  cos  o0) 

To  deal  with  the  right-hand  side  of  the  equation,  one  notes  that  the  inverse  transform  of 
the  first  term  is: 


C 


-l 


fii(s) 


=  /  vi(t')dt' 

Jo 


(IV.  15) 


The  second  term  is: 

-i  P~i(s 


C 


exp(— ts) 


Vi(t')dt' 


U  o 


H{t'  -  r)dt' 


(IV.  16) 


where  H  is  the  Heavyside  function.  Then,  when  t  >  r  (which  will  be  considered  in  the  follow¬ 
ing): 


Vi(v,t)  =  [  vi(t')dt' 

J  t  —  T 


with  r  = 


R  —  r 

S L  COS  Clo 


(IV.  17) 


5-36 


IV.2.2  Heat  release  fluctuations 


To  determine  the  heat  release  fluctuations,  it  is  necessary  to  evaluate  the  flame  surface  varia¬ 
tions.  The  area  of  the  flame  surface  is  defined  by  the  relation  (Fig.  IV.  1): 


fR  ds 
A  =  27r  r—dr 


(IV.  18) 


The  arc  length  ds  can  be  expressed  with  dr  and  dr/. 

r  /a  \211/2 

ds  =  (dr2  +  dr]2)1!2  =  dr  1  +  (  j 

Introducing  A0  the  area  of  the  steady  flame  surface,  one  can  write: 


(IV.  19) 


4,=  2vrr  1+  ^ 


and  writing  Ai  =  A  —  A0  the  area  fluctuations: 


(IV.  20) 


A1  =  —cosao  /  2n r-^—dr 
Jo  or 

Assuming  that  r/i(R,  t )  =  0,  one  derives: 


(IV.21) 


A1=27tcosq:o  /  Vidi’ 


(IV.22) 


The  heat  release  fluctuations  Qi  are  given  as  a  function  of  the  area  fluctuations  of  flame  surface: 


Qi  =  PuSl^qA 


(IV.23) 


where  pu  is  the  unburnt  gas  density,  and  A q  the  heat  release  per  unit  mass  of  mixture.  Consider 
time  derivation  of  expression  (IV.23): 


Q,=K[  Ar 


(IV.24) 


where  K  =  puSLAq2n  cos  a0.  Using  Eq.  (IV.  17),  one  can  deduce: 


Qi  =  K  J  ySLcosa0—  +  vi  J  dr 
Moreover: 

l  JFdr  =  -^0'^ 

Assuming  that  v\  does  not  depend  on  r,  one  obtains  for  dQi/dt: 
dQi/dt  =  K  [— S'i  cos  cto?7i(0,  t)  +  Rv i] 


(IV.25) 


(IV.  26) 


(IV.27) 


where  K  =  puSl  Aq2n  cos  a0. 


5-37 


IV.2.3  Determination  of  the  transfer  function 

To  determine  Q\,  one  considers  sinusoidal  velocity  modulations  in  the  following  paragraph: 


V\  =  a  cos  cot 


(IV.28) 


It  is  then  possible  to  complete  the  derivation  of  // , . 


7/i(r,  t)  =  —  <  sin(o4)  —  sin  ut - (R  —  r ) 

a;  I  Uc 


(IV.  29) 


Uc  =  S l  cos  OIq 

It  is  also  possible  to  derive  relation  (IV.  17).  One  finally  writes  for  Qi 

„  aKUc  \uR  _  .  .  .  ,  . .  ,  ,x 


(IV.30) 


- - —  — —  sin(o;f)  +  cos(u>t) 

uoz  Uc 

,  .  ( ujR\  .  ,  \  ( uR 

cos  (a :t)  cos  I  — —  )  —  sin  {ot)  sin  I  — — 


Introducing  the  reduced  frequency  as: 

=  loR/Sl  cos  a0 
One  can  write  for  Qi : 

aKR2  2 

Qi  =  — — - r  [(1  —  cos  u;*)  cos(o;f)  +  (a;*  —  sin  a;*)  sin(a;f)] 

2UC  uji 

The  constant  term  appearing  in  this  equation  may  be  written  as: 


(IV.31) 


(IV.  3  2) 


(IV.33) 


=  puAqTvR2 


(IV.  34) 


Multiplying  this  quantity  with  v0  gives  the  mean  heat  release  per  mass  unit,  Q0. 
Then: 

77-  =  —-^7  [(1  -  cos  a;*)  cos(a;f)  +  (a;*  -  sin  a;*)  sin(a;f)] 

Q  0  v0uj  '  ... 


(IV.35) 


Relation  (IV.35)  describes  the  flame  response  to  acoustic  modulation  as  a  transfer  function  F 
between  the  reduced  heat  release  fluctuations  and  the  reduced  velocity  variations. 

The  amplitude  and  phase  are  easily  obtained  from  expression  (IV.35): 


|F(u;*)|  =  2  [(1  -  coso;*)2  +  (w*  -  sin a>*)2] 1/2 

(j>(oJ*)  =  tan-1  [(a;*  —  sina;*)/(l  —  cosa;*)] 


(IV.  3  6) 
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As  proposed  by  Merk  [52]  and  Fleifil  et  al.  [43],  it  may  also  be  interesting  to  approximate  the 
transfer  function  as  a  first  order  system: 

H M  =  (IV.37) 

p  + 

where  f3  is  a  fitting  parameter.  Values  for  3  will  be  estimated  later  on.  The  amplitude  and  phase 
of  the  first  order  transfer  function  (IV.37)  are  respectively  : 

\H{w*)\  =  3/  (32  +  w*)1/2 

tP(lu3  =  tan  (IV.38) 


IV.2.4  Experimental  Setup 

Experiments  were  carried  out  with  flames  stabilized  above  a  Bunsen  type  burner  (Fig.  IV.2).  Its 
end  piece  is  a  cylindrical  tube  30  mm  long,  of  22  mm  exit  diameter.  The  burner  consists  in  a 
converging  nozzle  which  is  water  cooled,  and  a  cylindrical  tube  120  mm  long,  placed  upstream 
from  the  nozzle,  and  containing  various  grids  and  honeycombs  to  produce  a  laminar  flow.  A 
driver  unit,  fed  by  a  synthesizer  and  an  amplifier  occupies  the  base  of  the  burner. 


In  this  study,  results  have  been  obtained  for  methane-air  premixed  flames,  with  an  equiv¬ 
alence  ratio  <I>  =  0.95.  Flames  are  anchored  naturally  at  the  burner  exit.  Fig.  IV.3  shows  an 
instantaneous  schlieren  image  obtained  using  the  22  mm  diameter  burner,  for  a  modulation  fre¬ 
quency  of  75  Hz.  Perturbations  wrinkle  the  flame  front,  and  the  shape  of  the  perturbed  flame 
depends  on  the  frequency  and  the  amplitude  of  the  modulation.  Other  images  of  this  process 
are  provided  in  [53]  and  [61]. 

To  determine  the  transfer  function,  one  has  to  measure  the  flame  heat  release  and  the 
velocity  at  the  burner  exit.  Tests  on  steady  flames  have  shown  that,  in  a  first  approximation,  the 
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Figure  IV.3:  Schlieren  image.  The  equivalence  ratio  $  is  0.95,  and  the  mean  flow  velocity  is 
vq  =  0.96  m.s-1.  Modulation  frequency:  75  Hz  (Ducruix  2000  [37]). 


global  heat  release  is  proportional  to  the  global  spontaneous  emission  of  CH*  radicals  [62,63]. 
The  CH*  emission  was  measured  using  a  photomultiplier  (PM)  coupled  with  a  431  nm  CH*- 
filter.  The  whole  flame  emission  was  recorded  by  the  PM  placed  at  a  distance  of  30  cm  from 
the  flame. 

The  velocity  modulation  at  the  burner  exit  was  obtained  using  laser  Doppler  velocime- 
try  (LDV).  The  axial  component  of  the  velocity  was  measured  on  the  symmetry  axis,  at  a  z- 
coordinate  equal  to  1.5  mm.  A  large  amount  of  oil  droplets,  with  a  mean  diameter  of  about 
2.5  n m,  were  used  to  seed  the  flow.  The  heat  release  and  the  velocity  at  the  burner  exit  were 
then  simultaneously  recorded. 

As  can  be  seen  in  Fig.  IV.4,  the  axial  velocity  was  almost  sinusoidal,  for  all  modulation 
conditions  that  have  been  tested.  According  to  the  modulation  frequency,  the  shape  of  the 
heat  release  signal  is  not  exactly  sinusoidal,  but  a  spectral  analysis  shows  that  the  main  peak 
is  associated  with  the  modulation  frequency,  and  that  all  other  harmonics  are  small,  compared 
to  the  fundamental  level.  For  higher  modulation  amplitudes,  nonlinear  effects  become  non- 
negligible  [64],  The  transfer  function  amplitude  is  given  by  the  ratio  between  the  reduced 
root-mean-square  (rms)  PM  intensity,  ii//0  and  the  reduced  rms  velocity  vi/vq,  where  V\  is 
measured  on  the  axis,  atz  =  1.5  mm.  /0  is  the  mean  PM  intensity  value,  measured  on  the  steady 
conical  flame.  The  mean  flow  velocity  v0  is  integrated  on  the  surface  of  the  burner  exit  plane. 
The  phase  difference  between  the  heat  release  signal  and  the  velocity  signal  is  determined  using 
cross-correlation. 

The  transfer  function  is  determined  for  frequencies  between  5  and  300  Hz.  Beyond 
300  Hz,  no  heat  release  fluctuations  could  be  observed.  All  the  measurements  were  done  with 
a  modulation  amplitude  v\  equal  to  0.192  m.s-1.  These  values  were  small  enough  to  maintain 
sinusoidal  signal  shapes,  and  large  enough  to  allow  measurements.  Reduced  with  the  mean 
axial  velocity  at  the  burner  exit,  the  modulation  rate  varies  between  8  and  20%.  The  velocity 
modulation  was  checked  to  be  nearly  uniform  in  the  burner  exit  plan. 


5-40 


100.0 
time  (ms) 


200.0 


Figure  IV.4:  Simultaneous  measurements  of  the  axial  component  of  the  velocity,  measured  at 
z  =  1.5  mm  above  the  burner  exit,  and  of  the  global  spontaneous  emission  of  CH*  radical  in  the 
whole  flame  (<f>  =  0.95,  fmod  =  10  Hz  and  mean  flow  velocity  v0  =  1.2  m.s-1,  integrated  on  the 
exit  plane).  Ducruix  (2000)  [37]). 

IV.2.5  Analytical  predictions  and  experimental  results 

Figure  IV.5  displays  flame  transfer  functions.  To  compare  theoretical  predictions  and  experi¬ 
mental  results,  the  ratio  {I\/  Iq)-{vq/v])  is  represented  as  a  function  of  the  reduced  frequency  a;*. 
The  conversion  factor  Kc  between  the  modulation  frequency  (Hz)  and  the  reduced  frequency  is 
close  0.2.  The  phase  difference  between  the  PM  signal  and  the  velocity  measurements  is  also 
plotted  as  a  function  of  u;*.  Analytical  predictions  are  given  in  Fig.  IV.5,  in  dashed  lines  for 
the  exact  model  and  in  dotted  lines  for  the  first  order  approximation  with  f3  =  3  (Eq.  (IV.  3  8)). 
This  value  differs  from  that  of  the  first  order  model  derived  by  Annaswamy  et  al.  [60]  (with  our 
notations  their  value  would  be  (3  =  2).  This  will  be  discussed  below. 

Amplitude  of  the  transfer  function 

Experimental  results  show  that  for  between  1  and  2,  the  ratio  (I\  / If  -  (vq/v\  )  is  almost 
constant,  close  to  one,  for  all  mean  velocities  (top  of  Fig.  IV.5).  This  indicates  that,  in  the  low 
frequency  range,  the  heat  release  fluctuations  follow  linearly  the  velocity  modulations.  Beyond 
a;*  =  2,  the  transfer  function  amplitude  decreases  sharply  and  is  equal  to  0.2  for  w*  close  to  8. 
The  low-pass  filter  behavior  of  the  flame  can  clearly  be  seen.  When  w*  varies  between  8  and  20, 
(Ji//0)  •  (t'o/t'i )  increases,  up  to  0.3  for  some  conditions.  Eventually,  for  >  40,  heat  release 
fluctuations  essentially  vanish,  as  assumed  by  Blackshear  [53].  The  flame  surface  area  does  not 
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Figure  IV.5:  Comparisons  between  analytical  predictions  and  experimental  results  for  the  flame 
transfer  function.  Velocity  fluctuation:  v\  =  0.192  m.s-1.  Symbols  indicates  measurements, 
for  different  mean  flow  velocity  v0.  The  conversion  factor  between  and  the  modulation 
frequency  (Hz)  is  respectively,  for  increasing  values  of  v0:  0.207,  0.201,  0.198,  and  0.197. 
(F.  0)  is  the  exact  model,  and  (77,  i/')  is  the  first  order  approximation  (Ducruix  2000  [37]). 
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vary  during  a  period  (Fig.  IV.3),  because  of  a  compensation  between  bulges  and  contractions. 

Figures  IV.5  show  that  the  models  proposed  in  Eq.  (IV.36)  and  (IV.38)  gives  good  predic¬ 
tions  for  (I\/Iq)-{vq/v\)  up  too;*  =  8.  They  do  not  predict  the  non-monotonic  behavior  observed 
for  u ;*  between  8  and  20.  However,  the  reduced  frequency  corresponding  to  the  change  of  slope 
in  the  model  is  in  good  agreement  with  the  reduced  frequency  associated  with  the  experimen¬ 
tal  change  of  slope.  The  first  order  approximate  model  suitably  fits  the  amplitude  data.  The 
amplitude  is  slightly  underestimated  in  the  low  frequency  range,  but,  in  the  intermediate  range 
(8  <  a;*  <  10),  the  approximate  model  gives  better  results  than  the  exact  model. 

Defining  the  cut-off  frequency  as  the  reduced  frequency  for  which  the  reduced  amplitude 
of  the  transfer  function  is  half  the  maximum  reduced  amplitude,  co*ut  is  around  5.  The  theoreti¬ 
cal  cut-off  frequency  is  4.8,  and  that  of  the  first  order  model  is  5.2,  indicating  that  both  models 
predict  well  the  transfer  function  amplitude  in  the  low  frequency  range.  Assuming  that  pertur¬ 
bations  are  convected  on  the  flame  front  with  the  velocity  vc  =  v0  cos  «0  [29],  and  noting  that 
vo  sin  a0  =  SL,  one  derives  the  time  needed  by  the  perturbation  to  propagate  from  the  bottom 
to  the  top  of  the  flame  rp  =  L/vc  =  Rj (SL  cos  a0)  (see  Fig.  IV.  1).  The  reduced  frequency 
(j*p  associated  with  the  propagation  time  tp  is  then  equal  to  2tt,  a  value  close  to  the  cut-off  fre¬ 
quency  L0*ut  determined  experimentally.  This  indicates  that  the  cut-off  frequency  corresponds 
to  the  modulation  for  which  the  wavelength  is  close  to  the  cone  length. 

Phase  of  the  transfer  function 

The  phase  difference  between  the  PM  and  LDV  signals,  named  £  in  the  following,  is 
plotted,  in  the  range  [— 7r,  7r],  in  Fig.  IV.5.  Experimental  results  show  that,  whatever  the  mean 
velocity  vq,  £  increases  with  a;*  up  to  a;*  =  25,  for  which  f  =  0. 

Phase  differences  greater  than  2ir  are  observed.  Snellink  and  Kiers  [65]  have  also  mea¬ 
sured  phase  differences  larger  than  7t/2  for  turbulent  propane-air  flames,  using  a  small  burner  of 
5  mm  in  diameter.  With  very  turbulent  flames,  Lenz  and  Gunther  (1981)  [57],  Matsui  (1981) 
[59],  and  Antnam  et  al.  (1974)  [66]  have  obtained  values  larger  than  2tt.  £  increases  continu¬ 
ously  and  regularly,  up  to  a;*  =  25  (see  Fig.  IV.5,  representation  in  the  range  [— 7r,  7r]).  With  the 
larger  burner,  £  increases  slower,  and  exhibits  a  plateau  for  w*  between  6  and  9,  whatever  the 
mean  velocity  v0  is.  The  value  2tt  is  reached  for  a;*  =  20. 

The  analytical  predictions  match  the  experimental  values  for  a;*  lower  than  2.  Between 
2  and  6,  £  and  ip  underestimate  £,  giving  a  maximum  value  equal  to  7r/2  for  =  2tt.  For 
greater  than  6,  £  features  an  oscillation,  remaining  close  to  ir/2.  For  this  range  of  values,  model 
predictions  do  not  fit  the  experimental  results,  whatever  the  burner.  The  first  order  approxi¬ 
mation  correctly  predicts  the  experimental  behavior  for  w*  lower  than  2.  Beyond  this  value, 
predictions  underestimate  the  experimental  data.  Both  models  show  their  limits  in  the  high  fre¬ 
quency  range.  They  can  not  be  used  to  determine  the  phase  differences  between  heat  release 
fluctuations  and  velocity  modulations. 

Since  £  increases  regularly  with  a;*,  it  is  possible  to  describe  £  as  a  time  lag  tl  =  £/a>, 
with  lo  the  angular  frequency.  The  time  lag  tl  is  a  constant,  around  12  ms.  It  may  be  compared 
to  the  mean  time  necessary  for  the  perturbation  to  be  convected  from  the  exit  plane  to  the  flame 
front.  When  there  is  less  than  one  perturbation  on  the  flame  front  at  the  same  time  (o>*  <  2ir),  a 
simple  calculation  shows  that  tl  =  B(1  — 1/21/2) /Sl  —  0.3 R/Sl,  where  R  is  the  burner  radius, 
or  tl  =  9  ms.  The  general  trend  is  good,  even  though  the  boundary  layer  effects,  which  modify 
the  velocity  profile  at  the  flame  base,  are  not  taken  into  account.  Merk  [52]  had  proposed  a 
similar  calculation,  giving  a  time  lag  equal  to  R/3SL,  which  is  remarkably  close  to  the  relation 
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found  in  this  study.  It  is  now  possible  to  relate  the  fitting  parameter  /3  and  the  time  lag  tl, 
writing  the  first  order  Eq.  (IV.37)  as: 

H(io)  = - - -  (IV.39) 

1  +  itUTL 

Then,  lotl  =  a;*//?,  and  one  obtains,  using  Merk’s  relation:  [3  =  3/  cos  oq  ~  3,  in  agreement 
with  the  fitting  parameter  chosen  in  Fig.  IY.5. 

Conclusion 

The  model  indicates  that  the  amplitude  and  phase  of  the  transfer  function  may  be  rep¬ 
resented  as  a  function  of  the  reduced  frequency  w*  =  Rio  /  SL  cos  a0.  The  transfer  function 
has  also  been  determined  for  other  equivalence  ratio  and  other  burner  diameters  [36].  For  a 
given  equivalence  ratio,  graphs  are  well  superimposed.  Using  a;*,  it  is  easy  to  predict  the  flame 
response,  for  burners  of  different  geometry,  mean  velocity  and  laminar  burning  velocity.  The 
model  assumptions  concerning  the  velocity  field  and  the  flame  displacement  speed  may  prob¬ 
ably  be  acceptable  for  slightly  wrinkled  flames,  with  a  small  radial  component  of  the  velocity 
field.  These  flames  remain  almost  conical  and  correspond  to  low  frequency  modulations.  In 
contrast,  these  assumptions  are  too  strong  for  larger  reduced  frequencies.  The  heat  release 
fluctuations  are  not  negligible  in  these  cases,  and  can  produce  strong  acoustic-combustion  in¬ 
teractions.  Further  data  (see  [36])  with  PIV  indicate  that  the  velocity  in  the  fresh  gases  is  not 
uniform  and  that  a  radial  flow  exists  near  the  exhaust.  An  improved  model  should  take  these 
features  into  account. 
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This  article,  “Large  Eddy  Simulations  of  an  Acoustically  Excited  Turbulent  Premixed  Flame”, 
has  been  published  in  the  Proceedings  of  the  Combustion  Institute,  Volume  28,  pp.  67-73. 

IV.3.1  Abstract 

Large  eddy  simulation  (LES)  is  a  promising  tool  for  numerical  simulations  of  reacting  flows, 
especially  when  combustion  instabilities  are  encountered.  In  a  first  step  towards  prediction  of 
such  instabilities,  LES  of  acoustically  excited  turbulent  premixed  flames  is  performed  using  a 
thickened  flame  approach,  coupled  to  a  subgrid  scale  model.  Numerical  results  are  carefully 
compared  to  experimental  data  obtained  using  planar  laser  induced  fluorescence  on  the  OH 
radical.  Flame  surface  densities,  wrinkling  factors  and  reaction  rates  are  extracted  from  im¬ 
ages  under  a  flamelet  assumption.  The  large  coherent  motions  observed  in  experiments  are  also 
found  in  simulations  but  the  subgrid  scale  model  is  not  able  to  recover  the  right  locations  of 


5-44 


maximum  values  of  reaction  rates.  In  fact,  the  subgrid  scale  model,  implicitely  based  on  the 
vorticity  field,  increases  reaction  rates  in  highly  stretched  regions  whereas,  according  to  experi¬ 
mental  data,  larger  values  of  unresolved  flame  surfaces  correspond  to  highly  curved  flame  front 
regions.  Therefore,  a  dynamic  approach,  where  unresolved  flame  surfaces  could  be  estimated 
from  resolved  flame  front  curvatures,  appears  as  a  promising  next  step. 

IV.3.2  Introduction 

Large  eddy  simulation  (LES),  where  largest  motions  are  explicitely  computed,  appears  as  a 
promising  tool  for  numerical  simulations  of  turbulent  reacting  flows  [67]  because  they  generally 
exhibit  large  scale  coherent  structures  [68],  especially  when  combustion  instabilities  occur  [69]. 
Such  instabilities,  due  to  a  coupling  between  heat  release,  hydrodynamic  flow  field  and  acoustic 
waves  have  to  be  avoided  because  they  induce  noise,  variations  of  the  system  characteristics, 
large  heat  transfers  and  may  lead  to  the  system  destruction.  Then,  LES  could  be  a  powerful  tool 
to  predict  their  occurences  and  to  numerically  test  passive  or  active  control  techniques.  Large 
eddy  simulations  also  allow  a  better  description  of  turbulence  /  combustion  interactions  than 
classical  closures  of  the  Reynolds  averaged  Navier-Stokes  equations  (RANS)  because,  in  LES, 
large  structures  are  explicitely  determined  and  instantaneous  fresh  and  burnt  gases  zones,  where 
turbulence  characteristics  are  quite  different,  are  clearly  identified. 

In  large  eddy  simulations,  any  quantity  Q  is  filtered  in  the  spectral  space  (components 
greater  than  a  given  spatial  cut-off  frequency  are  suppressed)  or  in  the  physical  space  (weighted 
averages  over  a  given  volume).  The  filtered  quantity  Q  is  defined  as: 

Q(x)  =  yWtx-x')  dx!  (IV.40) 

where  Q  is  the  LES  filter.  For  non  constant  density  flows,  a  Favre  (mass-weighted)  filter  Q  is 
introduced  as  ~pQ  =  pQ.  Applying  this  filter  to  the  instantaneous  fuel  mass  fraction  balance 
equation: 

+  V  •  (puYF)  =  V  •  (pD  VYp)  +CoF  =  pwF\VYF\  (IV.41) 

leads  to: 

+  V  •  (pfi Yp)  +  V  •  [p  (uYf  -  SYp)]  =  V  •  (pDVYr)  +  Zjf  =  /wF\VYF\ 

(IV.42) 

where  D  is  the  molecular  diffusivity,  using  the  Fick  law,  Cjf  the  instantaneous  reaction  rate  of 
fuel  and  wF  the  displacement  speed  of  Yp-isosurfaces.  Three  unknown  terms  require  modeling: 
the  unresolved  transport  uY p  —  uYp,  the  filtered  molecular  diffusion  flux,  pD  VYp,  and  the 
filtered  reaction  rate,  CoF.  These  two  last  terms  may  be  modeled  together  as  a  filtered  flame  front 
displacement  term,  pwF\S7YF\  [70] . 

A  difficult  problem  is  encountered  for  large  eddy  simulations  of  premixed  flames:  the 
flame  thickness  S(,\  about  0.1  to  1  mm,  is  generally  smaller  than  the  LES  mesh  size  A  [67]. 
Therefore,  species  mass  fractions  and  temperature  are  very  stiff  variables  and  cannot  be  re¬ 
solved  on  the  computational  grid.  Three  main  approaches  have  been  proposed  to  overcome 
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this  difficulty:  simulation  of  an  artificially  thickened  flame  [71,72,51,73],  flame  front  tracking 
technique  [74,47,75]  (G-equation)  or  using  a  filter  larger  than  the  computational  mesh  size  [70]. 

The  objective  of  this  paper  is  to  investigate  the  ability  of  the  thickened  flame  model  to 
describe  combustion  instabilities.  A  first  preliminary  step  is  to  predict  the  response  of  a  tur¬ 
bulent  flame  to  acoustic  excitations.  In  fact,  actual  instabilities  involve  an  additive  feature,  not 
investigated  here:  the  feedback  action  of  the  unsteady  heat  release  to  drive  the  acoustic  exci¬ 
tation.  Nevertheless,  numerical  simulations  of  flame  responses  to  acoustic  excitations  are  of 
interest  to  predict  flame  transfer  functions,  an  important  ingredient  in  simplified  models,  such 
as  the  so-called  n  —  t  approach,  for  combustion  instabilities  [76].  In  the  following,  large  eddy 
simulations  of  a  premixed  turbulent  flame  submitted  to  acoustic  excitations  are  performed  and 
compared  to  experimental  data. 


IV.3.3  Theoretical  analysis 

Thickened  flame  model 


The  basic  idea  of  the  thickened  flame  model  (TFM)  is  to  artificially  increase  the  flame  thickness, 
keeping  constant  the  laminar  flame  speed  s/  [71].  Following  simple  theories  for  ID  laminar 
premixed  flames  [5,26],  the  flame  speed  s/  and  the  flame  thickness  <^°  may  be  estimated  as: 

s/  cx  VBW  ;  <J,°  cx  ^  (IV.43) 

si 


where  W  is  the  mean  reaction  rate.  Then,  an  increase  of  the  flame  thickness  8/  by  a  factor 
F  with  a  constant  flame  speed  s/  is  easily  achieved  by  multiplying  thermal  and  molecular 
diffusivities  by  F  and  replacing  the  reaction  rate  IF  by  W /F.  For  sufficiently  large  values  of 
F,  the  thickened  flame  front  is  resolved  on  the  LES  computational  mesh.  The  reaction  rate 
remains  expressed  using  an  Arrhenius  law,  as  in  direct  numerical  simulations. 

Unfortunately,  when  the  flame  is  thickened  from  <5°  to  8}  =  F  8/ ,  the  turbulence  /  chem¬ 
istry  interaction  is  modified  because  the  Damkohler  number,  Da,  comparing  turbulent  (rt)  and 
chemical  (rc)  time  scales: 


Da  =  — 

Tc 


l±Sl 

u'  <^° 


(IV.44) 


decreases  by  a  factor  F  and  becomes  Da/ F.  As  shown  in  [77],  the  flame  becomes  more  and 
more  insensitive  to  turbulence  motions  when  the  length  scale  ratio  between  the  turbulence  inte¬ 
gral  length  scale  and  the  laminar  flame  thickness.  It/ 8/,  is  decreased.  This  ratio  is  decreased  by 
a  factor  F  when  the  flame  is  thickened.  On  the  other  hand,  the  thickened  flame  is  more  sensitive 
to  strain  than  the  actual  flame  [51].  These  points  have  been  investigated  using  direct  numeri¬ 
cal  simulations  (DNS)  [51,73]  and  an  efficiency  function,  acting  as  a  subgrid  scale  model,  has 
been  proposed  to  incorporate  the  effects  of  the  unresolved  wrinkled  flame  area  on  the  resolved 
consumption  speed.  This  efficiency  function  E  is  estimated  as  the  ratio  of  the  wrinkling  factor 
(i.e.  the  ratio  of  the  subgrid  scale  surface  to  its  projection  in  the  propagating  direction)  for  the 
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actual  flame,  E  (<^°),  to  the  wrinkling  factor  of  the  thickened  flame,  S  (FSf): 

(S ?)_1+“r(f-^)^ 


E  = 


m 


1  +  aT 


( As.  ^Ae_\ 

V  «}  ’*?/*? 


(IV.45) 


where  AP  is  the  LES  filter  size.  The  T  function  is  fitted  from  DNS: 


A„  u\ 


Si  ’ 


=  0.75  exp 


1.2 


L  (OS’) 


0.3 


Ae5  5 


Si 


(IV.46) 


where  u'Ae  denotes  the  subgrid  scale  velocity  fluctuations,  a  is  derived  from  dimensional  argu¬ 
ments  as  [73]: 


a  =  [5- 


2  ln(2) 


3cn 


Relf 2 


(IV.47) 


In  our  simulations,  /3  =  1  and  cms  =  0.28  [73].  The  turbulent  Reynolds  number,  Re,  depends 
on  spatial  location  and  is  roughly  estimated  from  the  subgrid  scale  velocity,  u'Ae  and  the  filter 
size  Ae. 

Then,  the  thickened  flame  model  is  implemented  as: 

+  V  •  (p  2  =  V  •  (p  D  F  E  VYp)  +  jCoF  (IV.48) 

where  Cop  is  determined  from  an  Arrhenius  law  using  filtered  quantities,  such  as  density,  p, 
species  mass  fractions,  1' ,  and  temperature,  T.  In  the  above  equation,  the  diffusivity  ED, 
before  multiplication  by  F  to  thicken  the  flame  front,  may  be  decomposed  as  E  D  =  D  + 
(E  —  1)  D  and  corresponds  to  the  sum  of  the  molecular  diffusivity,  D,  and  a  turbulent  subgrid 
scale  diffusivity,  (E  —  1)  D,  depending  on  turbulence  and  flame  characteristics.  In  fact,  (E  — 
1)  D  could  be  viewed  as  a  turbulent  diffusivity  used  to  close  the  unresolved  scalar  transport  in 
Eq.  (IV.42).  Eq.  (IV.48)  achieves  the  same  goal  as  a  G'-equation  and  propagates  a  flame  front 
at  a  subgrid  turbulent  flame  speed  Es®,  keeping  the  flame  brush  thickness  under  control  and 
about  FSf .  As  the  chemistry  is  still  described  using  an  Arrhenius  law,  the  thickened  flame 
model  directly  handles  flame  stabilization  mechanisms  (but  the  correct  prediction  remains  to  be 
checked). 


Estimate  of  the  subgrid  scale  turbulence 

The  subgrid  scale  efficiency  function  E  used  in  the  thickened  flame  model  requires  the  estimate 
of  the  flame  front  wrinkling  factor  based  on  the  subgrid  scale  turbulent  velocity,  u'Ae  (Eq.  IV.45). 
This  point  is  discussed  in  detail  in  [73]  and  is  briefly  summarized  here.  u'Ae  could  be  estimated 
from  the  subgrid  scale  viscosity,  ut,  provided,  for  example,  by  the  Smagorinsky  model: 

u'Ae  =  =  CsAe  (IV.49) 

where  SV)  is  the  resolved  stress  tensor  and  Cs  a  model  constant.  This  approach  has  two  main 
drawbacks.  First,  subgrid  scale  viscosity  models  have  been  designed  to  predict  the  right  level  of 
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turbulent  kinetic  dissipation  rates  and  not  to  estimate  velocity  fluctuations  at  any  scale.  With¬ 
out  turbulence,  expression  (IV.49)  does  not  provide  u'Ae  =  0  because  StJ  is  influenced  by  the 
thermal  expansion  due  to  heat  release. 

Assuming  scale  similarities  (i.e.  that  subgrid  scale  phenomena  are  mainly  controled  by  the 
largest  unresolved  motions,  close  to  the  smallest  resolved  ones  [78]),  Colin  et  al.  [73]  propose 
to  estimate  the  subgrid  scale  velocity  fluctuation  as: 

u'Ae  =c2Ae3V2(Vxu)  (IV.50) 

where,  in  our  simulations,  c2  =  2.  This  expression,  based  on  the  vorticity  field,  is  not  sensitive 
to  thermal  expansion. 


IV.3.4  Experimental  set-up  and  diagnostics 

The  experimental  set-up  is  displayed  in  Fig.  IV.6.  A  premixed  propane/air  flow  is  injected 
into  a  rectangular  combustor.  The  height,  depth  and  length  of  the  combustion  chamber  are 
respectively  50,  80  and  300  mm.  The  lateral  walls  are  transparent  artificial  quartz  windows 
allowing  visualization  of  the  whole  chamber.  The  upper  and  lower  walls  are  made  of  thick 
ceramic  material  including  two  narrow  windows  used  to  introduce  laser  sheets.  A  triangular 
flame-holder,  corresponding  to  a  50  %  blockage  ratio,  is  embedded  in  the  lateral  windows.  A  V- 
shape  flame  is  investigated  at  a  fixed  air  flow  rate  of  40  g/s,  corresponding  to  an  upstream  mean 
velocity  of  about  10  m/s  (turbulence  level  about  5  %)  and  an  equivalence  ratio  <f>  =  1.0.  The  flow 
field  is  acoustically  excited  using  two  loudspeakers  plugged  in  the  inlet  duct.  The  excitation 
frequency  and  amplitude  are  respectively  870  Hz  and  150  Pa.  A  microphone  located  0.1  m 
upstream  the  flame-holder  records  a  phase  reference  signal  to  compare  numerical  simulations 
and  experimental  data. 

Qualitative  OH  concentration  images  are  obtained  using  planar  laser  induced  fluores¬ 
cence.  A  Nd:YAG  laser,  operating  at  10  pulses  per  second  with  a  typical  pulse  duration  of  7  ns, 
is  frequency  doubled  to  pump  a  dye-laser  operating  on  Rhodamine  590.  The  dye-laser  beam 
then  passes  through  a  frequency  doubling  crystal  and  is  transformed  into  a  laser  sheet  (typi¬ 
cal  pulse  energy  12  mJ  at  wavelength  283  nm).  Radical  OH  concentrations  are  measured  by 
absorption  on  the  Qi(5)  line  in  the  A2 E+(r/  =  0)  <=  X2A(v"  =  0)  band,  collecting  the  broad¬ 
band  radiation  around  310  nm  with  an  intensified  CCD  camera.  The  images  cover  up  to  12  cm 
downstream  from  the  flame-holder  with  a  spatial  resolution  of  0.25  mm/pixel.  A  typical  PLIF 
image  is  displayed  on  Fig.  IV.7.  The  combusting  flow  exhibits  strong  symmetrical  periodic  co¬ 
herent  structures  due  to  the  acoustic  excitation.  The  instantaneous  flow  field  is  dominated  by 
these  large  motions  and  may  be,  in  a  first  step,  assumed  to  be  two-dimensional,  at  least  up  to 
10  cm  downstream  from  the  flame  holder  as  evidenced  in  cross-section  OH  images  (Fig  IV.8). 
All  postprocessing  procedures  assume  two-dimensional  flow  fields. 

The  flame  front  is  located  using  the  OH  concentration  gradients.  Assuming  a  thin  flame, 
PLIF  images  are  binarized  to  separate  fresh  gases  (progress  variable  c  =  0)  from  burnt  gases 
(c  =  1).  Then,  the  subgrid  scale  flame  surface  density,  E,  and  the  subgrid  scale  wrinkling 
factor,  2,  are  extracted  using  a  gaussian  spatial  filter.  The  filter  size,  Ae  =  3  mm,  is  chosen 
to  recover  a  resolved  flame  front  having  a  thickness  corresponding  to  the  simulated  thickened 
flame  obtained  using  F  =  10.  According  to  [70],  flame  surface  quantities  are  related  to  the 
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filtered  progress  variable  c  as: 

E  =  E  Yr|  =  |VcJ  +  (S  - 1)  |Vc|  (IV.51) 

resolved  part  unresolved  part 

Under  a  flamelet  assumption,  the  filtered  fuel  reaction  rate  in  Eq.  (IV.42)  is  estimated  as  Cjf  = 
p^s^YpYi  where  p0  and  Yp  =  0.059  denote  respectively  the  density  and  the  fuel  mass  fraction 
in  the  fresh  gases.  =  0.45  m/s  is  the  laminar  flame  speed.  Experimental  results  are  phase 
averaged  over  20  instantaneous  images  to  ensure  statistical  stability  of  subgrid  scale  quantities. 

IV.3.5  Numerical  simulations 

The  thickened  flame  model,  combined  with  the  efficiency  function  (Eq.  IV.45),  has  been  imple¬ 
mented  in  AVBP,  a  LES  solver,  developed  at  CERFACS  on  top  of  a  parallel  library  COUPL  pro¬ 
duced  jointly  by  CERFACS  and  Oxford  University  [79,80],  able  to  handle  complex  geometries. 
Subgrid  scale  turbulent  viscosity  is  modeled  using  a  filtered  Smagorinsky  model  derived  from 
the  filtered  structure  function  [81].  As  the  flow  field  appears  mainly  controlled  by  two  dimen¬ 
sional  large  scale  motions,  2D  numerical  simulations  are  performed.  The  computational  domain 
contains  50  000  points  (maximum  grid  size  downstream  from  the  flame-holder  =  0.6  mm), 
starts  60  cm  upstream  the  flame  holder  and  continues  up  to  30  cm  downstream.  Acoustic  waves 
are  generated  adding  a  pulsating  term  in  the  energy  balance  equation  close  to  the  flow  inlet. 
The  oscillation  amplitude  has  been  adjusted  to  recover  the  experimental  pressure  signal  at  the 
microphone  location.  The  propane  /  air  chemistry  is  described  using  a  two-species  (fuel  and 
oxidizer),  single  step  ICC  scheme  [82]: 

uF  =  ApaF+a°Y£FY£°  ex P  ( - )  (IV.52) 

where  aF  =  1.0,  ao  =  0.5,  A  =  1.09  108  kg~°-5m1-5s~1  and  Ta  =  10064  K.  The  thickening 
flame  factor  is  F  =  10. 


IV.3.6  Results  and  discussions 

Numerical  fields  of  fuel  reaction  rate,  Eluf/F  (Eq.  IV.48),  together  with  the  modeled  subgrid 
scale  contribution  ( E  —  1)uf/F  are  displayed  on  Fig.  IY.9  and  IV.10  for  phases  27r/3  and 
47r/3  relative  to  the  microphone  signal.  Corresponding  experimental  results  are  also  shown. 
Both  numerical  simulations  and  experimental  data  exhibit  strong  symmetrical  resolved  coher¬ 
ent  structures.  For  example,  the  large  motion  located  at  about  4  cm  downstream  observed 
on  experimental  visualizations  (phase  27t/3;  Fig.  IV.9c)  is  clearly  apparent  at  the  same  loca¬ 
tion  on  numerical  simulations  (Fig.  IV.9a).  However,  some  discrepancies  between  numerical 
simulations  and  experimental  results  are  observed.  In  fact,  global  statistical  comparisons,  not 
displayed  here,  are  very  good  but  LES  is  designed  to  describe  unsteady  phenomena  and  must 
be  validated  using  accurate  instantaneous  fields. 

The  spatial  location  of  the  subgrid  scale  contribution  to  the  reaction  rate  in  LES  (i.e. 
(E  —  1  )ujf/F)  does  not  exactly  correspond  to  the  experimental  data  (p„s°T^(E  —  1)  |  Vc|,  where 
Yp  is  the  fresh  gases  fuel  mass  fraction).  This  point  may  be  analyzed,  for  example,  looking  at 
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the  coherent  structures  located  between  3  to  5  cm  downstream  from  the  flame  holder  for  phase 
27t/3.  On  experimental  data  (Fig.  IV.9d),  the  maximum  value  of  the  unresolved  reaction  rate 
is  observed  about  4  cm  at  the  head  of  the  vortex  where  the  highly  curved  instantaneous  flame 
front  is  not  resolved  by  the  filtered  flame.  In  numerical  simulations  (Fig.  IV.9b),  the  largest 
values  of  the  unresolved  reaction  rate  is  located  about  4  cm  downstream  from  the  flame-holder 
but  correspond  now  to  stretched  regions  of  the  vortices.  A  rough  scheme  of  this  mechanism  is 
displayed  on  Fig.  IV.  1 1 .  Accordingly,  despite  the  coherent  structures  are  well  predicted  by  LES, 
large  values  of  the  reaction  rate  are  not  found  at  the  same  locations  as  in  experimental  data.  This 
discrepancy  would  be  missed  comparing  time  averaged  fields  but  is  of  importance  for  combus¬ 
tion  instabilities  predictions  and  explains  the  phase  difference  observed  between  experimental 
and  numerical  integrated  reaction  rates,  displayed  on  Fig.  IV.  12b.  On  Fig.  IV.  12,  experimental 
and  numerical  reaction  rates  are  integrated  over  three  boxes  defined  on  Fig.  IV.6  and  plotted  as 
a  function  of  phase  to  analyze  the  flame  response  to  the  acoustic  perturbation.  First,  reaction 
rate  amplitudes  are  slightly  larger  in  experiment,  but  this  finding  may  be  due,  at  least  in  part, 
to  the  flamelet  assumption  where  the  actual  reaction  rate  per  unit  of  flame  area  is  estimated  as 
pus®.  Without  the  subgrid  scale  model  (Fig.  IV.  12a),  reaction  rate  amplitudes  remain  very  low. 
A  larger  modulation  is  observed  when  using  the  efficiency  function  E  (Fig.  IV.  12b),  but  a  phase 
lag  of  about  70°,  due  to  the  subgrid  model  (Fig.  IV.  1 1),  is  found  with  experimental  data.  More¬ 
over,  the  modulation  amplitude  slightly  decreases  in  LES  when  moving  downstream,  because 
of  decreasing  turbulence  fluctuations  u'Ae ,  but  remains  roughly  constant  in  experiment. 

The  comparison  between  unresolved  reaction  rate  contributions  predicted  by  our  model 
and  estimated  from  experimental  data  shows  that  the  subgrid  scale  sensor  used  in  the  efficiency 
function  E  (Eq.  IV.45),  the  subgrid  scale  velocity  fluctuation  u'Ae,  is  not  well  suited  to  our  sit¬ 
uation.  As  previously  described,  u'Ae  and,  therefore,  the  efficiency  function  and  the  unresolved 
reaction  rate  are  estimated  from  flow  vorticity  and  detect  highly  stretched  vortex  regions.  Unfor¬ 
tunately,  maximum  values  of  the  reaction  rates  are  experimentaly  observed  where  instantaneous 
flame  fronts  are  highly  wrinkled,  leading  to  large  unresolved  flame  surface  densities.  As  these 
regions  correspond  also  to  large  values  of  the  resolved  flame  front  curvatures,  a  dynamic  formu¬ 
lation,  where  high  subgrid  scale  wrinkling  factors  could  be  estimated  from  high  resolved  flame 
front  curvatures,  appears  as  an  attractive  approach  to  be  developed  in  the  future. 

IV.3.7  Conclusions 

Large  eddy  simulations  of  an  acoustically  excited  turbulent  premixed  flames  are  performed  us¬ 
ing  the  thickened  flame  model  combined  with  a  subgrid  scale  efficiency  function.  Numerical 
results  are  compared  to  experimental  data  using  OH  planar  laser  induced  fluorescence.  Flame 
surface  densities,  wrinkling  factors  and  reaction  rates  are  extracted  from  images  under  a  flamelet 
assumption.  The  large  coherent  motions  observed  in  our  experiment  are  well  predicted  by  sim¬ 
ulations  but  careful  comparisons  show  that  maximum  values  of  reaction  rates,  experimentally 
located  in  high  flame  front  curvature  regions,  are  numerically  predicted  in  the  vortex- stretched 
regions.  This  discrepancy  is  due  to  the  unresolved  contribution  to  the  reaction  rate,  computed 
here  from  estimates  of  the  subgrid  scale  velocity  fluctuations,  and  induces  a  time  lag  between 
experimental  and  numerical  evolution  of  the  reaction  rate.  A  dynamic  subgrid  scale  model, 
based  on  resolved  flame  front  curvatures,  then  appears  as  a  promising  next  step. 

Numerical  simulations  have  been  performed  on  Cray  T3E  provided  by  IDRIS  (Institut 
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Figure  IV.6:  Experimental  configuration.  A  premixed  propane  /  air  flow  (mean  velocity  10  m/s; 
turbulence  fluctuations  5  %,  equivalence  ratio  <f>  =  1)  is  injected  in  a  rectangular  combustor.  A 
turbulent  flame  is  stabilized  behind  a  triangular  flame  holder  (blockage  ratio  50  %).  The  turbu¬ 
lent  flame  may  be  submitted  to  acoustic  waves  generated  by  two  loudspeakers.  A  microphone 
records  a  reference  signal.  Signal  phases  are  analyzed  integrating  the  reaction  rate  over  three 
regions  (dashed  lines)  of  1  cm  width,  labeled  1,  2,  and  3  and  located  respectively  1,  5  and  9  cm 
downstream  from  the  flame-holder. 

de  Developpement  et  de  Ressources  en  Informatique  Scientifique),  Orsay,  France.  CERFACS 
(Toulouse,  France),  and  especially  T.  Schonfeld,  C.  Angelberger  and  O.  Colin,  are  gratefully 
acknowledged  for  support  in  use  of  the  AYBP  code. 
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Figure  IV.7:  Instantaneous  PLIF  image  of  the  OH  radical.  The  flow  field  is  dominated  by 
strong  two  dimensional  motions  controlled  by  the  acoustic  excitation  at  a  frequency  fe  =  870 
Hz.  The  flame  front  location  is  determined  from  OH  concentration  gradients. 


Figure  IV.8:  Instantaneous  cross-section  PLIF  images  of  the  OH  radical.  The  laser  sheet  is 
perpendicular  to  downstream  direction,  (a)  4  cm  and  (b)  8  cm  downstream  from  the  flame 
holder.  The  flow  field  may  be  assumed  two-dimensional  at  least  up  to  8  cm  downstream  from 
the  flame-holder. 
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Figure  IV.9:  Acoustically  excited  (fe  =  870  Hz)  turbulent  premixed  flame  at  phase  27r/3, 
relatively  to  the  microphone  pressure  signal.  Large  eddy  simulations  fields  of  the  instantaneous 
reaction  rate,  (a)  total  fuel  reaction  rate,  ECjpjF,  in  Eq.  (IV.48).  (b)  modeled  subgrid  scale 
contribution,  ( E  —  1  )ujf/F.  Corresponding  experimental  data  (20  images,  corresponding  to  the 
same  phase,  have  been  averaged  to  ensure  statistical  stability  of  the  unresolved  contributions): 
(c)  total  fuel  reaction  rate,  pus®YpY  =  puS^YpE]  Vc|;  (d)  unresolved  subgrid  scale  contribution 
p„S?YF»(3-l)|Vc|. 
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Figure  IV.10:  Acoustically  excited  (fe  =  870  Hz)  turbulent  premixed  flame  at  phase  47r/3, 
relatively  to  the  microphone  pressure  signal.  Large  eddy  simulations  fields  of  the  instantaneous 
reaction  rate,  (a)  total  fuel  reaction  rate,  ECjpjF,  in  Eq.  (IV.48).  (b)  modeled  subgrid  scale 
contribution,  ( E  —  1  )ujf/F.  Corresponding  experimental  data  (20  images,  corresponding  to  the 
same  phase,  have  been  averaged  to  ensure  statistical  stability  of  the  unresolved  contributions): 
(c)  total  fuel  reaction  rate,  pus®YpY  =  puS^YpE]  Vc|;  (d)  unresolved  subgrid  scale  contribution 
p„S?YF»(3-l)|Vc|. 
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Figure  IV.11:  A  rough  scheme  comparing  regions  of  maximum  values  of  the  unresolved  re¬ 
action  rate  in  numerical  prediction  and  in  experimental  data.  Maximum  contributions  of  the 
subgrid  scale  model  are  observed  in  the  stretched  regions  because  of  the  subgrid  scale  velocity 
fluctuation  detection  (Eq.  IV.50).  Experimental  results  display  maximum  values  of  the  wrin¬ 
kling  factor  S  at  the  vortice  head  where  highly  curved  intantaneous  flame  fronts  are  not  resolved 
on  the  filtered  flame  front. 
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Figure  IV.12:  Time  evolution  of  experimental  and  numerical  reaction  rates  integrated  over  3 
boxes  of  1  cm  length  (see  Fig.  IV.6),  plotted  as  a  function  of  phase,  (a)  Without  subgrid  scale 

model  (E  =  1): - reference  pressure  signal;  bold  lines  correspond  to  LES  respectively  for 

boxes  1  ( - ),  2  ( - )  and  3  ( - ).  (b)  With  subgrid  scale  model.  Thin  lines  correspond 

to  experimental  data  and  bold  lines  to  LES  respectively  for  boxes  1  ( - ),  2  ( - )  and  3 

( - ).  A  constant  phase  lag,  of  about  70°,  is  found  between  experimental  and  numerical  data 

and  is  due  to  different  locations  of  largest  values  of  the  unresolved  reaction  rate,  as  explained 
on  Fig.  IV.ll. 
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Chapter  V 

Numerical  Simulations  of  Active  Control 


M.  Mettenleitert,  F.  Vuillot*  and  S.  Candelt  [103] 

t  Laboratoire  E.M2.C. 

E.C.P.  and  C.N.R.S.,  Chatenay-Malabry,  France 
*  ONERA  Chatillon,  Chatillon,  France 


V.l  Abstract 

This  section  describes  current  developments  in  the  numerical  simulation  of  active  control.  The 
objective  is  to  devise  software  tools  for  the  development  of  active  control.  The  present  approach 
uses  a  numerical  simulation  of  the  system  based  on  the  Navier-Stokes  equations.  It  differs  from 
the  more  standard  simulations  relying  on  lower  order  dynamical  models.  The  main  difficulties 
associated  with  the  present  strategy  are  related  to  the  representation  of  the  actuator  in  the  flow 
simulation  module  and  with  the  interfacing  of  this  module  with  the  adaptive  control  routine. 
These  issues  require  careful  treatment  to  obtain  a  suitable  numerical  model  of  flow  control.  It  is 
first  shown  that  the  actuator  may  be  described  by  a  distribution  of  sources  in  the  field.  The  time 
stepping  needed  by  the  flow  simulation  module  and  by  the  control  unit  differ  widely  (the  ratio 
between  the  time  steps  is  of  the  order  of  100  or  more).  This  constitutes  a  source  of  perturbation 
and  it  may  introduce  unwanted  high  frequency  components  in  the  flow  simulation.  It  is  shown 
that  this  problem  is  alleviated  by  placing  numerical  filters  at  the  controller  input  and  output. 
A  set  of  calculations  are  carried  out  to  simulate  vortex  shedding  instabilities  of  a  simplified 
solid  propellant  rocket.  These  instabilities  are  then  adaptively  controlled.  This  example  serves 
to  illustrate  the  simulation  methodology  and  provides  insights  into  the  operation  of  the  flow 
controller. 


V.2  Introduction 

Active  control  strategies  have  been  mainly  developed  from  experiments.  Some  recent  efforts 
have  been  directed  at  simulating  control  on  the  computer  with  the  objective  of  testing  and  im¬ 
proving  control  algorithms.  Simulation  complements  experimentation  and  it  has  considerable 
potential  in  the  development  of  flow  control  methods.  The  aim  of  this  section  is  to  adress 
problems  arising  when  one  wishes  to  couple  a  flow  simulation  module  and  an  adaptive  control 
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algorithm.  This  development  is  based  on  research  directed  at  the  control  of  vortex  driven  insta¬ 
bilities  found  in  solid  segmented  rocket  motors.  The  control  principle  is  shown  schematically  in 
Figure  V.l.  The  motor  develops  low  amplitude  pressure  and  thrust  oscillations  at  frequencies  of 


Figure  V.l:  Active  control  applied  to  segmented  solid  rocket  motor. 

the  first  longitudinal  acoustic  modes  (see  for  example  Blomshield  and  Mathes  [83],  Vuillot  [84], 
Dotson,  et  al.  [85]).  The  oscillation  is  at  low  frequency  and  it  may  couple  with  the  launcher 
structural  modes.  The  driving  mechanisms  have  been  identified  to  be  linked  with  internal  flow 
instability.  The  strong  coupling  with  acoustics  generates  large  scale  coherent  vortices.  To  con¬ 
trol  this  process,  a  sensor  is  placed  close  to  the  region  where  vortices  are  shed  and  its  signal  is 
input  to  a  controller  which  drives  an  actuator. 

This  scheme  is  typical  of  many  active  control  applications.  It  is  simulated  in  the  present 
work  by  solving  the  Navier-Stokes  equations  using  the  Sierra  software.  The  flow  simulation 
module  has  been  used  extensively  to  analyze  vortex  instabilities  in  configurations  of  interest 
in  solid  propellant  propulsion.  It  is  here  used  as  a  platform  for  active  control.  Numerical 
simulation  is  now  increasingly  used  to  predict  the  behaviour  of  unstable  subscale  solid  rocket 
motors.  A  recent  example  is  given  by  Le  Breton,  et  al.  [86],  which  shows  industrial  applications 
of  this  kind  of  simulation. 

After  a  short  review  of  the  literature  dealing  with  simulation  of  flow  control,  the  flow 
solver  is  briefly  described.  One  important  aspect  of  the  problem  is  to  devise  a  suitable  repre¬ 
sentation  of  an  actuator  or  of  a  set  of  actuators.  It  is  shown  that  this  is  best  accomplished  by 
distributing  sources  in  the  field.  This  representation  is  also  closer  to  the  possible  use  of  a  con¬ 
trolled  injection  of  an  evaporating  and/or  reacting  substance  in  an  actual  motor.  Such  a  physical 
device  would  provide  a  distributed  source  of  mass  and  a  source  or  sink  of  energy.  Momentum 
exchange  might  also  take  place  depending  on  the  type  of  injection  geometry  but  is  usually  less 
effective  than  mass  injection. 

Modifications  of  the  Sierra  code  are  described.  A  series  of  open  loop  tests  not  shown 
here  indicate  that  the  sources  operate  as  expected.  Problems  related  to  the  coupling  of  the  flow 
simulation  module  with  the  control  algorithm  are  considered.  Specific  issues  arise  because  flow 
simulation  and  control  require  very  different  time  sampling  rates.  The  time  step  of  the  flow 
solver  is  much  smaller  than  the  sampling  period  of  the  controller.  It  is  then  necessary  to  take 
some  precautions  when  dealing  with  the  input  and  output  of  the  control  routine.  The  last  part 
of  this  section  provides  numerical  simulations  of  vortex  instabilities  in  a  small  rocket  motor 
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and  control  of  these  instabilities  using  an  adaptive  algorithm.  In  the  situation  considered  here 
the  controller  input  is  a  pressure  signal  provided  by  a  sensor  located  near  the  nozzle  while  the 
actuator  is  located  near  the  motor  head.  This  example  serves  to  show  that  the  active  control 
simulator  is  flexible  and  may  be  used  to  study  the  control  strategy  and  examine  the  modification 
of  the  flow  under  control. 


V.3  Active  control  simulation  studies 

Active  control  simulation  studies  may  be  divided  in  two  main  groups.  In  the  first  group  phys¬ 
ical  systems  are  described  by  dynamical  models  coupled  to  simple  or  more  complex  control 
schemes.  A  typical  example  from  the  field  of  sound  and  vibration  control  is  due  to  Koshi- 
goe,  et  al.  [87],  This  article  considers  adaptive  algorithms  to  reduce  the  noise  from  a  confined 
cavity.  Vibrations  originating  from  outside  the  cavity  walls  may  induce  large  pressure  fluctua¬ 
tions  in  the  cavity.  The  problem  arises  during  space  launchers  take-off,  the  noise  induced  under 
the  fairings  may  harm  the  payload  and  have  detrimental  effects  on  the  future  operation  of  the 
spacecraft.  A  dynamical  model  of  the  system  is  formulated  and  used  to  test  the  filtered  X-LMS 
algorithm  with  off-line  identification  of  the  secondary  path  [88].  On  line  identification  is  ex¬ 
plored  with  the  same  model  in  a  more  recent  study  [89]  and  the  LMS  algorithm  is  compared  to 
other  control  schemes  [90]  with  regard  to  the  convergence  rate. 

In  the  field  of  combustion  instability  Hathout,  et  al.  [91]  developed  a  dynamical  first  or¬ 
der  model  of  thermoacoustic  interactions  in  a  small  laminar  burner.  This  model  is  then  used 
to  design  a  controller  and  simulate  its  operation.  The  control  algorithm  is  then  used  in  the 
experiment.  To  account  for  changes  in  the  system  dynamics  an  adaptive  controller  is  devised 
and  compared  with  simulations  carried  out  with  an  LMS  algorithm  (Annaswamy,  et  al.  [92]). 
Culick,  et  al.  [93]  take  into  account  linear  and  nonlinear  coupling  in  their  comprehensive  dy¬ 
namical  model  of  instability.  It  is  thus  possible  to  describe  some  of  the  effects  which  lead  to 
limit  cycle  oscillations  found  in  practical  systems.  Yang  and  Fung  [94]  use  this  general  formal¬ 
ism  to  design  a  PI  controller  of  pressure  oscillations  in  a  combustion  chamber.  Annaswamy, 
et  al.  [60]  study  the  influence  of  mode  coupling  on  controller  design  using  the  same  general 
formulation.  Koshigoe,  et  al.  [95]  propose  an  adaptive  algorithm  with  on-line  identification  to 
control  a  dynamical  model  of  combustion  instability. 

In  the  second  group  of  studies  dealing  with  simulation  of  active  control ,  the  flow  is  calcu¬ 
lated  by  solving  the  Navier-Stokes  equations.  This  provides  a  more  realistic  description  of  the 
flow  dynamics  and  of  the  complex  couplings  taking  place  in  practical  devices.  This  approach 
uses  the  recent  advances  made  in  computational  fluid  dynamics.  Menon  [74]  is  perhaps  the 
first  to  investigate  active  control  in  an  unsteady  simulation  of  a  dump  combustor  typifying  the 
geometry  of  a  2D  ramjet.  His  controller  uses  a  simple  gain  and  phase  applied  to  a  pressure  sen¬ 
sor  signal  and  reinjected  through  a  loudspeaker  located  at  the  backward  facing  step.  Neumeier 
and  Zinn  [96]  devise  a  special  observer  which  identifies  the  unstable  modes  of  the  system.  The 
modes  are  then  amplified  and  phase  delayed  by  a  controller  and  reinjected  into  the  computa¬ 
tional  domain.  The  balance  equations  are  solved  in  one  dimension.  Kestens  [97]  considers 
the  adaptive  (LMS)  multiple  channel  control  of  aeroacoustic  instabilities  of  cavities  driven  by 
an  adjacent  flow.  The  Navier-Stokes  equations  are  solved  in  two  dimensions.  An  actuator  of 
the  loudspeaker  type  or  a  pulsed  jet  is  used  to  reduce  the  pressure  level  observed  by  different 


sensors. 
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Analysis  of  work  belonging  to  this  second  group  shows  that  some  success  has  been 
reached  but  that  the  methodology  needs  further  consolidation.  Some  of  the  key  issues  are  con¬ 
sidered  in  this  section.  We  specifically  consider  the  coupling  of  a  non-steady  Navier-Stokes 
solver  with  an  adaptive  controller.  The  analysis  is  carried-out  using  an  adaptive  scheme  for  the 
following  reasons  :  (i)  The  system  to  be  controlled  is  nonlinear  and  may  change  with  time,  (ii) 
Control  using  adaptive  methods  has  been  successfully  demonstrated  in  related  experiments,  (iii) 
The  controller  has  a  self  adjusting  capability  which  is  quite  attractive.  No  attempt  was  made  to 
test  a  simpler  linear  (non  adaptive)  controller. 

Aspects  to  be  considered  in  the  next  sections  are  as  follows: 

•  Numerical  representation  of  the  actuator. 

•  Actuator  effect  in  open  loop  simulation  tests. 

•  Problems  of  controller  interfacing. 

V.4  The  flow  simulation  in  the  Cl -geometry 

The  Sierra  code  is  used  to  simulate  the  large  scales  of  flow  in  order  to  analyze  aeroacoustic 
instabilities  generated  in  internal  geometries  found  in  solid  rocket  motors.  The  code  operates 
in  the  planar  or  axisymmetric  modes.  It  was  designed  by  Lupoglazoff  and  Vuillot  [98]  (see 
these  references  for  details  on  this  platform).  The  Navier-Stokes  equations  are  solved  with  a 
second  order  finite  volume  centered  scheme.  Time  marching  is  explicit  and  uses  the  MacCor- 
mack  predictor/corrector  method.  Artificial  viscosity  is  calculated  with  the  Jameson  method 
(see  Jameson  and  Schmidt  [99]).  Sierra  is  used  in  what  follows  to  simulate  the  flow  in  a  spe¬ 
cific  geometry  designated  as  Cl  (this  is  the  first  test  case  of  a  systematic  research  program 
on  the  aerodynamics  of  segmented  solid  rocket  motors).  This  computational  case  was  defined 
by  Onera  to  study  the  strong  aeroacoustic  oscillations  resulting  from  vortex  shedding  from  the 
propellant  edge  coupled  with  one  of  the  modes  of  the  system  (see  Lupoglazoff  and  Vuillot 

[100] ).  This  generic  case  is  well  documented  and  requires  a  limited  amount  of  grid  nodes  (less 
than  10000)  allowing  long  computational  sequences.  Grid  independence  of  the  solution  was 
checked  by  replacing  the  standard  mesh  of  318x31  nodes  by  a  finer  grid  of  454x43  points. 
The  Cl  geometry  features  a  marked  acoustic  resonance  which  organizes  the  large  scales  of  the 
flow.  Vortices  are  shed  in  the  present  case  from  the  edge  of  the  propellant  grain.  The  flow  in 
that  region  is  essentially  governed  by  a  balance  between  inertial  and  pressure  forces,  this  be¬ 
ing  typical  of  such  solid  propellant  flows.  Under  such  circumstances,  turbulence  is  of  lesser 
importance  and  it  is  not  necessary  to  use  a  subgrid  model.  It  was  also  shown  by  Comte,  ef  a/. 

[101] that  a  full  3D  large  eddy  simulation  including  a  subgrid  scale  model  did  not  change  the 
overall  structure  of  the  unsteady  flow.  In  practice,  numerical  viscosity  acts  as  a  subgrid  model 
and  dissipates  the  smaller  scales  of  turbulence. 

In  the  present  simulations  the  flow  is  nonreactive  but  this  allows  a  suitable  description  of 
the  vortex-acoustic  resonance  in  such  a  flow  geometry.  Parameters  adopted  in  the  simulations 
are  gathered  in  Table  V.l.  Indices  i  and  j  specify  locations  of  actuators  and  sensors  with  respect 
to  the  mesh.  Figure  V.2  shows  their  positions  in  the  computational  domain.  Pressure  sensors 
are  placed  at  the  head-end  ( pH )  and  at  the  nozzle  entrance  ip  a)-  An  additional  sensor  is  placed 
just  upstream  of  pa  to  measure  the  local  pressure  difference  (A  p  =  pa  —  Pb )•  In  detecting  A  p. 
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Parameters 

Case  1 

Case  2 

Number  of  grid  points 

318  x  31 

318  x  31 

Pressure  sensor  p#  (>-•  j) 

(210,1) 

(210,1) 

Pressure  sensor  (error  signal)  pa  (i,  j ) 

(245,1) 

Forward  plane  pressure  sensor  pH  (i,  j ) 

(1,30) 

(1,30) 

^-velocity  sensor  uE  (i,  j) 

(245,24) 

(245,24) 

Vorticity  sensor  (error  signal)  u>E  (i,j) 

(245,24) 

Actuator  position  (id,  if ,  h) 

(1,2,30) 

(64,74,5) 

Reference  length 

0.47  m 

0.47  m 

Reference  velocity 

1075.3  m  s-1 

1075.3  ms-1 

Integration  time  step  At 

0.244  ps 

0.244  ps 

Resonance  frequency  (close  to  2L  ) 

2540  Hz 

2540  Hz 

Table  V.l:  Parameters  of  the  Cl  computations. 

the  aim  is  to  filter  out  the  acoustic  pressure  signal.  The  pressure  difference  is  then  proportional 
to  the  hydrodynamic  pressure  gradient.  The  filtering  is  based  on  the  difference  in  characteristic 
length  scales  between  acoustic  and  hydrodynamic  perturbations.  Two  additional  sensors  placed 
at  the  nozzle  entrance  detect  axial  velocity  and  vorticity  fluctuations  uE  and  uiE. 

The  actuators  will  be  defined  as  a  distribution  of  sources  on  the  computational  mesh. 
As  explained  previously  these  sources  correspond  to  mass  addition.  The  actuator  location  is 
specified  by  the  first  and  last  values  (i,j  and  i /)  of  index  i  corresponding  to  the  source  and  by 
the  transverse  size  of  the  source  specified  in  terms  of  elementary  cells  by  index  h  (see  Table  1). 
The  actuator  source  locations  are  shown  in  Figure  V.2. 

The  computational  domain  is  represented  in  Figure  V.2.  The  lower  boundary  1  delivers 
a  uniform  stream  of  gases  and  represents  the  solid  propellant  surface.  The  mass  flow  rate  per 
unit  surface  is  imposed  at  this  boundary,  the  gas  temperature  is  prescribed  and  the  tangential 
velocity  component  is  zero  at  this  limit.  The  boundary  2  represents  the  motor  front  head,  the 
velocity  vanishes  on  this  boundary  and  the  temperature  is  imposed.  The  line  3  is  a  symmetry 
plane.  The  outflow  in  section  4  is  supersonic  so  that  numerical  boundary  conditions  in  this 
section  are  treated  by  simple  extrapolation  from  the  computational  domain.  At  the  wall  5  the 
flow  velocity  vanishes  and  the  temperature  is  imposed. 

In  a  first  attempt  at  controlling  the  instabilities  observed  in  the  Cl  case  the  actuator  was 
simulated  by  a  modified  front  end  boundary  condition.  Perturbations  were  imposed  on  the  in¬ 
coming  characteristic  lines  while  outgoing  waves  were  allowed  to  propagate  out  of  the  domain 
without  reflection.  Systematic  tests  carried-out  in  this  situation  indicated  that  the  simulated 
flowfield  did  not  respond  adequately  to  the  imposed  fluctuations.  For  a  given  modulation  fre¬ 
quency  differing  from  that  of  the  instability  and  for  a  small  level  of  perturbation,  one  expects  to 
find  a  superposition  of  acoustic  waves  in  the  system  and  a  beating  between  these  two  waves  if 
the  frequencies  are  close.  If  that  were  the  case  it  would  have  been  possible  to  act  on  the  signal 
delivered  by  the  pressure  sensor  to  control  the  vortex  shedding.  Calculations  however  indicated 
that  beating  was  only  produced  at  the  beginning  of  the  simulation  and  that  vortices  were  very 
rapidly  synchronized  by  the  excitation  signal  introduced  by  the  actuator.  Closed  loop  control 
could  not  be  achieved  under  these  circumstances.  This  behavior  was  due  to  the  modified  bound- 
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Figure  V.2:  The  Cl  geometry,  (a)  Definition  of  computational  domain,  (b)  Locations  of  ac¬ 
tuator  sources  and  sensors  for  case  1,  (c)  Locations  of  actuator  sources  and  sensors  for  case 
2. 

ary  condition  used  to  represent  the  actuator.  Because  the  boundary  did  not  reflect  the  incident 
waves  the  resonant  properties  of  the  system  were  changed  and  the  vortex  shedding  phenomenon 
was  altered. 

It  was  then  decided  to  use  an  alternative  method  to  model  the  actuator.  The  boundary 
conditions  were  left  untouched  but  source  terms  were  distributed  in  the  field.  A  somewhat 
similar  approach  was  devised  independently  by  Mohanraj,  et  al.  [102]  who  use  sources  in  a  one 
dimensional  version  of  Euler’s  equations.  Without  describing  the  details  of  the  Sierra  code,  we 
only  summarize  the  steps  required  to  incorporate  source  terms  in  the  balance  equations. 

•  In  the  first  step  one  has  to  specify  the  number,  location  and  type  of  source.  This  is  done 
in  a  “driver”  module  which  is  read  at  the  simulation  beginning.  This  driver  also  contains 
information  on  the  sensors  used  in  the  control  scheme. 

•  During  the  calculation  and  at  each  time  step  the  sources  and  sensors  are  updated. 

•  After  each  step  the  sources  are  added  to  the  right  hand  side  of  the  discretized  balance 
equations. 

If  Cjs  designates  the  volumetric  rate  of  mass  addition,  the  discretized  balance  of  mass,  momen- 
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turn  and  energy  are  modified  as  follows  : 


p?+1 

=  pn+1+St Cjns 

(V.l) 

(/m)?+1 

=  {pu)n+l  +  (6tv?)u2 

(V.2) 

wr1 

=  (pv)n+1  +  {8tCons)vns 

(V.3) 

(pE)r' 

=  (pE)n+1  +  (Stcjg)(es  +  ks)n 

(V.4) 

The  superscript  n  corresponds  to  time  discretization  while  subscript  c  designates  the  controlled 
variables.  Velocity  components  us,  vs  and  the  internal  energy  of  the  injected  stream  es  may  be 
freely  specified.  The  kinetic  energy  ks  is  a  function  of  us  and  vs.  In  the  present  calculations 
the  value  adopted  for  the  internal  energy  es  is  that  of  the  surrounding  fluid.  In  order  to  focus  on 
mass  addition  effects,  the  velocities  us,  vs  and  the  corresponding  kinetic  energy  ks  are  set  equal 
to  zero.  The  rate  of  mass  addition  los  may  be  defined  in  various  ways.  In  open  loop  tests  this 
term  is  explicitely  defined  by  one  of  the  following  expressions  : 


Cjs  =  a 

(V.5) 

us  =  b  sm[2TT  f  (t  —  to)  +  cf)\ 

(V.6) 

ios  =  cS(t,ti,t2;/i,/2) 

(V.7) 

where  a,  b,  c  are  constants,  /  is  a  given  frequency,  t0  is  a  time  origin,  and  the  function  S  defines 
a  sinewave  with  a  frequency  sweep  from  fi  to  /2  begining  at  time  t\  and  ending  at  t2.  It  is  thus 
possible  to  simulate  a  constant  injection  of  mass  (a  ^  0),  a  sinusoidal  modulation  ( b  ^  0)  or  a 
linear  frequency  modulated  sinusoide  (c  ^  0).  The  mass  injection  term  u>s  may  also  follow  the 
controller  output  designated  in  what  follows  as  “RAC”  :  Cos  =  rac(t). 

In  this  application  the  adaptive  controller  RAC  is  fed  by  one  of  the  sensors  defined  in  Fig¬ 
ure  V.2.  Tests  of  the  source  terms  were  carried  out  systematically  to  verify  the  proper  operation 
of  the  concept  [103,105].In  the  first  test  series  the  sources  are  placed  in  a  constant  section  duct 
with  closed/open  left  and  right  sections  filled  with  fluid.  The  sources  are  shown  to  excite  the 
expected  duct  mode  distributions. 

A  second  test  series  [105]  was  aimed  at  analyzing  the  response  of  the  vortex  driven  flow  in 
the  Cl  configuration  under  an  external  excitation.  Parameters  were  those  of  case  1  in  Table  V.l. 
The  calculation  begins  with  an  established  oscillation  in  the  flow.  Effects  of  different  levels  of 
source  excitation  were  considered.  When  the  excitation  amplitude  is  augmented  two  frequen¬ 
cies  are  detected,  a  further  increase  in  amplitude  leads  to  a  decrease  of  the  instability  frequency 
level.  Analysis  of  other  sensor  signals  confirm  this  behaviour  (for  more  detailed  information, 
see  [103,105]). 

These  test  series  indicates  that  the  Cl  configuration  responds  to  the  new  source  terms 
placed  in  the  field.  The  following  points  are  noticeable: 

•  The  instability  phenomenon  coexists  with  the  frequency  delivered  by  the  actuator  when 
the  level  of  excitation  is  low. 

•  The  frequency  shifts  towards  the  excitation  frequency  when  the  level  of  modulation  is 
larger. 

•  The  vortex  shedding  process  is  reorganized  when  the  excitation  frequency  is  very  large. 
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Before  describing  closed  loop  calculations  we  now  consider  the  control  algorithm  and  examine 
issues  related  to  interfacing. 


V.5  Interfacing  control  algorithm  and  flow  simulation  mod¬ 
ule 

The  interface  between  the  flow  simulation  module  Sierra  and  the  subroutine  RAC  which  cor¬ 
responds  to  the  adaptive  controller  is  designed  to  come  as  close  as  possible  to  a  typical  exper¬ 
imental  configuration.  The  Sierra  code  is  then  used  as  a  black  box  providing  signals  detected 
by  different  sensors  and  receiving  the  signal  driving  the  actuator.  The  integration  step  in  the 
simulations  is  of  At  =  2.44  10-7  s,  which  corresponds  to  a  sampling  frequency  /sierra  = 
4.096  106  Hz.  Results  are  recorded  periodically  every  dw  =  2d  At.  The  writing  frequency  is 
f WIite  =  1-64  105  Hz.  It  is  not  necessary  and  not  recommendable  to  use  the  adaptive  filter  at 
these  very  high  rates.  Such  frequencies  would  require  very  long  filters  (with  more  than  a  few 
hundred  coefficients)  in  order  to  represent  the  system  with  sufficient  precision.  The  filter  re¬ 
newal  should  be  effected  at  a  much  lower  rate,  typically  at  a  frequency  /rac  =  (240  Hz.  This 
value  corresponds  to  the  Sierra  frequency  divided  by  a  factor  ds  =  200. 

To  link  a  typical  flow  experiment  featuring  an  analog  sensor  to  the  discrete  control  algo¬ 
rithm  one  uses  an  anti-aliasing  filter  (AAF).  The  same  precaution  seems  necessary  in  connecting 
the  flow  simulation  module  Sierra  to  the  control  routine  RAC.  The  sampling  rate  reduction  by  a 
large  factor  ds  =  200  induces  a  loss  of  information  and  may  lead  to  problems  of  spectral  overlap 
as  those  found  when  analog  signals  are  sampled  into  discrete  sequences.  This  justifies  filtering 
of  the  controller  input  with  an  AAF  as  shown  in  Figure  V.3.  The  flow  simulation  module  Sierra 
yields  an  input  to  the  controller  RAC  at  each  integration  step.  One  may  then  choose  to  keep 
each  ds  value  provided  by  Sierra  or  one  may  first  low  pass  filter  the  values  generated  by  Sierra 
and  then  keep  the  result  every  ds  sample. 
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Figure  V.3:  Block  diagram  of  the  Sierra  interface  with  the  adaptive  controller  RAC. 

A  similar  situation  prevails  at  the  controller  output.  One  possibility  is  to  use  a  “sample 
and  hold”  which  keeps  a  constant  value  of  the  RAC  output  during  the  following  ds  integration 
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steps  of  Sierra.  Or  one  may  low  pass  filter  the  output  in  order  to  eliminate  the  high  frequencies 
introduced  by  the  successive  jumps  in  the  sampled  and  blocked  values  returned  by  the  controller 
(see  Figure  V.3). 

The  effects  of  filtering  may  be  examined  with  the  following  tests.  In  a  first  trivial  case 
(which  is  not  shown  here)  dw  =  ds  =  25.  This  means  that  the  sensor  values  are  written 
at  the  same  frequency  by  Sierra  as  they  are  updated  and  written  by  RAC.  Hence,  the  sensor 
and  actuator  signals  measured  by  RAC  and  Sierra  are  identical.  In  the  second  test  case  the 
sampling  rates  differ  :  dw  =  25  and  ds  =  200.  These  values  are  adopted  later  on  in  the 
simulations  with  control.  The  corresponding  results  are  now  displayed  in  Figure  V.4  (upper 
figure:  actuator  signal  generated  by  RAC;  second  figure:  pressure  sensor  measured  by  RAC; 
third  figure:  actuator  signal  measured  by  Sierra;  bottom  figure:  pressure  sensor  measured  by 
Sierra).  The  actuator  signal  measured  by  Sierra  clearly  shows  the  discretisation  effect.  In  this 
case,  Sierra  receives  a  discretized  sinusoid  (third  curve  from  the  top).  It  is  worth  underlining 
that  this  is  not  a  quantization  error  but  is  the  consequence  of  the  sample  and  hold  operation 
of  the  controller  output.  Although  this  would  have  no  effect  on  the  controller  performance 
it  generates  high  frequency  components  as  seen  in  the  signal  detected  by  the  pressure  sensor 
which  features  high  frequency  oscillations  (lower  left  plot  in  Figure  V.4).  These  oscillations 
were  not  observed  in  the  previous  test.  The  high  frequencies  introduced  by  the  sampled  signal 
feeding  the  actuator  interfere  with  the  calculation.  When  the  controller  input  is  formed  by  the 
samples  without  filtering  (second  plot  from  the  top),  high  frequency  components  are  present. 
This  perturbs  the  controller  and  the  initial  frequency  is  less  visible. 

Using  the  same  downsampling  as  in  the  previous  test  (dw  =  25  and  ds  =  200)  but  includ¬ 
ing  a  low  pass  filter  at  the  controller  input  and  output  one  obtains  the  results  shown  in  Figure 
V.5.  The  actuator  signal  seen  by  the  Sierra  sensor  is  smooth.  The  high  frequency  components 
in  the  pressure  sensor  signal  are  essentially  suppressed.  The  controller  input  is  noise  free  but  a 
phase  is  introduced  by  the  filter. 


V.6  Active  control  simulation  results 

An  instability  control  algorithm  (NSC)  described  in  Mettenleiter,  et  al.  [104]  is  used  in  the  sim¬ 
ulations  presented  in  this  section.  It  is  based  on  a  Least  Mean  Square  (LMS)  method.  To  control 
the  Cl  flow  it  is  first  necessary  to  identify  the  system  seen  by  the  controller.  This  is  designated 
as  the  “secondary  path”  which  combines  the  chamber  dynamics  and  the  AAF  and  LPF  transfer 
functions.  With  this  information  the  controller  filter  may  be  brought  to  convergence  to  a  steady 
solution. 

V.6.1  Secondary  path  identification 

Off-line  identification  is  used  in  the  context  of  this  simulation  to  describe  the  secondary  path. 
As  in  experiments  it  is  possible  to  get  this  information  in  two  regimes  of  operation  : 

•  Identification  may  be  carried  out  in  the  presence  of  the  vortex  instability  phenomenon. 

•  Identification  may  be  carried  out  in  the  absence  of  vortex  shedding.  This  is  achieved  by 
multiplying  the  viscosity  by  a  factor  which  is  typically  of  the  order  of  20 
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RAC:  dpwn-200.  SIERRA: 


Figure  V.4:  Actuator  and  sensor  signal  records.  No  filtering  of  RAC  input  and  output  signals. 
From  top  to  bottom  :  actuator  signal  output  generated  by  RAC,  pressure  signal  input  to  RAC, 
actuator  signal  input  to  Sierra,  pressure  signal  output  from  Sierra.  dw  =  25,  ds  =  200. 

During  identification,  the  controller  RAC  delivers  a  frequency  which  varies  linearly  in  time  (a 
siren  signal).  The  signal  detected  by  the  pressure  sensor  (pA )  is  recorded  by  RAC  and  Matlab 
is  used  to  calculate  an  Infinite  Impulse  Response  (HR)  filter  comprising  21  coefficients  in  its 
numerator  and  denominator. 

The  results  obtained  in  the  two  cases  are  shown  in  Ref. [105],  It  is  found  that  both  filters 
reproduce  the  real  behavior  well.  On  physical  grounds  it  seems  more  appropriate  to  use  the 
identification  result  obtained  in  the  presence  of  the  vortex  shedding  process.  The  corresponding 
transfer  function  is  used  in  what  follows. 


V.6.2  Adaptive  control 

The  control  loop  is  closed  when  the  flow  simulation  has  reached  a  limit  cycle  with  a  well 
established  vortex  shedding  instability.  Figure  V.6  shows  signal  records  after  the  controller  is 
switched  on.  This  event  is  represented  by  a  vertical  line.  The  error  signal  (pressure  sensor  pA)  is 
shown  on  the  top.  A  considerable  reduction  is  observed  in  the  beginning  but  the  algorithm  does 
not  converge  to  a  steady  state.  A  stationary  solution  is  reached  after  a  transient  phase  featuring 
short  modulations.  The  actuator  signal  shown  at  the  bottom  left  also  features  pulsations  before 
converging  to  a  steady  state.  One  also  notices  that  a  large  amplitude  is  initially  generated  to  act 
on  the  process.  This  amplitude  diminishes  later  and  converges  to  a  lower  level  when  the  signal 
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Figure  V.5:  Actuator  and  sensor  signal  records.  Low  pass  filtering,  applied  to  RAC  input  and 
output  signals.  From  top  to  bottom  :  actuator  signal  output  generated  by  RAC,  pressure  signal 
input  to  RAC,  actuator  signal  input  to  Sierra,  pressure  signal  output  from  Sierra,  =  25, 
ds  =  200. 

becomes  stationnary.  To  check  the  stability  of  the  controlled  state,  many  cycles  were  calculated 
after  the  stabilized  amplitude  was  reached.  Except  for  a  slight  increase  in  controller  output,  a 
stable  behavior  is  observed.  This  behaviour  is  also  noticed  in  experiments  (see  Mettenleiter,  et 
al.  [105])  suggesting  that  the  controller  acts  on  the  vortex  shedding  process  which  drives  the 
oscillation  in  the  system. 

This  interpretation  is  confirmed  by  the  velocity  signal  uE  not  shown  here.  After  an  initial 
phase  with  modulations  the  amplitude  is  stabilized  at  a  lower  level.  The  frequency  also  changes 
and  the  shift  during  the  transition  may  be  at  the  source  of  modulations  detected  by  all  the 
sensors.  Finally,  the  pressure  sensor  pH  placed  on  the  motor  front  end  (not  shown)  features  a 
notable  reduction  of  amplitude  when  the  controller  is  on  but  it  is  worth  recalling  that  this  signal 
is  not  used  in  the  control  process. 

The  power  spectral  densities  calculated  during  steady  state  operation  confirm  the  con¬ 
troller  influence  on  the  instability  phenomenon.  In  the  pressure  signal  pa  without,  the  compo¬ 
nent  at  the  instability  frequency  vanishes  completely  (>  40  dB)  but  a  new  peak  appears  at  a 
different  frequency  at  a  much  reduced  level  (factor  of  10).  The  spectral  density  of  the  velocity 
signal  uE  also  clearly  shows  that  the  oscillation  is  shifted  to  a  higher  frequency.  The  initial 
peak  has  disappeared.  The  new  component  reaches  a  significantly  reduced  level  (by  a  factor  of 
3).  This  peak  at  3900  Hz  is  close  to  the  3L  mode  of  the  Cl  configuration  which  corresponds 
to  the  next  available  mode  for  acoustic  resonance.  A  similar  behaviour  can  be  observed  for  the 
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Figure  V.6:  Control  results  in  case  1 .  Pressure  signal  record  pa  (t)  before  and  after  the  controller 
is  switched  on  (the  vertical  line  indicates  control  switch  on). 


Figure  V.7:  Control  results  in  case  1.  Actuator  signal  record  before  and  after  the  controller  is 
switched  on  (the  vertical  line  indicates  control  switch  on). 

pressure  signal  pH  ■  The  peak  at  the  initial  frequency  vanishes  and  the  phenomenon  is  shifted  to 
the  higher  mode.  The  overall  level  is  reduced  by  a  factor  of  3.  These  results  are  not  shown  here. 

The  controller  does  not  suppress  the  vortex  shedding  but  it  shifts  the  phenomenon  to  an¬ 
other  eigenmode.  The  intensities  at  this  new  frequency  are  nevertheless  significantly  reduced. 
The  vorticity  field  before  and  after  control  are  displayed  in  FiguresV.8  and  V.9  respectively. 
The  no-slip  condition  imposed  on  the  head  end  produces  a  vorticity  layer  in  the  first  columns 
of  computational  cells  but  this  has  no  consequence  for  the  calculation.  The  lower  image  corre¬ 
sponding  to  the  controlled  operation  shows  that  coherent  vortices  are  still  present  but  their  size 
and  shedding  frequency  are  modified  in  agreement  with  observations  of  the  velocity  spectral 
density. 

It  appears  that  in  the  numerical  simulation  the  vortex  shedding  is  more  persistent  than  in 
the  experimental  case.  This  could  be  explained  by  the  difference  in  the  broad  band  content  of 
the  signals  detected  in  the  two  situations.  Without  coupling  the  acoustic  signal  is  submerged  in 
the  broad  band  noise  existing  in  the  experimental  facility  and  it  cannot  trigger  the  vortices  in  a 
coherent  fashion.  The  shedding  takes  place  more  randomly  (this  is  demonstrated  in  experiments 
described  in  Mettenleiter  [103])  or  it  may  even  be  completely  suppressed  as  described  by  Huang 
and  Weaver  [15].  In  the  numerical  simulation,  the  flow  conditions  are  much  “cleaner”.  There 
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is  no  broad  band  noise  which  could  prevent  the  synchronization  between  acoustics  and  vortex 
dynamics.  The  vortices  find  in  all  circumstances  a  phase  reference  even  when  the  acoustic  signal 
level  is  strongly  reduced.  No  attempt  was  made  to  introduce  broad-band  noise  to  simulate  more 
realistic  conditions. 
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Figure  Y.8:  Vorticity  field  before  control.  The  controller  input  is  the  pressure  signal  pa  (case 

1). 
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Figure  V.9:  Vorticity  field  after  control.  The  controller  input  is  the  pressure  signal  pa  (case  1). 

In  the  case  examined,  the  controller  acts  on  the  acoustics  and  then  indirectly  through 
coupling  on  the  vortex  shedding.  A  more  efficient  reduction  of  velocity  fluctuations  could  be 
obtained  by  acting  directly  on  the  shear  layer.  It  is  interesting  to  see  if  an  additional  decrease  in 
the  signal  amplitude  could  be  obtained  with  a  another  arrangement  in  which  the  actuator  is  set  at 
the  edge  of  the  propellant  surface  and  the  sensor  provides  a  vorticity  signal  (case  2  in  Table  V.  1). 
This  case  is  treated  in  Ref.[105].  In  general,  the  same  frequency  shift  can  be  observed  as  in  case 
1.  The  initial  peaks  disappear  and  the  oscillation  is  shifted  to  the  3L  mode,  where  it  reappears 
with  largely  reduced  levels.  It  is  worth  noting  that  convergence  in  this  second  case  is  smoother 
perhaps  because  the  controller  acts  more  directly  on  the  instability  process. 


V.7  Conclusions 

The  simulation  of  active  control  is  investigated  in  this  section.  A  Navier-Stokes  solver  is  cou¬ 
pled  to  an  adaptive  control  algorithm.  It  is  shown  that  the  actuator  may  be  defined  by  distribut¬ 
ing  sources  in  the  computational  domain.  This  method  is  first  used  in  open  loop  tests.  The 
coupling  of  the  flow  simulation  module  with  the  control  algorithm  is  then  considered.  Because 
the  rates  of  operation  of  the  flow  solver  and  active  control  are  widely  different  the  signals  at 
the  controller  input  and  output  must  be  filtered.  It  is  shown  that  this  eliminates  high  frequency 
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components  which  would  otherwise  perturb  the  calculation.  The  simulation  of  active  control  is 
then  developed  in  a  solid  rocket  motor  geometry  in  which  vortex  shedding  takes  place  which 
leads  to  acoustic  resonance  of  the  system.  Results  obtained  demonstrate  that  control  is  feasible 
and  that  the  method  may  be  used  to  examine  the  changes  in  the  flow  field  induced  by  the  con¬ 
troller.  However  convergence  and  stability  issues  related  to  adaptive  control  algorithms  would 
need  further  investigation. 
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Chapter  VI 
Conclusion 


This  set  of  lectures  has  focused  on  modeling  and  simulation  of  combustion  instability  and  con¬ 
trol  studies.  After  a  presentation  of  some  basic  results,  the  paper  deals  with  different  facets 
of  the  problem,  simple  time  lag  models,  flame  front  dynamics,  LES  simulations  of  turbulent 
flames  interacting  with  acoustic  waves,  simulations  of  active  control. 

Dynamical  combustion  problems  are  exemplified  in  laminar  and  turbulent  configurations. 
The  laminar  case  may  be  used  to  understand  the  mechanism  and  to  validate  numerical  tools.  The 
modeling  of  acoustic  interactions  with  external  perturbations  and  turbulent  flames  is  carried  out 
in  an  LES  framework  in  which  the  large  scale  motions  are  computed  while  the  smaller  ones  are 
modeled. 

The  combination  of  an  unsteady  formulation  for  the  large  structures  with  an  adapted  flame 
model  allows  the  representation  of  complex  combustion  phenomena.  Such  an  approach  might 
be  used  to  study  combustion  instability  mechanisms  in  combustors.  The  new  approaches  to¬ 
gether  with  recent  experimental  data  have  enhanced  the  current  understanding  of  combustion 
instability.  The  prediction  of  instability  of  turbulent  combustors  is  however  not  yet  achieved 
and  remains  a  problem  for  current  research. 

Under  application  of  the  active  control  system,  the  stability  and  extinction  domains  of 
a  combustor  are  dramatically  altered.  The  instabilities  can  be  completely  suppressed  and  the 
instability-related  flame  extinctions  are  eliminated.  The  simulation  of  active  control  is  investi¬ 
gated  in  the  last  section.  A  Navier-Stokes  solver  is  coupled  to  an  adaptive  control  algorithm.  It 
is  shown  that  the  actuator  may  be  defined  by  distributing  sources  in  the  computational  domain. 
The  coupling  of  the  flow  solver  with  the  controller  algorithm  pose  problems  which  must  be  con¬ 
sidered  with  care.  It  is  in  particular  important  to  deal  with  the  mismatch  between  the  timestep¬ 
ping  required  by  the  flow  solver  and  that  needed  by  the  control  algorithm.  A  full  simulation  of 
active  control  is  then  developed  in  the  case  of  a  solid  rocket  motor  geometry  in  which  vortex 
shedding  takes  place  leading  to  acoustic  resonance  of  the  system.  Results  obtained  demonstrate 
that  control  is  feasible  and  that  the  simulation  method  may  be  used  to  examine  the  changes  in 
the  flow  field  induced  by  the  controller.  However  convergence  and  stability  issues  related  to 
adaptive  control  algorithms  would  need  further  investigation. 
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Summary 

Self-excited  combustion  oscillations  constitute  an  important  problem  for  the  development  of  modern 
combustion  systems.  Methods  to  avoid  these  oscillations  by  active  instability  control  (AIC)  to  provide 
safe  operations  for  the  corresponding  combustion  system  are  the  subject  matter  of  this  paper.  In  addition 
to  applications  of  this  technology  for  a  land-based  gas  turbine,  basic  actuation  possibilities,  methods  of 
measuring  oscillation  quantities  and  requirements  to  be  met  by  control  strategies  are  described. 
Following  this  general  section,  the  installation  of  AIC  systems  for  gas  turbines  of  the  Siemens  Vx4.3A 
family  will  be  explained.  This  type  of  turbine  features  an  annular  combustion  chamber  with  a  total  of  24 
burners.  In  order  to  be  able  to  damp  combustion  oscillations  arising  within  this  type  of  combustion 
chamber  -  appearing  as  azimuthal  modes  spreading  along  the  circumference  of  the  combustion  chamber  - 
every  burner  was  fitted  with  a  direct  drive  valve.  This  type  of  valve  creates  mass  flow  modulations  within 
the  pilot  gas  supply  of  the  burner  which  are  anti-cyclical  to  the  oscillations  characterising  the  heat  release 
rate  within  the  flame,  thus  extinguishing  them.  Input  signals  for  the  feedback  control  system  are  obtained 
by  measuring  sound  pressures  within  the  combustion  chamber  indirectly  at  the  burner  flanges.  Finally, 
this  type  of  gas  turbine  was  fitted  with  a  12-channel  controller  and  12  sensors  in  order  to  allow  a  damping 
of  the  azimuthal  modes  excited  around  the  circumference  of  its  annular  combustion  chamber.  Exploiting 
the  symmetry  characterising  azimuthal  modes,  two  actuators  are  driven  by  every  feedback  loop.  In  tests 
run  on  various  type  V94.3A  gas  turbines  delivering  up  to  267  MW  of  electric  power  according  to  ISO, 
AIC  systems  were  used  to  damp  successfully  a  great  variety  of  combustion  oscillations  for  several  burner 
variants  and  operating  points.  Thus,  it  was  possible  to  obtain  stable  gas  turbine  operations  over  their  full 
power  ranges.  In  addition  to  the  high  AIC  flexibility  in  damping  various  oscillation  problems  at  different 
gas  turbine  operating  points,  this  technology  has  proved  to  provide  a  high  degree  of  fault  tolerance  and 
good  long-term  characteristics. 


Introduction 

Primary  development  aims  for  all  modern  combustion  systems  are  minimising  pollutant  emission  values, 
enhancing  efficiency  and  increasing  power  density  in  order  to  achieve  design  dimensions  as  compact  as 
possible.  This  imposes  strict  operating  limits  for  efficiency  and  power  density;  moreover,  in  order  to 
achieve  low  NOx  emissions,  lean  premixed  combustion  is  favoured  in  most  cases.  One  unwanted  side- 
effect  is  the  appearance  of  a  special  form  of  combustion  instability,  so-called  self-excited  combustion 
oscillations.  For  low  thermal  power  combustion  systems,  these  instabilities  primarily  lead  to  increased 
noise  levels.  For  combustion  systems  delivering  high  heat  release  rates,  such  as  process  gas  heaters,  or 
for  combustion  systems  working  under  pressure,  such  as  gas  turbines,  the  sound  pressure  generated  will 
reach  very  high  levels.  Owing  to  the  large  surfaces  of  such  systems,  high  mechanical  loads  on  the 
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combustion  chamber  as  well  as  on  upstream  and  downstream  components  will  arise.  Also  the  thermal 
load  on  the  chamber  walls  will  rise  considerably.  Depending  on  sound  pressure  amplitudes,  components 
will  fail  sooner  or  later;  thus,  this  kind  of  oscillation  must  be  avoided  by  all  means  if  those  combustion 
systems  are  to  be  operated  safely.  In  view  of  the  high  requirements  to  be  met  by  up-to-date,  highly 
optimised  combustion  systems  and  their  low  degree  of  flexibility  as  regards  operating  parameters,  the 
scope  available  for  avoiding  oscillations  by  modifying  burner  operation  is  decreasing  all  the  time.  New 
methods  to  prevent  oscillations  will  have  to  be  found. 

Basically,  the  possibilities  available  to  prevent  self-excited  combustion  oscillations  can  be  subdivided 
into  passive  and  active  measures.  For  instance,  increasing  acoustical  attenuation,  acoustically  detuning 
systems  by  design  modifications,  and  operational  modifications  are  considered  passive  measures.1"4  By 
contrast,  active  measures  imply  creating  an  external  feedback  loop  using  an  actuator  to  influence 
combustion  oscillations  so  as  to  damp  them  down.  With  this  type  of  "Active  Instability  Control"  (AIC), 
the  combustion  system,  properly  speaking,  does  not  have  to  be  redesigned,  and  operations  can  continue 
as  usual. 

The  basic  idea  to  suppress  combustion  oscillations  by  an  active  feedback  loop  was  published  in  a 
theoretical  paper  on  rocket  engines  by  Tsien  as  early  as  1952. 5  However,  it  took  until  the  eighties  to 
convert  this  idea  into  a  practical  device.  Various  authors  described  successful  tests  based  on  laboratory- 
scaled  burners  with  a  thermal  power  of  between  1  kW  and  250  kW.6"8  For  all  these  publications, 
attenuation  of  combustion  oscillations  is  achieved  by  anti-sound  signals  generated  via  loudspeakers.  In 
addition  to  this  method,  other  types  of  intervention  and  control  strategies  were  researched  for  various 
combustion  systems;  however,  all  tests  were  performed  at  lab  scales.9"16  The  first  industrial-size 
application  was  realised  by  Seume  et  al. 17  in  1996  based  on  a  land-based  gas  turbine  delivering  160  MW 
of  electrical  power.  For  this  gas  turbine,  active  control  was  achieved  by  means  of  anti-cyclical  fuel 
injection,  with  direct  drive  valves  serving  as  actuators.  This  technique  was  then  also  extended  to  the 
largest  type  of  this  family  of  gas  turbines,  the  V94.3A  with  an  electric  power  output  of  267  MW.18, 19  Full 
scale  tests  on  afterburners  have  been  published  by  Moren  et  al.20,  and  on  a  67.5°  sector  of  a  liquid-fuelled 
lean  premixed  combustor  by  Hibsman  et  al. 21 

The  way  this  technology  was  implemented  and  the  problems  encountered  in  doing  so  constitute  the 
subject  matter  of  chapter  3.  To  begin  with,  however,  chapter  2  explains  the  necessary  fundamentals,  the 
main  possibilities  for  actuation,  as  well  as  the  components  available  to  do  so,  such  as  sensors  and 
actuators.  Moreover,  practical  requirements  to  be  met  by  this  technology  will  be  illustrated.  Results 
achieved  with  AIC  are  discussed  in  chapter  4.  Chapter  5  and  6  deal  with  long-term  experience  and  a  short 
evaluation  of  the  advantages  offered  by  AIC  as  compared  to  passive  measures. 

Fundamentals 

Origin  of  self-excited  combustion  oscillations 

In  numerous  cases,  self-excited  combustion  oscillations  are  due  to  the  feedback  mechanism  shown  in  a 
simplified  diagram  in  Fig.  1.  The  injection  of  a  turbulent  air  and  fuel  spray  will  generate  broadband 
sound.  Excitation  of  acoustic  resonant  frequencies  within  the  combustion  chamber  may  thus 
particularly  amplify  specific  discrete  frequencies.  These  sound  pressure  perturbations  will  create 
periodical  flow  modulations,  i.e.  periodically  change  the  inflows  into  the  combustion  chamber,  if 
appropriate  preconditions  at  the  combustion  chamber  inlet  are  given.  Within  the  flame,  these  periodical 
flow  fluctuations  will  cause  the  heat  release  rate  to  fluctuate  with  the  same  period.  If  its  oscillations  are 
in  phase  with  sound  pressure  oscillations  within  the  combustion  chamber,  further  excitation  will  result 
according  to  Rayleigh’s  criterion,22  so  that  oscillations  will  keep  building  up.  Within  this  feedback 
cycle,  the  decisive  link  between  combustion  and  flow  is  constituted  by  the  acoustics. 
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m0  const,  mass  flow 

rh  mass  flow  fluctuation 

m  total  mass  flow 

Q0  const,  he  at  release  rate  of  the  flame 

Q  fluctuation  of  the  heat  release  rate  of  the  flame 
Q  total  heat  release  rate  of  the  flame 

p  sound  pressure 

Fig.  1:  Simplified  model  of  a  self-excited  combustion  oscillation.  The  feedback  loop  is  determined  by 
combustor  acoustics. 


Active  control  of  combustion  oscillations 

When  actively  suppressing  self-excited  combustion  oscillations,  some  physical  quantity  such  as  the 
sound  pressure  characterising  the  oscillation  is  measured;  the  signal  thus  obtained  is  then  fed  into  a 
controller.  Using  an  appropriate  control  strategy,  the  controller  generates  an  output  signal  designed  to 
counteract  the  oscillation  via  an  actuator.  Thus,  the  sound  pressure  signal  is  attenuated.  For  this  purpose, 
the  actuator  superimposes  some  separately  generated  oscillation  on  some  quantity  contributing  to 
combustion  oscillations  so  that  self-excited  oscillations  will  be  extinguished.  Fig.  2  shows  this  principle 
schematically.  In  this  instance,  sound  pressure  is  used  as  controller  input  signal  driving  the  actuator  to 
modulate  the  fuel  mass  flow  rh0  Fuel  injected. 


AfC-System 


Fig.  2:  Schematic  of  the  AIC  system.  Combustion  instabilities  are  neutralised  by  modulation  of  the  fuel 
flow  rate  anti- cyclically  to  the  heat  release  rate  of  the  flame. 

Points  of  actuation  and  actuators  available 

According  to  the  mechanism  generating  self-excited  combustion  oscillations,  schematically  shown  in  Fig. 
1,  there  are  two  basic  possibilities  for  active  control  of  combustion  instabilities  via  actuators:  by 
influencing  the  combustion  system  acoustics  or  by  controlling  the  flame  itself.  For  actively  intervening 
via  acoustical  means,  sound  pressure  fluctuations  within  the  combustion  chamber  are  damped  by  means 
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of  an  anti-sound  signal.  Owing  to  the  direct  coupling  between  sound  pressure  fluctuation  and  related 
oscillations  of  the  heat  release  rate  within  the  flame,  the  combustion  zone  itself  will  likewise  be  smoothed 
out.  By  contrast,  when  actively  controlling  via  the  flame,  fluctuations  of  the  heat  release  rate  are 
attenuated  by  anti-cyclically  injecting  air  and/or  fuel  mass  flows.  Seeing  that  the  unsteady  flame  with  its 
unsteady  heat  release  rate  constitutes  the  source  of  sound,  the  sound  field  within  the  combustion  system 
will  likewise  be  damped. 

When  implementing  various  possible  means  of  controlling  combustion  instabilities,  different  problems 
will  occur  depending  upon  the  type  of  intervention  or  the  physical  quantities  influenced.  More 
particularly,  acting  upon  acoustics  by  superimposing  an  anti-sound  signal,  say,  by  means  of  a 
loudspeaker,  soon  runs  up  against  practical  limits.  For  combustion  systems  operating  under  pressure  or 
characterised  by  high  volume  flow  rates,  the  acoustic  power  that  can  be  generated  by  loudspeakers  is 
insufficient  to  appropriately  damp  any  self-excited  sound  field.  Moreover,  there  will  be  problems  with 
installing  this  type  of  actuator.  For  instance,  loudspeakers  have  to  be  built  in  as  flush  as  possible  with  the 
chamber  walls  in  order  to  guarantee  good  sound  emission.  In  view  of  the  high  wall  temperatures 
characterising  combustion  systems,  doing  so  is  normally  impractical.  Installing  acoustic  actuators  within 
the  air/fuel  supply  system  likewise  creates  practical  problems  if  mass  flows  are  pre-heated  or  flammable. 

Compared  to  acoustics,  influencing  the  flows  introduced  into  combustion  systems  offers  a  better  control 
potential.  Fuel  supplies  are  normally  particularly  suitable  because,  in  industrial  combustion  systems, 
volume  flow  rates  of  fuel  are  often  substantially  lower  than  those  of  air.  This  is  particularly  true  for 
gaseous  fuels  supplied  under  high  pressure,  for  highly  caloric  gaseous  fuels,  or  when  burning  liquid  fuels. 
Fig.  2  shows  this  type  of  control  schematically.  Given  sufficiently  reduced  volume  flow  rates, 
correspondingly  small  valves  can  be  used  as  actuators  for  high-frequency  opening  and  closing.  Various 
authors  have  presented  and/or  tested  this  type  of  valve.  Most  of  these  valves  are  actuated  by  means  of 
electromagnetic  linear  motors  or  by  piezo  or  magneto-restrictive  drives.16, 15,  23  In  addition  to  such  valves, 
other  devices  were  successfully  used  in  the  past  to  modulate  fuel  flows,  such  as  an  actuator  featuring  a 
piezo  driven  piston  designed  to  superimpose  a  sound  field  upon  a  liquid  fuel  flow  that  generates  mass 
flow  fluctuations  at  the  injection  nozzle.15 

In  addition  to  actuation  through  modulation  of  the  mean  fuel  supply,  there  is  the  possibility  of  damping 
the  oscillations  prevailing  within  the  flame  by  injecting  additional  fuel  directly  into  it.  Certain  papers 
have  shown  that,  depending  on  the  actuator  type  used,  the  fuel  injection  point,  or  the  spray 
characteristics,  no  more  than  3-4%  of  additional  fuel  will  be  required  to  control  combustion 
oscillations.10, 14 

No  matter  which  type  of  actuator  is  employed,  its  correct  installation  is  highly  important.  This  includes 
actuator  positioning,  taking  due  account  of  functional  principles  and  the  sound  field  prevailing  in  any 
specific  case.  For  instance  with  loudspeakers,  care  has  to  be  taken  to  install  them  in  the  sound  pressure 
anti-node  area  of  the  eigenmode  for  active  control  to  be  effective.  In  addition  to  this  requirement, 
actuators  for  industrial  AIC  systems  need  high  reliability;  in  some  cases,  it  must  be  possible  to  use  them 
even  at  high  ambient  and  media  temperatures. 

AIC  INPUT  SIGNALS 

Basically,  every  parameter  that  is  part  of  the  oscillation  at  issue  can  be  used  as  input  signal  for  an  active 
feedback  control.  In  practice,  however,  only  those  will  be  used  that  can  be  measured  easily  by  suitable 
sensors,  i.e.  mainly  sound  pressure  and  heat  release  rate  of  the  flame.  Sound  pressure  can  be  measured 
very  easily,  e.g.  by  microphones  or  piezo  pressure  transducers,  while  photomultipliers  or  photodiodes  are 
particularly  useful  to  measure  the  unsteady  heat  release  rate  of  the  flame.  In  order  to  obtain  a  resolution 
sufficient  for  the  time  scales  of  the  oscillations,  the  emissions  of  short-lived  intermediate  reaction 
products  are  measured,  such  as  the  formation  of  free  OH  radicals.  In  order  to  be  able  to  capture  only  the 
radiation  emitted  by  them  at  306.5  nm,  appropriate  optical  bandpass  filters  will  be  used. 

AIC  sensors  have  to  be  positioned  in  spots  where  the  parameter  to  be  measured  correlates  sufficiently 
with  combustion  oscillations  and  is  reasonably  proportional.  Optical  sensors  to  measure  heat  release  rates 
for  the  AIC  must  cover  no  less  than  that  area  of  the  combustion  zone  where  fluctuations  of  the  reaction 
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rate  occur,  the  entire  combustion  zone  being  preferable.  If  only  a  small  portion  of  the  combustion  zone  is 
covered,  any  displacement  of  this  zone  may  blind  the  sensor  to  prevailing  oscillations.  A  further  problem 
with  optical  sensors  is  fouling,  e.g.  by  soot. 

Requirements  to  be  met  by  a  controller 

The  least  complicated  controller  for  an  AIC  system  is  an  amplifier/phase  shifter  combination 
appropriately  amplifying  input  signals  and  shifting  their  phases  so  as  to  ensure  the  required  anti-cyclical 
operation  of  the  actuator.  However,  this  type  of  controller  will  only  work  satisfactorily  if  the  oscillation 
frequency  excited  is  constant  and  if  there  is  only  one  oscillation  frequency.  Further  requirements 
imposing  more  complex  control  strategies  are  entailed  by  combustion  systems  having  several  burners 
distributed  over  the  modes  excited.  Under  certain  circumstances,  they  may  require  multi-channel  control 
signal  processing.  Moreover,  in  industrial  applications,  a  self-adapting  control  strategy  and/or  control 
parameter  compensation  depending  on  operating  points  are  indispensable.  Thus,  in  the  past,  a  great 
variety  of  control  strategies  such  as  model-based  controllers,  self-adapting  controllers  based  on  LMS 
algorithms  or  self-tuning  controllers  were  researched.  A  summary  of  the  work  published  on  this  topic  is 
to  be  found  in  a  recent  publication  of  Dowling.24 

Installing  AIC  on  Siemens  type  Vx4.3A  land-based  gas  turbines 

The  following  section  describes  the  installation  of  an  AIC  system  on  type  Vx4.3A  land-based  Siemens  gas 
turbines.  Fig.  3  shows  a  longitudinal  section  through  the  upper  half  of  this  gas  turbine.  In  contrast  to  former 
types  of  Siemens  gas  turbines  that  were  fitted  with  silo  combustion  chambers,  this  family  of  gas  turbines 
features  ring  combustion  chambers  (see  left-hand  illustration  in  Fig.  4).  In  total,  this  gas  turbine  comprises 
24  Siemens  hybrid  burners  spread  uniformly  over  the  circumference  of  its  annular  combustion  chamber. 


One  of  the  24  Ring  combustion  Turbine  Exhaust 


Fig.  3:  Half-section  drawing  of  a  Vx4.3A  series  gas  turbine. 
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2nd  harmonic  with  a  frequency  of  170  Hz 


Period  of  oscillation:  T  =  1  // 


Fig.  4:  Left:  Three-dimensional  drawing  of  the  annular  combustion  chamber  of  the  Vx4.3A  with  a  total 
of  24  burners.  Right:  Excited  azimuthal  modes  for  the  second  harmonic  in  the  V94.3A. 


Any  Siemens  hybrid  burner  may  be  operated  both  on  liquid  and  gaseous  fuels.  At  start-up  and  with 
gaseous  fuel,  the  burner  is  operated  in  diffusion  mode.  When  a  specific  turbine  power  is  reached,  there 
will  be  a  switch-over  from  pure  diffusion  to  so-called  mixed  operation.  For  this  purpose,  a  combination 
of  diffusion  and  premix  flames  is  used.  When  the  temperature  within  the  combustion  chamber  is 
sufficiently  high  to  stabilise  a  pure  premix  flame,  operation  is  switched  from  this  mixed  mode  to  purely 
premixed  operation.  To  stabilise  the  premix  flame,  every  Siemens  hybrid  burner  features  an  additional 
pilot  burner.  This  is  a  diffusion  burner  delivering  approx.  10%  of  the  thermal  power  provided  by  the 
complete  burner  unit. 


Instability  problem 

During  the  test  phase  of  the  prototype  and  the  commissioning  of  the  type  of  gas  turbine  described  above, 
there  were  problems  with  self-excited  combustion  oscillations  in  various  power  ranges  depending  on  the 
modifications  performed  on  the  hybrid  burner  used.  Due  to  the  low  frequency  of  these  instabilities,  this 
effect  is  sometimes  called  ’’humming". 

Research  on  this  oscillatory  phenomenon  described  by  Seume  et  al. 17  showed  that  standing  sound  waves 
are  generated  within  the  annular  combustion  chamber  by  self-excited  combustion  oscillations.  According 
to  the  direction  of  propagation  of  these  waves  along  the  circumference  of  the  annular  combustor  they  are 
designated  "azimuthal  modes".  They  are  characterised  by  regions  where  sound  pressure  amplitudes  are 
high,  called  "sound  pressure  anti-nodes",  and  regions  where  these  amplitudes  are  very  low,  called  "sound 
pressure  nodes".  The  number  of  nodes  and  antinodes  varies  according  to  the  prevailing  frequencies.  The 
right-hand  side  of  Fig.  4  shows  the  azimuthal  modes  of  the  second  harmonic,  characterised  by  a  total  of  4 
nodes  and  4  anti-nodes.  For  the  largest  version  of  this  gas  turbine  type,  V94.3A,  this  eigenmode  is 
excited  at  a  frequency  of  approx.  170  Hz. 

The  equation  f=n-c/(7t-d)  provides  a  theoretical  estimate  for  the  characteristic  acoustical  frequencies  of 
any  annular  combustion  chamber.  At  an  average  combustion  chamber  diameter  of  d=3  m  and  a  speed  of 
sound  of  c=844  m/s  (assuming  an  average  combustion  chamber  temperature  of  1,500°C),  the  resulting 
frequency  for  a  V94.3A  is  179  Hz  for  the  second  harmonic,  a  value  agreeing  well  with  experimentally 
determined  characteristic  frequencies.  For  smaller  versions  of  this  turbine  family,  the  above  equation 
returns  higher  frequencies  for  the  occurrence  of  combustion  oscillations,  due  to  the  reduced  diameter  of 
their  combustion  chambers  (see  Seume  et  al. 11 ). 
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AIC  installation 

In  order  to  avoid  the  oscillation  problem  described,  an  AIC  system  for  this  type  of  gas  turbine  was 
developed  in  addition  to  passive  measures  such  as  burner  design  modifications.4  Fig.  5  provides  a 
simplified  schematic  diagram  of  the  basic  design  of  this  AIC. 


Fig.  5:  Schematic  AIC  diagram  of  the  Siemens  model  Vx4.3A  heavy  duty  gas  turbine 


Sensor 

By  way  of  input  quantity,  this  AIC  system  uses  the  sound  pressure  measured  at  the  burner  flanges.  There, 
wall  temperatures  are  substantially  lower  than  within  the  combustion  chamber  so  that  high-temperature 
piezo  pressure  transducers  can  be  used  without  requiring  any  additional  cooling  .  It  was  verified  in  a 
number  of  tests  that  the  sound  pressure  signals  measured  at  the  burner  flanges  coincide  sufficiently  well 
in  amplitude  and  phase  with  the  pressure  signals  within  the  combustion  chamber. 

During  some  initial  tests,  potential  uses  of  optical  probes  for  measuring  AIC  input  signals  were 
researched  in  addition  to  sound  pressure  measurements  at  the  burner  flanges.  However,  owing  to  the 
limited  field  of  view  and  due  to  thermal  problems  with  probe  installation,  this  method  was  soon  given  up. 

Actuator 

The  crucial  problem  for  implementing  any  AIC  system  of  the  type  described  here  is  actively  influencing 
the  combustion.  Owing  to  the  elevated  air  and  fuel  volume  flows  through  Vx4.3A  gas  turbines,  these 
flows  cannot  be  sufficiently  modulated  in  full,  neither  by  means  of  acoustical  actuators  nor  by  valves. 
Detailed  research  showed  that  the  main  premix  flame  of  the  Siemens  hybrid  burner  -  controlled  by  much 
smaller  pilot  diffusion  flames  -  will  respond  very  precisely  to  fluctuations  in  the  conversion  rates  of 
those  pilot  flames.  Accordingly,  it  is  possible,  by  modulating  the  pilot  gas  mass  flow,  which  comprises 
no  more  than  approx.  10%  of  the  entire  mass  flow,  to  control  not  only  the  pilot  flames  themselves  but 
also  the  premixed  main  flame  to  a  significant  extent.  Pilot  flames  are  supplied  via  their  own  fuel  line.  The 
actuator,  a  direct  drive  valve  (DDV)  -  shown  in  Fig.  6  -  developed  specifically  for  this  application  by 
Moog  Germany,  is  integrated  in  this  fuel  line.  In  order  to  obtain  maximum  control  levels  for  main  flames 
and,  accordingly,  for  the  combustion  oscillations  arising  within  the  gas  turbine,  every  burner  of  the 
turbine  was  fitted  with  its  own  valve.  Thus,  a  total  of  24  valves  was  installed  around  the  annular 
combustor  of  the  gas  turbine. 

In  the  absence  of  any  AIC  signal,  DDV  valves  will  be  50%  open,  so  that  the  pilot  gas  mass  flows 
required  for  normal  premixed  operation  will  reach  the  burners.  In  order  to  modulate  individual  pilot  gas 
mass  flows  and  thus  the  pilot  flames  themselves,  valve  spools  will  be  moved  around  their  static  opening 
value  of  50%,  i.e.  opened  further  or  closed  down  at  the  frequency  of  the  combustion  oscillation  to  be 
damped.  The  level  of  fuel  flow  modulation  achieved  can  be  determined  by  valve  spool  stroke.  According 
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to  the  frequency  response  of  the  used  valve  type  -  shown  in  Fig.  7  -  the  valves  allow  the  control  of 
combustion  oscillations  with  frequencies  of  up  to  400  Hz. 


Fig.  6:  Schematic  diagram  of  the  DDV  valve  used 


5  10  50  100  500  1000 

frequency  [Hz] 

Fig.  7:  Frequency  response  of  the  DDV  valve  used 

By  moving  the  valve  spools  at  frequencies  within  this  range,  sound  waves  will  be  generated  within  the 
pilot  gas  systems.  The  resulting  effects  on  the  modulation  of  the  pilot  gas  mass  flow  must  be  taken  into 
account  and  the  pilot  gas  system  must  be  tuned  as  described  in  Hermann  et  al. 15  and  Hantschk  et  al. 16 

Controller 

As  described  in  Seume  et  al.17,  azimuthal  modes  are  excited  within  ring  combustion  chambers  by 
combustion  oscillations.  This  means  that  the  pressure  fluctuations  excited  along  the  combustion  chamber 
circumference  are  characterised  by  both  different  amplitudes  and  different  phases,  and  that  the  burners 
placed  evenly  along  the  circumference  of  the  annular  combustion  chamber  are  accordingly  located  at 
positions  characterised  by  differing  amplitude  and  phase  values.  Seeing  that  fluctuations  of  the  heat 
release  rate  are  coupled  characteristically  with  pressure  oscillations  (self-excitation),  any  heat  released  at 
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the  various  burners  will  fluctuate  at  differing  amplitudes  and  phases.  Since  AIC  requires  both  anti-phase 
and  in-amplitude  influencing  of  the  unsteady  flame,  this  means  that  it  must  be  possible  to  control  every 
burner  individually.  The  least  complicated  case  would  require  a  sensor  and  a  feedback  loop  for  every 
burner,  so  that  a  24-channel  AIC  system  would  have  to  be  installed. 


- sound  pressure  at  valve  1 

- sound  pressure  at  valve  13 


Fig.  8:  Left:  Exploiting  the  symmetry  of  azimuthal  modes ,  e.g.  for  the  first  harmonic.  One  sensor  and 
one  controller  provide  the  input  signals  for  two  DDVs.  Right:  Sound  pressure  at  the  two  valve 
positions. 

For  minimising  this  high  number  of  feedback  loops,  the  symmetry  of  azimuthal  modes  arising  within  the 
combustion  chamber  was  exploited.  As  shown  by  the  azimuthal  mode  corresponding  with  the  first 
harmonic  in  Fig.  8,  the  sound  pressure  fluctuations  for  two  precisely  opposite  burners  are  characterised 
by  identical  amplitudes  p  and  a  phase  shift  9  amounting  to  180°  with  respect  to  each  other.  As  indicated 
in  Fig.  8,  for  an  AIC  system  this  means  that  a  signal  measured  at  a  specific  position  by  one  sensor  can  be 
used  to  control  not  only  the  actuator  for  this  position  but  also  the  one  located  at  the  precisely  opposite 
point  of  the  combustion  chamber  by  merely  inverting  the  controller  output  signal  for  the  second  actuator. 

In  the  event  of  second  or  even  higher  harmonics,  the  number  of  feedback  loops  can  be  reduced  even 
further,  as  shown  in  Fig.  9.  Here,  a  total  of  4  actuators  are  controlled  via  one  input  signal  and  one 
feedback  loop.  For  the  control  system  of  V94.3A  burners,  an  installation  as  in  Fig.  8  was  chosen  since, 
for  this  type  of  gas  turbine,  the  first  harmonic  will  likewise  appear  due  to  self-excited  oscillations.  In 
total,  this  type  of  gas  turbine  was  fitted  with  12  sensors  and  12  feedback  loops. 


Fig.  9:  Exploiting  the  symmetry  of  azimuthal  modes ,  e.g.  for  the  second  harmonic.  One  sensor  and  one 
controller  provide  the  input  signals  for  four  DDVs. 
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Those  12  loops  were  realised  by  means  of  6  signal  processors,  every  processor  handling  two  input  signals 
and  generating  four  output  signals.  The  algorithm  used  works  within  the  frequency  range;  it  is  suitable 
for  controlling  two  frequencies,  a  restriction  entailed  by  the  limited  computing  capacity  of  the  type  of 
signal  processor  used.  The  necessary  control  parameters  depend  on  the  operation  parameters  of  the  gas 
turbine  and  are  set  automatically  during  continuous  operation.  Hermann  et  al. 19  provides  a  detailed 
description  of  this  control  system. 

Results 

The  AIC  system  described  above  was  implemented  in  two  differently  sized  gas  turbines  within  the 
Vx4.3A  family.  The  first  tests  were  run  using  a  type  V84.3A  machine  delivering  170  MW  of  electric 
power  at  Siemens  test  facilities  in  Berlin.  Detailed  specifications  of  the  AIC  structure  used  and  the  tests 
performed  are  to  be  found  in  Seume  et  al. 17  Owing  to  these  successful  tests  ,  AIC  systems  were 
subsequently  built  into  type  V94.3A  machines  for  field  testing  purposes.  Depending  on  the  version  used, 
these  machines  deliver  between  233  MW  and  267  MW  of  electrical  power  under  ISO  conditions.  For  this 
purpose,  the  electronic  system  and  the  control  strategy  used  for  V84.3A  were  completely  redesigned  and 
further  developed  into  an  industrial-grade  system. 

During  field  tests,  AIC  systems  were  used  on  V94.3A  machines  together  with  various  burner 
configurations  showing  oscillation  problems  at  various  operating  points  of  the  corresponding  gas  turbine. 
Below,  tests  on  three  different  burner  configurations  are  presented. 

Burner  configuration  A:  active  control  at  switch-over 

Burner  configuration  A  mainly  presented  problems  due  to  combustion  oscillation  during  switch-over 
from  mixed  to  premixed  operation,  i.e.  when  transitioning  from  a  combination  of  diffusion  and  premixed 
flame  to  a  purely  premixed  flame.  To  stabilise  the  premixed  flame,  the  pilot  burner  is  switched  on  while 
switch-over  is  in  progress.  Fig.  10  shows  this  process  without  (left)  and  with  activated  AIC  system 
(right).  From  top  to  bottom,  the  following  quantities  are  plotted: 

-  maximum  sound  pressure  spectrum  calculated  on  the  basis  of  the  signals  delivered  by  the  12  AIC 
sensors  at  three  different  moments  in  time; 

-  maximum  RMS  value  of  the  sound  pressure  versus  time,  calculated  on  the  basis  of  the  signals 
delivered  by  the  12  AIC  sensors; 

-  opening  cross-section  versus  time  for  the  gas  valves  actuated  during  switch-over,  as  a  percentage 
of  the  maximum  opening  cross-section  for  the  corresponding  valve. 

As  shown  in  Fig.  10  in  the  diagrams  on  the  left,  strong  combustion  oscillations  occur  approx.  3.5  seconds 
after  opening  the  pilot  gas  main  valve  (=  start  of  switch-over,  marked  in  the  bottom  diagram  by  a  vertical 
arrow)  as  the  pilot  gas  flows  into  the  combustion  chamber.  After  another  2  seconds,  the  diffusion  gas 
valve  is  closed  and  the  premix  gas  valve  opens,  with  the  thermal  power  within  the  combustion  chamber 
being  kept  constant  during  that  process.  About  10.5  seconds  after  initiating  the  switch-over  (t=15s),  i.e. 
as  the  diffusion  gas  valve  closes,  the  combustion  oscillation  amplitude  slightly  weakens  before  it  returns, 
after  another  5  seconds,  to  the  value  characterising  constant  operation.  At  the  t=20s  moment  in  time,  the 
gas  turbine  is  running  in  its  fully  stabilised  premix  mode.  Considering  the  frequency  spectrum  of  the 
sound  pressure  measured  at  various  times  during  switch-over,  it  becomes  obvious  that,  in  the  beginning, 
the  first  harmonic  dominates  at  around  90  Hz  (t=9.7s).  At  t=13.7s,  this  frequency  will  have  dropped  to 
approx.  80  Hz.  By  way  of  non-linear  effect,  high  amplitudes  of  the  first  harmonic  will  additionally 
produce  its  higher-order  harmonics. 

The  diagrams  on  the  right-hand  side  of  Fig.  10  show  the  same  switch-over  process,  but  subject  to  an 
activated  AIC  system.  As  the  sound  pressure  history  for  the  RMS  value  indicates,  this  leads  to  an  almost 
complete  attenuation  of  combustion  oscillations.  Only  a  specific  position  of  the  diffusion  gas  valve 
(t=15.2s)  produces  a  short  peak  lasting  approx.  0.5  s,  its  RMS  value  already  substantially  reduced. 
Considering  this  moment  in  time  on  the  frequency  spectrum,  it  becomes  apparent  that  the  harmonic 
excited  is  no  longer  the  first  but  the  third  one,  at  approx.  250  Hz.  To  achieve  even  further  damping  for 
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this  oscillation  by  means  of  an  AIC  system,  the  system  was  pre-set  for  both  frequencies  (first  and  third 
harmonics).  As  shown  by  the  spectrum  of  another  switch-over  recorded  some  10  minutes  later,  the 
amplitude  of  this  oscillation  was  further  attenuated,  without  influencing,  yet  damping  of  the  first 
harmonic.  It  has  to  be  stated  that  the  damping  achieved  by  AIC  was  more  than  sufficient  for  safe  gas 
turbine  operation. 

AIC  system  off  AIC  system  on 
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Fig.  10:  Switch-over  from  mixed  to  premixed  operation  without  (left)  and  with  AIC  (right).  The  inlet 
guide  vane  remained  permanently  closed. 


Burner  configuration  B:  active  control  at  load  change  during  premixed  operation 

During  premixed  operation  over  a  power  range  of  60%  to  100%  of  base  load,  burner  configuration  B  was 
characterised  by  self-excited  combustion  oscillations.  If  this  gas  turbine  is  operated  without  AIC, 
increased  amplitudes  for  the  third  harmonic  at  a  frequency  of  270  Hz  may  appear  as  early  as  at  60%  of 
base  load.  At  approx.  80%  of  base  load,  this  frequency  shifted  to  170  Hz,  corresponding  to  the  second 
harmonic  of  the  combustion  chamber. 

By  activating  the  AIC  system,  the  oscillations  were  attenuated  enough  to  allow  safe  turbine  operations  up 
to  100%  of  base  load  power.  Fig.  11  demonstrates  the  AIC  operation  for  a  load  increase  (left)  and  a  load 
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decrease  (right).  From  top  to  bottom,  the  following  oscillation  and  operating  parameters  of  the  turbine  are 
shown,  all  of  them  plotted  versus  time: 

-  maximum  RMS  sound  pressure  value  calculated  on  the  basis  of  the  signals  of  12  AIC  sensors; 

-  maximum  sound  pressure  amplitude  of  the  two  characteristic  frequencies  for  which  the  AIC  is  tuned; 

-  electrical  power  output  of  the  gas  turbine. 
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Fig.  11:  Load  increase  to  base  load  (left)  and  decrease  to  part  load  (right)  in  premixed  operation  with 
activated  AIC  system.  While  running  up  the  gas  turbine,  the  system  must  be  activated  earlier 
than  when  the  gas  turbine  is  being  run  down.  The  AIC  system  was  also  always  activated  at  base 
load  to  suppress  combustion  instabilities. 

First  the  AIC  is  tuned  to  the  third  harmonic  at  approx.  270  Hz,  and  automatically  activated  at  60%  of 
base  load  power.  Immediately  after  AIC  activation,  the  amplitudes  characterising  the  oscillations  already 
present  are  damped  by  approx.  65%  and  remain  at  more  or  less  this  level,  as  the  load  is  further  increased 
up  to  80%  of  base  load  power.  At  about  that  level,  the  second  harmonic  is  excited  at  around  170  Hz, 
while  the  amplitude  of  the  third  harmonic  continues  to  decrease  further.  By  converting  the  AIC  target 
frequency  to  the  one  characterising  the  second  harmonic,  its  amplitude  is  reduced  immediately  by  around 
30%.  Switching  over  AIC  from  the  third  to  the  second  harmonic,  as  described,  was  required  since,  at  that 
point  of  the  test  runs,  simultaneously  damping  even  and  odd-numbered  modes  had  not  yet  been 
implemented  for  the  AIC  system. 

The  same  damping  efficiency  as  shown  above  for  the  case  of  a  load  increase  was  likewise  achieved  when 
the  load  level  was  decreased  even  though,  in  this  case,  switching  from  the  second  to  the  third  harmonic 
did  not  produce  any  significant  amplitudes.  The  right-hand  trend  diagrams  in  Fig.  11  demonstrate  this 
AIC  operation. 
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Burner  configuration  C:  active  control  at  start-up  and  at  lower  part  load 
operation  of  the  gas  turbine 

This  type  of  gas  turbine  is  started  -  and  subsequently  operated,  at  its  lower  part  load  range  -  exclusively 
in  diffusion  mode  where  flames  are  easier  to  stabilise  despite  the  low  level  of  combustion  chamber 
temperatures  still  prevailing.  Once  a  certain  temperature  limit  has  been  reached,  there  will  be  switch-over 
to  mixed  operation.  In  this  lower  part  load  range  -  from  start  to  switch-over  into  mixed  operation  - 
burner  configuration  C  will  be  subject  to  problems  caused  by  self-excited  combustion  oscillations,  with 
the  second  and  the  fourth  harmonics  being  excited  simultaneously  within  the  ring  combustion  chamber. 

Even  though  the  AIC  application  presented  relies  on  modulating  pilot  gas  mass  flow  and  pilot  flames 
which  are,  in  principle,  provided  only  for  premixed  operations,  it  proved  possible  to  use  the  AIC  system 
successfully  even  during  part  load  operations.  For  this  purpose,  the  pilot  burners  were  used  together  with 
diffusion  flames,  and  the  AIC  system  was  activated.  The  system  was  tuned  for  the  two  frequencies 
excited. 

As  shown  in  Fig.  12,  which  displays  the  maximum  frequency  spectrum  of  the  12  AIC  sensors  with  and 
without  AIC  for  this  point  within  the  operational  range,  it  was  possible  to  damp  both  excited  frequencies 
almost  completely.  For  the  second  and  fourth  harmonics,  damping  levels  amounted  to  20  dB  and  14  dB 
respectively. 


Fig.  12:  Suppression  of  two  frequency  peaks  by  AIC  during  part  load  operation. 


Fig.  13:  Separate  damping  of  two  dominant  eigenmodes  of  a  combustion  instability  by  AIC. 
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The  separate  damping  of  two  eigenmodes  by  AIC,  as  described  above,  is  exemplified  again  in  Fig.  13. 
The  diagram  plots  sound  pressure  as  a  spectrogram  (maximum  values  for  the  12  sensors)  versus  time. 
Dark  areas  indicate  high  amplitudes,  lighter  areas  the  general  noise  level.  The  two  horizontal  bars  at 
completely  deactivated  AIC  mark  the  two  eigenmodes  excited,  in  this  case,  at  145  Hz  and  290  Hz. 
Starting  at  t  =  70  s,  by  slowly  reducing  the  AIC  output  signal  to  suppress  the  fourth  harmonic  at  290  Hz 
within  the  70  s  <  t  <  85  s  range,  the  amplitudes  of  this  harmonic  increase.  During  the  next  23  seconds, 
AIC  only  damps  oscillations  at  145  Hz.  By  completely  switching  off  the  AIC  system  at  t=108  s,  the 
second  harmonic  is  likewise  excited  at  145  Hz.  By  reactivating  the  AIC  for  both  frequencies  at  t=127  s, 
the  two  oscillations  are  damped  out  completely  once  again.  This  example  demonstrates  that  both 
oscillations  can  be  self-excited  independently  of  each  other  and  that  in  general  -  if  combustion 
oscillations  are  to  be  avoided  completely  -  both  will  have  to  be  damped  by  using  AIC. 

AIC  fault  tolerance  and  long-term  experiences 

In  order  to  research  the  influence  of  a  failure  of  any  feedback  loop  on  AIC  damping  characteristics,  for 
instance,  due  to  defective  pressure  transducers  or  valves,  specific  loops  were  switched  off  on  purpose 
during  test  runs.  It  was  shown  that  reducing  the  number  of  feedback  loops  to  ten  -  corresponding  to  no 
more  than  20  active  valves  -  had  no  significant  influence  on  damping  characteristics. 

In  test  runs  to  determine  the  long-term  suitability  of  the  AIC  system,  it  was  kept  operating  for  more  than 
8,000  hours  in  some  gas  turbines.  No  valve  failure  and  no  decrease  in  the  damping  efficiency  occurred 
and  abrasion  of  the  moving  parts  of  actuators  was  negligible.  During  these  long-term  tests,  AIC  systems 
were  operated  automatically  in  conjunction  with  the  corresponding  gas  turbine  control  units  and  had  to 
control  automatically  a  wide  range  of  operating  conditions  and  situations  so  as  to  damp  any  arising 
combustion  oscillations  safely. 

Conclusions 

As  compared  to  passive  measures,  AIC  systems  have  a  number  of  advantages.  While  the  damping  effect 
of  passive  measures  frequently  remains  restricted  to  narrow  frequency  or  operating  ranges  of  the 
combustion  system  concerned,  the  AIC  is  distinguished  by  its  high  degree  of  flexibility  and  its  wide 
range  of  operation.  The  examples  described  -  different  types  of  oscillation  problems  occurring  for  a 
variety  of  operational  situations  being  solved  successfully  -  make  this  obvious.  For  damping  low 
frequency  oscillations  numerous  passive  measures  such  as  Helmholtz  resonators  or  sound  absorbers 
require  a  great  deal  of  space  and  thus  cause  much  unwanted  design  complications,  while  the  AIC  system 
needs  little  space  and  can  be  installed  in  a  comparatively  simple  manner. 

Another  AIC  advantage  is  that  -  thanks  to  its  degree  of  development  reached  by  now  -  it  takes 
significantly  less  time  to  install  and  requires  fewer  tests.  Accordingly,  novel  combustion  systems  can  be 
commissioned  faster  and  take  less  time  to  market.  By  comparison,  developing  suitable  passive  measures 
is  still  mostly  a  trial-and-error  process  and  takes  much  experimenting,  i.e.  time  and  money.  Thus,  higher 
expenses  frequently  required  for  AIC  systems  soon  pay  off  in  most  cases. 

In  addition  to  the  already  mentioned  benefits  of  AIC,  this  system  may  render  it  possible  to  operate  certain 
combustion  systems  at  lower  emission  levels.  In  the  tests  run  in  premixed  mode  presented  above,  it  was 
possible  with  an  activated  AIC  to  operate  the  gas  turbine  at  lower  levels  of  pilot  gas  mass  flows  than 
without  the  system.  Since  pilot  flames  are  important  for  influencing  NOx  emissions  of  gas  turbines,  the 
AIC  system  allowed  to  reduce  them  by  more  than  60%  in  certain  cases. 
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Summary.  This  lecture  summarizes  research  to  explore  the  driving  mechanism  of  dump  combustor 
instabilities  with  emphasis  on  the  role  of  vortex  dynamics.  It  is  shown  that  the  development  of  coherent  flow 
structures  and  their  breakdown  into  fine-scale  turbulence  can  lead  to  periodic  heat  release,  which,  when  in 
phase  with  the  pressure  oscillation,  can  drive  the  oscillations.  The  physical  processes  associated  with  vortex 
development  and  breakdown  are  described  using  results  from  non-reacting,  flame,  and  combustor 
experiments.  This  understanding  is  used  to  passively  control  and  reduce  the  pressure  oscillations  using 
geometric  changes  at  the  dump,  such  as  multi-step  and  triangular  geometries,  to  prevent  development  of 
coherent  structures.  The  physical  understanding  of  the  flow/combustion  interactions  was  used  to  extend  lean 
blow-out  limits  of  a  premixed  flame  by  acoustic  forcing  at  the  initial  shear-layer  instability  frequency. 

Introduction.  This  lecture  discusses  passive  control  of  flow/acoustics  interactions  in  dump  combustors  and 
its  effect  on  combustion  processes,  in  particular  on  the  amplitude  of  low-frequency  pressure  oscillations.  The 
approach  is  based  on  the  physical  understanding  of  dump  combustor  flow  characteristics,  which  are 
addressed  in  a  broader  context  of  shear-flow  instabilities  associated  with  jets.  These  instabilities  may  develop 
large-scale  structures  through  interaction  with  chamber  acoustics  as  the  source  for  periodic  heat  release  and 
consequently  combustion  instabilities. 

The  role  of  these  flow  dynamics  as  likely  mechanism  for  dump  combustor  instabilities  cannot  be 
separated  completely  from  other  phenomena,  such  as  spray  combustion.  In  fact,  it  has  been  long  known 
qualitatively  from  experience  gained  in  engine  development  that  the  fuel  distribution  has  a  substantial  effect 
on  instabilities.  However,  it  can  be  argued  that  even  with  spray  combustion  the  dynamics  of  the  vortex 
structures  remain  the  dominant  feature.  In  fact,  the  laboratory  tests  discussed  in  this  lecture  have  used 
gaseous  fuels. 

The  general  idea  of  periodic  combustion,  associated  with  unstable  shear  layers,  was  first  independently 
reported  by  Kaskan  and  Noreen1  and  Rogers  and  Marble2  in  the  mid-fifties.  In  particular,  the  latter  work, 
discussing  premixed  gaseous  fuel  and  air  flowing  past  a  flameholder,  proposed  that  delayed  periodic 
combustion  in  shed  vortices  can  drive  an  acoustic  field,  associated  with  transverse  oscillations  at  high 
frequency.  In  the  present  lecture,  pressure  oscillations  at  low  frequencies  are  addressed,  which  became  a 
growing  concern  during  the  development  of  compact  ramjet  combustors  in  the  early-eighties.  These 
longitudinal  oscillations  interfered  with  the  inlet  shock  system  causing  loss  of  performance  due  to  inlet 
unstart.3,4  Byrne5,6  suggested  vortex  shedding  as  a  likely  cause  of  the  oscillations,  also  pointing  out  a 
relationship  between  flow  dynamics  observed  in  acoustically  excited  jets  and  ramjet  pressure  oscillations.  An 
Office  of  Naval  Research  (ONR)  program  in  the  late  eighties  has  addressed  the  role  of  flow  instabilities  in 
various  types  of  combustor7  (Figure  1).  The  present  lecture  will  concentrate  on  tests  with  a  simple, 
axisymmetric  dump  combustors,  which  have  been  performed  at  the  Naval  Air  Warfare  Center  Weapons 
Division. 

In  dump  combustors  vortices  are  formed  in  the  shear  layer  between  the  high  and  low  speed  streams  at 
the  rearward-facing  step  (dump)  (Figure  2).  The  vortex  formation  is  stabilized  in  the  presence  of  acoustic 
pressure  oscillations.  In  general,  the  high-speed  stream  consists  of  an  unburnt  mixture  of  air  and  fuel,  while 
the  low  speed  stream  is  composed  largely  of  hot  combustion  products  forming  the  flameholding  recirculation 
zone  behind  the  dump  plane.  The  vortex  structure  has  a  significant  influence  on  the  combustion  process.  In 
the  early  phase  of  the  vortex  development,  with  the  unbumt  mixture  on  one  side  of  an  interface  and  the  hot 
combustion  products  on  the  other  side,  intense  (fine-scale)  mixing  and  burning  are  limited  due  to  high  strain 
rates  (velocity  gradients)  between  the  high  and  low  speed  streams.  It  can  be  conjectured  that  the  fine-scale 
turbulent  production  is  abruptly  enhanced  during  the  roll-up  of  the  vortices.  During  the  vortex  roll-up  process 
a  large  interface  between  the  air/fuel  mixture  and  the  hot  products  develops,  leading  to  fine-scale 
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turbulence  enhancement  and  sudden  heat  release.  This  process  is  repeated  during  each  cycle  of  the  pressure 
oscillations  resulting  in  periodic  heat  release.  When  a  proper  phase  relationship  between  the  periodic  heat 
release  and  pressure  oscillations  exists  (Rayleigh  criterion)8  high  amplitude  pressure  oscillations  may  be 
excited. 
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Figure  1.  Investigations  of  Flow  Instabilities  as  Driving  Mechanism  of  Combustion  Instabilities. 
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Figure  2.  Effect  of  Coherent  Vortices  on  Combustion. 

The  evolution  of  the  vortices  is  discussed  in  the  general  context  of  the  interactions  between  shear-layer 
instabilities  and  acoustic  instabilities  in  the  combustor.  The  commonly  known  vortex  shedding  from 
rearward  facing  steps  is  a  special  case  of  these  flow  instabilities  and  the  vortices  will  be  referred  to  as  large- 
scale  coherent  structures.  From  the  discussions  of  the  non-reacting  and  reacting  dump  combustor  tests,  a 
detailed  understanding  of  the  combustion  instability  driving  mechanism  is  derived,  which  can  be  used  to 
passively  control  the  pressure  amplitude  by  modifying  the  shear-flow  development  by  distinct  geometric 
changes  at  the  dump. 

The  research  results  do  not  provide  combustor  design  criteria  to  reduce  pressure  oscillations.  More 
important,  the  research  provides  insight  into  a  dominant  driving  mechanism,  which  can  guide  the  designer  in 
the  development  of  passive  shear-flow  control  methods  for  reduced  pressure  oscillation.  Examples  of 
passive  control  are  presented  for  the  dump  combustor  configuration  only,  but  may  be  applied  to  other 
configurations.  The  physical  understanding  of  flow/combustion  interactions  can  be  also  used  for  active 
combustion  control,  as  demonstrated  for  extension  of  flammability  limits  as  an  example. 
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Large-Scale  Structures  in  Isothermal  Shear  Layers.  In  order  to  explore  the  role  of  vortex  dynamics  in 
driving  of  dump  combustor  instabilities,  it  is  necessary  to  consider  the  role  of  organized  vortices  in  shear- 
layer  dynamics.  This  approach  was  initiated  by  the  discovery  of  large-scale  structures  by  Brown  and 
Roshko9  and  has  been  reviewed  by  Ho  and  Huerre.10  Based  on  laboratory  low-Reynolds  number  studies  of 
various  turbulent  flows,  it  was  shown  that  the  shear  layer  develops  instability  waves  in  its  initial  region. 
When  the  amplified  waves  reach  a  certain  energy  level,  they  roll  up  into  vortices  (Figure  3).  The  initial 
vortex  shedding  frequency,  fi,  which  is  also  called  the  most  amplified  frequency,  is  determined  by  various 
characteristics  of  the  exit  velocity  profile,  such  as  shape,  turbulence  structure,  initial  shear-layer  momentum 
thickness,  0O,  and  the  jet  exit  velocity  U0.  The  initial  most  amplified  frequency,  when  scaled  with  0O,  and  U0 
yields  a  nondimensional  frequency  or  Strouhal  number,  St{  =  fi0o/Uo  that  is  predicted  to  be  close  to 
Sti  =  0.017  by  linear  instability  theory11  The  initial  vortices  of  the  shear  layer  grow  and  merge  as  they  are 
convected  downstream.  Due  to  merging  and  entrainment,  the  shear  layer  spreads,  and  the  frequency 
associated  with  the  dominant  large  vortices  decreases.  In  the  shear  layer  of  a  jet,  several  vortex  interactions 
can  occur  between  the  initial  separation  of  the  shear  layer  and  the  end  of  the  jet's  potential  core.  Therefore, 
the  shear  layer  is  characterized  by  several  instability  frequencies  associated  with  different  sizes  of  vortices. 
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•  INITIAL,  MOST-AMPLIFIED  FREQUENCY,  ( 

•  PREFERRED  MODE  FREQUENCY,  \ 

•  VORTEX  COALESCENCE 

•  LARGE-SCALE  TO  FINE-SCALE  MIXING 
TRANSITION 


Figure  3.  Development  of  Large-Scale  Structures  in  Jet  Shear  Layers. 


The  region  at  the  end  of  the  potential  core  is  governed  by  the  jet-column  instability.12  The  velocity 
fluctuations  in  this  region  were  observed  to  have  a  characteristic  frequency,  called  the  preferred-mode 
frequency,  fj,  which  is  typically  in  the  second  or  third  sub-harmonic  range  of  the  initial  shear-layer  instability 
frequency.  Because  the  coherence  of  the  large-scale  structures  has  decreased,  the  preferred-mode  frequency 
is  indicated  by  a  characteristic  energy  hump  in  the  velocity  fluctuation  spectra  as  compared  to  a  distinct  peak 
in  the  initial  shear  layer  and  the  -5/3  slope  in  the  inertial  sub-range  (Figure  4).  The  jet  preferred  frequency 
scales  with  the  jet  exit  diameter,  D,  and  exit  velocity,  U0,  to  yield  the  preferred-mode  Strouhal  number  of 
Stj  =  f j  •  D/U0.  The  range  of  Stj  was  found  in  previous  investigations  to  be  between  0.25  and  0.5. 13 

When  acoustic  waves  interact  with  the  shear  layer,  the  vortex  size  can  be  stabilized  depending  on  the 
matching  between  the  acoustic  frequency  and  the  shear-layer  instability  frequencies.  The  size  of  the  vortices 
will  be  smallest  when  the  acoustic  frequency  equals  the  initial  vortex  shedding  frequency;  it  will  be  largest 
when  the  acoustic  frequency  is  near  the  preferred-mode  frequency.  Significant  large-scale  mixing 
enhancement  can  be  obtained  at  the  preferred-mode  forcing  frequency.  If  the  acoustic  frequency  is  much 
lower  than  that  of  the  initial  shear-layer  instability,  collective  interaction  occurs  as  the  initially  shed  vortices 
roll-up  into  a  single  large  vortex.14 

To  generate  coherent  structures  at  the  end  of  the  potential  core  of  an  axisymmetric  jet,  the  acoustic 
frequency  has  to  match  the  preferred-mode  frequency.  This  is  illustrated  in  Figure  5,  describing  experiments 
in  which  turbulent  fluctuations  were  measured  with  hot-wire  anemometry  near  the  end  of  the  potential  core 
of  a  free  jet.15  The  preferred-mode  frequency  was  identified  from  the  maxima  in  the  turbulent  velocity 
fluctuations  spectra  as  shown  for  the  unforced  (UNF)  case  with  U0  =  7 1  m/sec  yielding  fj  =  340  Hz  with  a 
corresponding  nondimensional  frequency  of  Stj  =  0.30.  In  a  second  test  with  low-amplitude  forcing  at 
fF  =  190  Hz  and  U0  =  50  m/sec,  the  turbulence  spectra  from  the  potential  core  showed,  in  addition  to  the  fj- 
maxima  at  270  Hz,  a  distinct  second  peak  at  the  forcing  frequency  (dotted  line).  For  this  test  condition,  a 
mismatch  between  fp  and  fj  existed.  When  U0  was  further  reduced  to  35  m/s,  fj  was  reduced  to  190  Hz,  and 
a  match  between  fp  and  fj  was  obtained,  resulting  in  one  high-energy  peak  at  fp  =  fj.  The  high  Ev  peak 
indicates  that  as  a  result  of  matching  between  the  natural  flow  instability  frequency  near  the  end  of  the 
potential  core,  fj,  and  the  acoustic  forcing  frequency,  fp,  highly  coherent,  large-scale  structures  were 
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generated.  The  flow  structures  were  shown  to  have  high  azimuthal  coherence  and  high  spatial  and  temporal 
periodicity  near  the  dump  using  hot-wire  anemometry;  however  their  coherence  was  reduced  while 
convected  downstream,  which  was  also  visualized  in  water  tunnel  experiments  (Figure  6). 16  Forcing  at  the 
preferred-mode  frequency  generates  the  most  energetic  coherent  structure  and  therefore  changes  the  shear- 
flow  characteristics  most  effectively.  Forcing  at  higher  frequencies  produces  smaller  coherent  vortices, 
which  are  less  amplified  by  the  flow  instability  and  consequently  less  effective  in  modifying  the  shear  layer 
spreading  rate. 

INITIAL  VORTEX  SHEDDING  FREQUENCY 


Hz 


Figure  4.  Jet  Flow  Instability  Frequencies. 


Figure  5.  Development  of  Coherent  Structures  by  Matching  Jet  Preferred  Mode 
Frequency  and  Acoustic  Forcing  Frequency. 


7-5 


Figure  6.  Water  Flow  Visualization  of  Unforced  and  Forced  Ducted  Jets. 

The  critical  role  of  large-scale,  coherent  structures  in  combustion  processes  and  in  driving  pressure 
oscillations  will  be  discussed  in  the  following. 

Large-Scale  Structures  in  Reacting  Shear  Layer.  Experiments  in  annular  diffusion  flames  provided 
insight  into  the  effect  of  the  vortex  dynamics  on  combustion  using  an  XeCl  eximer  laser  and  a  diode  array 
camera  for  Planar  Laser  Induced  Fluorescence  (PLIF)  imaging  of  OH.17,18  To  stabilize  vortices  in  the  flame, 
the  air  flow  was  excited  using  a  loudspeaker  located  in  the  plenum  chamber.  An  instantaneous  picture 
(7  nsec)  of  the  flame  acoustically  excited  at  the  preferred  mode  of  the  air  jet  (St  =  0.44)  is  shown  in  Figure  7. 
The  difference  in  black/white  tones  indicate  different  intensities  of  OH-fluorescence,  which  in  this  flame 
indicate  the  location  of  the  reaction  zone.  It  may  be  seen  that  the  flame  consisted  of  large-scale  structures, 
similar  to  those  observed  in  non-reacting  shear  flows.  The  combustion  was  initiated  (highest  OH  levels)  at 
the  circumference  of  large-scale  structures,  where  secondary  streamwise  small-scale  eddies  are  growing, 
initiating  the  process  of  transition  to  fully  turbulent  flow.  The  braids  connecting  adjacent  vortices  had  low 
OH  levels  as  a  result  of  local  quenching  due  to  high  straining  rates  in  these  regions.  The  vortices  were 
convected  downstream,  and  the  combustion  reached  the  vortex  core  (Figure  8).  From  these  experiments  it  is 
clear  that  the  combustion  is  related  to  the  flow  structures  generated  by  acoustic  forcing  in  the  shear  layer. 
Due  to  the  fluid  dynamic/combustion  interaction,  the  heat  release  was  periodic  and  pockets  of  high- 
temperature  flow  were  convected  downstream  from  the  burner  exit. 

The  PLIF  visualization  tests  were  also  done  in  the  coaxial  dump  combustor.18  These  tests,  at  conditions 
which  led  to  high  amplitude  pressure  oscillations,  confirmed  that,  even  at  realistic  combustor  conditions,  the 
combustion  oscillations  were  associated  with  periodic  flow  structures  generated  through  interaction  between 
flow  instabilities  and  chamber  acoustics  (Figure  9). 

Measurements  with  ionization  probes  in  the  same  combustor  also  showed  that  heat  was  released 
periodically  due  to  the  convecting  vortices.17  In  addition,  these  tests  showed  the  role  of  the  non-reacting 
preferred  mode  (flow)  instability  in  determining  which  of  the  combustor  acoustic  mode  was  excited. 
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Figure  7.  PLIF  Imaging  of  Forced  Diffusion  Flame. 
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Figure  8.  Vortex  Dynamics  in  Forced  Diffusion  Flame. 

Combustor  tests  were  made  to  determine  the  acoustic  frequency  and  mode  for  varying  preferred-mode 
frequencies.  For  example,  for  U0  =  38  m/s  a  preferred-mode  frequency  of  fj  =  148  Hz  was  determined  in 
non-reacting  tests  (Figure  10).  The  Strouhal  number  corresponding  to  this  frequency  is  0.25.  This  value  is 
within  the  range  of  preferred-mode  Strouhal  numbers  in  jets.  In  the  combustion  test  with  the  same  U0,  the 
acoustic  bulk  mode  near  the  flow  instability  was  excited17  (Figure  10). 

Figure  1 1  identifies  the  strongest  pressure  frequency  peaks  in  the  power  spectra  for  a  wide  range  of  flow 
conditions.19  A  Strouhal  number  of  0.3  appears  to  provide  a  good  correlation  between  the  observed  pressure 
instability  frequencies  and  the  frequency  of  the  flow  instability  calculated  on  the  basis  of  a  constant  Strouhal 
number.  The  amplitude  of  pressure  is  substantially  amplified  when  the  fluid  dynamic  frequency  (or  jet 
preferred-mode  frequency)  is  equal  or  near  the  bulk-mode  or  acoustic  frequency  of  the  combustor. 
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LIMITED  FINE-SCALE  MIXING  (QUENCHING) 


Figure  9.  Vortex  Combustion  in  the  Presence  of  Combustion  Instability  in  Dump  Combustor. 


Figure  10.  Excitation  of  Acoustic  Combustion  Instability  by  Jet  Preferred  Mode  Instability. 
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Figure  11.  Relationship  between  Jet  Preferred  Mode  Frequency  and  Combustion  Instability  Frequency. 

Ionization  probes  were  used  to  determine  the  effect  of  the  pressure  oscillation  on  the  temperature 
fluctuations  in  the  shear  layer  of  the  jet  issuing  from  the  dump.  The  temperature  spectrum  measured  by  the 
ionization  probe  at  the  tip  of  the  jet’s  potential  core  was  similar  to  the  pressure  spectrum  (Figure  12).  Cross¬ 
correlations  of  two  ionization-probe  signals  showed  that  the  temperature  fluctuations  were  convected  at  the 
convection  speed  of  burning  vortices  past  the  ionization  probes  (Figure  13).  These  experiments  confirm  that 
vortices  generated  at  the  acoustic  frequency  during  the  combustion  process  were  releasing  heat  periodically 
while  being  convected  in  the  downstream  direction. 


Figure  12.  Pressure  and  Temperature  (Ionization  Probe)  Spectra  during  Combustion  Instability. 
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Figure  13.  Cross-Correlation  of  Temperature  Signals  Indicating  Convection  of  Vortices. 

Driving  Mechanism.  The  preceding  results  suggest  that  a  combustor  flow,  which  is  dominated  by  vortex 
flow  in  the  flameholding  region,  is  associated  with  periodic  heat  release.  If  the  heat  release  is  in  phase  with 
the  pressure  oscillations,  driving  occurs  as  stated  by  the  Rayleigh  criterion.  To  determine  if  the  periodic  heat 
release  is  a  driving  force,  it  is  necessary  to  have  a  complete  knowledge  of  the  spatial  and  temporal 
distributions  of  heat  release  and  acoustic  pressure.  These  measurements  were  performed  in  the  Caltech 
dump  combustor  using  pressure  transducer  and  radiation  intensity  measurements.2021  By  taking  the  cross 
spectrum  and  phase  of  the  pressure  and  radiation  intensity  at  a  given  location  in  the  combustion  chamber,  the 
relative  magnitude  of  the  driving  at  that  location  can  be  determined.  For  the  example  in  Figure  14,  the 
driving  occurs  primarily  at  the  front  of  the  combustor.20  Damping  occurs  further  downstream.  The  net  value 
of  the  integral  of  the  curve  determines  if  driving  (positive  net  value)  or  damping  (negative  net  value)  occurs. 
The  net  value  will  change  if  combustor  parameters  which  determine  the  heat  release  and  pressure 
distributions  are  varied.  The  heat  release  depends  on  fluid  dynamic  mixing  and  chemical  reaction  and  is 
therefore  affected  by  dump  geometry,  initial  condition  of  the  shear  layer,  fuel  type,  and  local  equivalence 
ratio,  while  the  pressure  distribution  depends  on  the  dominant  acoustic  mode,  which  is  excited  during  the 
combustion  instability. 


Figure  14.  Rayleigh’s  Criterion  for  Dump  Combustor  Instabilities. 

Passive  Control.  The  physical  understanding  of  the  driving  process  suggests  possible  methods  for 
controlling  the  oscillations  in  unstable  combustion.  Several  passive  methods  are  available,  including  driving 
the  periodic  heat  release  and  the  acoustic  pressure  oscillations  out  of  phase  with  each  other  using  Rayleigh 
criterion  or  designs,  which  provide  a  mismatch  between  acoustics  resonant  frequencies  of  different  sections 
of  the  combustor  and  a  mismatch  of  these  acoustic  frequencies  with  the  jet  preferred  mode  frequency.  In  this 
lecture  the  discussions  of  passive  control  will  focus  on  geometric  changes  at  the  dump  to  manipulate  the 
shear-flow  development  and  minimize  vortex  coherence.  Non-reacting  and  reacting  shear-flow  dynamics  of 
nozzles  with  corners  (triangular  nozzle)  and  downstream-facing  steps  (multi-step  nozzle)  were 
investigated.22,23 
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The  experimental  methods  included  (1)  hot-wire  anemometry  to  compare  fluctuating  velocities  for 
circular,  triangular  and  multi-step  nozzles,  the  latter  having  three  downstream  facing  steps  with  varying 
length- to- step  height  ratios  from  L/H  =  3.5  to  7.0  and  10,  (2)  visualization  in  a  water  tunnel  to  compare  the 
flow  characteristics,  (3)  annular  diffusion  flame  experiments  with  propane  injection  from  the  lip  of  the 
nozzles  into  the  developing  shear  flows  using  PLIF  imaging  of  in  situ  OH-radicals,  and  (4)  experiments  with 
a  laboratory  coaxial  dump  combustor  to  compare  the  amplitude  of  combustion-induced  pressure  oscillations 
for  a  standard  sudden  dump  configuration  with  a  combustor  with  a  multi-step  dump  (Figure  15)  and  a 
triangular  air  inlet  (Figure  16). 
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Figure  15.  Combustor  with  Fuel  Injection  from  Multi-Step  Dump. 


105  <  PA  (kPa)  <  140  (20.3  psia) 

186  <  Pc  (kPa)  <  410  (60  psia) 

Figure  16.  Combustor  with  Fuel  Injection  from  Circular  and  Triangular  Inlet  Ducts. 

With  the  multi-step  nozzle,  the  turbulent  intensity  was  significantly  enhanced  compared  to  the  circular 
nozzle  as  visualized  in  water  tunnel  tests.  The  turbulence  enhancement  was  maximized  at  (L/H)  =  7  at  which 
reattachment  of  the  separated  boundary  layers  occurred  near  the  downstream  end  of  the  steps.  The  flow  did 
not  develop  large-scale  flow  structures,  even  when  it  was  forced  with  a  butterfly  valve  at  a  velocity 
fluctuation  amplitude  of  3%  of  the  mean  velocity,  which  was  U0  =  0.5  m/s.  The  excitation  frequency  was 
fp  =  2.5  Hz.  At  (L/H)  =  3,  the  flow  separated  without  reattachnent  at  the  first  step  and  the  turbulence 
intensity  in  the  jet  core  at  the  nozzle  exit  became  similar  to  the  pipe  flow  without  steps.  At  (L/H)  =  10,  the 
flow  was  restabilized  after  flow  reattachment,  and  the  turbulence  intensity  was  again  lower  than  at  (L/H)  =  7. 
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The  observations  in  the  water  tunnel  tests  were  quantified  in  the  air-flow  experiments  (Figure  17).  At  the 
nozzle  exit  the  turbulence  intensity  of  the  multi-step  nozzle  with  (L/H)  =  7  was  increased  by  a  factor  of  5 
compared  to  the  circular  jet.  Because  of  the  high  turbulence  the  multi-step  exit  flow  did  not  develop  shear 
layers  as  in  the  circular  nozzle,  thus  preventing  the  growth  of  large-scale  coherent  structures.  The  turbulence 
intensity  was  significantly  lower  for  (L/H)  =  3.5  and  (L/H)  =  10. 

•  ENHANCEMENT  OF  SMALL-SCALE  TURBULENCE 
(OR  ELIMINATION  OF  LARGE-SCALE  VORTICES)  BY 
MULTIPLE  SEPARATING/REATTACHING  FLOW  REGIONS 
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Figure  17.  Fine-Scale  Turbulence  Enhancement  in  Multi-Step  Nozzle. 

The  fine- scale  turbulence  augmentation  or  prevention  of  large-scale  structure  development  with  multiple 
steps  had  a  strong  effect  on  the  flame  stability  and  intensity  of  the  diffusion-flame  burner  (Figure  18).  In  the 
circular  burner  combustion  was  limited  to  the  shear  layer  and  traces  of  large-scale  structures  were  observed. 
In  the  multi-step  burner,  the  flame  spread  into  the  jet  core,  and  development  of  large-scale  structures  was 
avoided. 

With  the  multi-step  dump,  pressure  oscillations  were  reduced  below  APrms/PC  =  0.10  (Fig.  19)  with 
APrms/PC  the  root-mean- square  pressure  amplitude  normalized  by  the  combustor  pressure.  The  lean  flame 
blow-out  limit  was  slightly  extended  to  lower  equivalence  ratios  v's  with  the  multi-step  dump  relative  to  the 
sudden  dump;  however,  rich  flame  blow-out  occurred  at  a  lower  equivalence  ratio  for  the  multi-step  dump 
(0.8  <  (|)  <  0.9)  than  for  the  sudden  dump  ((|)  >  1.3).  The  combustion  efficiency  with  the  multi-step  dump  was 
higher  than  with  the  sudden  dump  (Figure  20). 

To  obtain  suppression  over  a  wide  range  of  equivalence  ratio,  the  distribution  of  fuel  injection  into  the 
flow  over  the  steps  is  critical.  It  has  to  be  distributed  along  the  steps  so  that  it  is  mixed  into  the  fine-scale 
turbulence  downstream  of  each  step. 

With  the  triangular  jet,  different  shear-flow  behaviors  were  observed  on  the  comer  and  flat-side  as 
evident  in  the  mean  and  fluctuating  velocity  measurements.  Iso-kinetic  contours  for  the  equilateral  triangular 
jet  are  shown  in  Figure  21  for  the  four  axial  locations  at  x/De  =  0.1,  0.4,  1.0,  and  2.0  with  De  the  equivalent 
diameter  of  the  triangle  (same  area  as  circular  nozzle).  The  initial  momentum  thickness  at  the  corner  (vertex) 
side  was  significantly  larger  than  at  the  flat  side  as  indicated  by  the  contour  for  0.5  UcL  (velocity  at  50%  of 
the  centerline  velocity)  at  the  nozzle  exit  at  x/De  =  0.1  (shape  switching).  The  momentum  thickness 
difference  produced  a  substantial  difference  in  spreading  rates  on  both  sides  resulting  in  a  quasi- 
axisymmetric  jet  shape  at  about  5  De.  The  initial  turbulence  level  at  the  comer  was  nearly  20%  of  the  mean 
velocity  and  about  four  times  higher  than  at  the  flat  side  (Figure  22).  The  turbulence  grew  by  a  factor  of  four 
between  0.1  <  x/De  <  7  at  the  flat  side,  however  remained  almost  constant  at  the  corner  side.  The  turbulence 
growth  at  the  flat  side  is  typical  to  disturbance  amplification  pattern  of  a  regular  shear  layer,  through  the 
process  of  vortex  shedding  and  vortex  interaction,  which  makes  this  side  more  receptive  to  forcing.  On  the 
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other  hand,  the  high  initial  turbulence  level  at  the  comer  side  indicates  the  highly  three-dimensional, 
incoherent  structure  of  the  corner  flow,  which  changes  the  amplification  characteristics  of  the  shear  layer  and 
makes  it  less  receptive  to  forcing. 
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Figure  18.  Combustion  Enhancement  in  Multi-Step  Burner. 

o  SUDDEN  DUMP  (1) 

□  MULTI-STEP  DUMP  (3) 

•  ■  COMB.  NOT  SUSTAINED 


Figure  19.  Reduction  of  Combustion  Instability  Amplitude  with  Multi-Step  Dump. 


The  shape  switching  in  the  initial  region  of  the  triangular  jet  and  the  resulting  turbulence  amplification 
characteristics  yield  a  special  combination  of  mixing  pattern.  At  the  flat  side  the  large  spreading  rate  results 
in  an  intense  bulk  mixing  while  the  intense  turbulence  at  the  vertices  contribute  to  the  fine- scale  mixing 
process.  This  coexistence  of  large  and  fine  scale  in  the  same  flow  is  a  unique  property  of  the  triangular  jet. 
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Figure  20.  Combustion  Efficiency  Enhancement  with  Multi-Step  Dump. 


Figure  21.  Mean  Velocity  Contours  for  Triangular  Jet. 


De 


Figure  22.  Comparison  of  Turbulence  Intensity  in  Corner  Flow  and  on  Flat  Side 
Shear  Layer  of  Triangular  Jet. 
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The  effect  of  forcing  on  the  comer  and  flat  side  of  the  triangular  jet  was  studied  in  the  water  flow  tunnel 
(Figure  23).  When  the  jet  was  forced  near  the  preferred  mode  frequency,  the  asymmetric  development  along 
the  two  sides  was  visualized.  The  shear  layer  shed  from  the  flat  side  was  much  thinner  than  the  shear  layer 
emanating  from  the  jet  corner.  The  flat-side  shear  layer  rolled  up  into  organized  structures,  while  the  flow 
coming  out  at  the  triangle's  comer  was  highly  turbulent  and  had  no  sign  of  coherent  motion  even  under 
forcing.  The  tests  suggest  that  corner  fuel  injection  is  beneficial  to  initiate  combustion  because  it  will  be 
efficient  (high  degree  of  fine-scale  or  molecular  mixing)  and  periodic  heat  release  can  be  avoided  (absence  of 
coherent  flow  structures). 

The  combustion  characteristics  of  the  triangular  jet  during  preferred-mode  forcing  showed  that  the 
combustion  at  the  flat  side  (left  flame  side)  was  dominated  by  reacting  vortical  structures  and  that 
combustion  at  the  comer  (right  flame  side)  was  initiated  at  the  nozzle  exit  and  was  incoherent  making  the 
comer  the  preferred  fuel  injection  location  for  efficient,  periodicity-free  combustion  (Figure  24). 


Figure  23.  Water  Flow  Visualization  of  Forced  Triangular  Jet. 
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Figure  24.  Flame  Characteristics  in  Comer  Flow  and  Flat  Side  Shear  Layer  of  Forced 
Triangular  Diffusion  Flame. 

Combustion-induced  pressure  oscillations  were  compared  for  the  triangular  and  circular  inlet  ducts. 
Figure  25  shows  a  comparison  of  the  triangular  inlet  duct  with  the  circular  inlet  duct.  For  the  circular  inlet, 
the  pressure  amplitude  increased  from  APrms/Pc  =  0-12  at  §  =  0.65  to  APrms/Pc  =  0-30  near  the  lean 
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blow-out  limit  of  (|>  =  0.45  and  to  APrmS/Pc  =  0.37  with  §  approaching  one.  The  circular-duct  pressure 
amplitude  was  significantly  higher  than  with  comer  injection.  In  these  tests  the  pressure  amplitude  is 
dependent  on  fuel  injector  orientation  relative  to  the  airstream  and  injector-depth  position.  The  best  results 
were  achieved  with  fuel  injection  in-line  with  the  airstream  to  achieve  good  mixing  with  the  fuel  and  the 
turbulent  comer  flow. 

The  suppression  of  the  pressure  oscillations  with  the  triangular  inlet  duct  was  obtained  in  the  majority  of 
the  tests  with  an  increase  in  combustion  efficiency  (Figure  26). 


O  CIRCULAR  INLET 
A  TRIANGULAR 
•  A  COMB.  NOT  SUSTAINED 


Figure  25.  Combustion  Efficiency  Amplitude  Reduction  with  Fuel  Injection  into 
Comer  Flow  of  Triangular  Inlet  Duct. 


o  CIRCULAR  INLET 
A  TRIANGULAR 
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Figure  26.  Combustion  Efficiency  Enhancement  with  Corner  Fuel  Injection  from  Triangular  Inlet. 


In  the  previous  discussions  it  was  shown  that  the  detailed  understanding  of  shear-flow  dynamics  can  be 
used  to  passively  control  combustion  dynamics.  The  same  physical  understanding  can  also  be  used  to  obtain 
the  combustion  improvements  through  active  control,  for  example  to  enhance  combustion  stability  and 


7-16 


extend  lean  blow-out  limits.  For  passive  control  multi-step  nozzles  were  used  to  enhance  fine-scale  mixing. 
For  active  control,  discussed  in  the  following,  shear-layer  excitation  at  the  right  frequencies,  will  be 
explored. 

Related  Active  Control  Experiments.  A  propane/air  premixed  circular  flame  was  actively  controlled  in 
order  to  extend  the  lean  blow-out  limit.24  The  flame  could  be  excited  by  a  set  of  four  speakers  mounted  in  an 
acoustic  resonant  chamber  (Figure  27).  The  speakers  were  driven  at  controlled  frequencies  and  amplitudes 
using  a  dual  phase  locked  loop  and  audio  power  amplifier.  The  PLIF  laser  system  was  phase  locked  to 
acoustic  excitation  of  the  flame  jet  so  that  the  flame  structure  at  a  specific  phase  relative  to  the  forcing  could 
be  determined.  The  forcing  frequencies,  amplitudes,  and  relative  phase  angles  were  monitored  (in  cold  flow) 
by  using  a  calibrated  hot-wire  anemometer  which  was  also  used  to  measure  the  mean  and  turbulent  velocities 
of  the  air. 


FUEL 


AIR 


UNFORCED 


VELOCITY 


PREFERRED 

MODE 

FREQUENCY 


ff 

_ 1  CAIN.  CMS 

FORCED 


INITIAL 

SHEDDING 

FREQUENCY 


Figure  27.  Forced  Premixed  Flame  for  Extension  of  Flammability  Limits. 

The  lean  stability  limit  of  the  flame  was  studied  in  a  range  of  equivalence  ratio  from  0.6  to  1.6.  The  fuel 
flow  rate  was  kept  constant,  at  different  values  in  this  range,  and  the  air  flow  rate  was  increased  gradually  to 
obtain  a  stable  lift-off,  followed  by  blow-out. 

When  the  jet  was  forced  near  the  preferred  jet  frequency  of  St  =  0.48  and  at  a  forcing  level  of  13%  of 
the  mean  velocity,  coherent  structures  dominated  the  flow.  The  flameholding  location  jumped  from  one 
vortex  to  the  other  according  to  the  evolution  phase  of  the  vortices.  As  a  result  of  this  unstable  behavior,  the 
lean  flammability  limit  remained  almost  unaffected  by  the  preferred  mode  forcing.  Subsequently  the  forcing 
frequency  was  increased,  thus  generating  smaller  vortices.  In  the  higher  frequency  range  the  most  effective 
forcing  was  within  the  amplification  range  of  the  initial  jet  shear  layer.  At  this  forcing  frequency,  the  flame 
structure  was  changing  with  the  increased  forcing  level  as  shown  in  the  phase-average  OH-images  in  Figure 
28.  A  small  forcing  amount  of  0.7%  was  sufficient  to  cause  the  lifted-off  flame  to  reattach  to  the 
flameholder  (Figure  28b).  The  combustion  in  the  vortices  became  more  apparent  in  the  high  forcing  level  of 
11%  and  19%  as  shown  in  the  instantaneous  images  in  Figures  28c  and  28d. 
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Figure  28.  Instantaneous  (18  nsec)  PLIF  Images  of  Forced  Premixed  Flame. 

Figure  29  shows  the  effect  of  forcing  at  the  initial  jet  shear  layer  instability  on  lean  blow-out  extension 
in  comparison  to  preferred-mode  forcing.  Different  frequencies  in  this  initially  unstable  range  were  tested 
and  all  forcing  frequencies  in  that  range  extended  the  flammability  limit  to  lower  equivalence  ratios.  The 
most  effective  forcing,  however,  was  at  a  Strouhal  number  of  Ste~  0.02  (Figure  30)  which  is  close  to  the 
most  amplified  instability  frequency. 
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Figure  29.  Flammability  Extension  in  Forced  Premixed  Flame. 
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Figure  30.  Optimal  Flammability  Extension  with  Forcing  at  Initial  Most 
Amplified  Shear  Layer  Instability  Frequency. 

Conclusions.  Combustion  instabilities  related  to  an  axisymmetric  dump  combustor  were  studied.  The 
experiments  showed  that  the  instability  was  associated  with  the  formation  of  large-scale  vortices  in  the 
mixing  layer,  which  coupled  with  the  acoustic  pressure  to  excite  strong  oscillations. 

Cold  flow  tests  showed  that  the  roll-up  of  vortices  is  related  to  initial  instabilities  in  the  separating  shear 
layer  behind  the  dump.  The  frequency  of  this  instability  scales  with  a  typical  length  scale,  which  can  be 
either  the  initial  thickness  of  the  shear  layer  or  the  jet  inlet  diameter,  and  the  flow  velocity. 

When  the  flow  is  forced  by  either  the  upstream  or  downstream  duct  resonant  acoustic  modes  or  by  an 
external  source,  vortices  can  be  generated  at  a  much  larger  scale  relative  to  the  initial  instability.  Since  the 
acoustic  emission  of  the  non-reacting  vortices  is  low,  there  was  no  detectable  feedback  between  the  flow  and 
the  acoustic  pressure  in  the  chamber  in  the  non-reacting  tests. 

In  reacting  mixing  layers  the  large  periodic  energy  release  associated  with  the  burning  inside  the 
vortices  provides  the  link  for  the  necessary  feedback  loop  to  drive  oscillations.  The  mixing  layer  rolls  up  into 
vortices  with  enhanced  reaction.  The  energy  release,  which  is  periodic  in  nature,  reaches  a  maximum  when 
the  vortices  break  down  to  small-scale  turbulence.  The  fluctuating  heat  release  can  feed  energy  into  the 
acoustic  pressure  oscillations  provided  that  the  two  are  in  phase  with  each  other,  as  stated  by  the  Rayleigh 
criterion.  As  the  pressure  oscillations  are  amplified,  they  drive  velocity  oscillation  at  the  mixing  layer,  which 
further  enhance  the  generation  of  coherent  vortices  in  the  shear  layer. 

There  can  be  other  mechanisms  that  may  lead  to  periodic  heat  release  such  as  vortex  interaction,  vortex 
impingement  or  collision  with  each  other  or  on  a  solid  surface,  and  vortex  merging. 

The  understanding  of  this  process  suggests  possible  passive  methods  for  controlling  the  oscillations  in 
unstable  combustion.  The  methods  described  are  based  on  geometrical  changes  in  the  design  of  the 
combustor  to  hamper  the  evolution  of  large-scale  structures  and  promote  production  of  small-scale 
turbulence,  thus  maintaining  a  uniform  rather  than  pulsating  combustion  process.  The  multi-step  and 
triangular  nozzles  showed  a  certain  success  in  suppressing  combustion  instabilities  but  they  require  careful 
design  of  the  fuel  injection  system  to  take  full  advantage  of  these  methods. 
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The  physical  understanding  of  the  flow/combustion  interactions  was  also  used  to  extend  lean  blow-out 
limit  of  a  premixed  flame  by  acoustic  forcing  at  the  initial  shear-layer  instability  frequency. 
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Analysis  of  Compression  System  Dynamics 
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Summary 

Modelling  of  rotating  stall  and  surge  dynamics  in  compression  systems  is  discussed.  The  primary  aim 
here  is  to  provide  a  comprehensive  set  of  models  for  active  control  applications,  as  well  as  a  thorough 
tutorial  on  advanced  modelling  methods.  The  Moore-Greitzer  family  of  models  has  proven  to  be  the 
environment  best  suited  to  control  applications,  and  so  it  is  the  focus  of  this  document.  The  basic 
model  is  derived,  and  a  description  of  its  linear  and  non-linear  behaviour  is  given.  Extensions  and 
variants  to  the  basic  model  are  also  provided.  These  include  the  Galerkin  formulation,  which  provides 
the  lowest  order  non-linear  description  that  captures  both  rotating  stall  and  surge.  The  state-space 
formulation  provides  a  more  detailed,  multi-dimensional  framework  for  both  linear  and  nonlinear 
control  studies.  This  framework  allows  extensions  to  the  basic  model  to  be  incorporated,  including 
distortion,  unsteady  loss  dynamics,  sensor  models,  and  actuator  models.  These  extensions  and  their 
impact  on  the  stability  behaviour  are  described. 

Nomenclature 


A  area  of  compressor  duct,  also  stall  cell 
amplitude  (in  Galerkin  form) 

a  speed  of  sound 

b  blade  chord  length 

B  surge  stability  parameter 

(dimensionless  ratio  of  compliance  to 
inertia) 

D  diagonal  transformation  matrices 

E  transformation  matrix  for  impedences 

F  Fourier  transform  matrix 

Kt  throttle  loss  coefficient 


i  (duct  length)/(compressor  mean 

radius),  also  loss  states  in  unsteady 
loss  model 

L  loss  characteristic  (function  of  0),  also 

dimensional  inlet  duct  length 

mc  slope  of  the  compressor  characteristic 

mT  slope  of  throttle  characteristic 

S,  T  bookkeeping  matrices,  state  space 

model 

t  dimensionless  time 


U  speed  of  the  rotor  at  mean  radius 
V  plenum  volume 

x  axial  position  in  compressor  annulus 

y  throttle  area  coefficient,  also  IGV 

deflection  (function  of  6) 

A  rotor  inertia  parameter 

ji  rotor  +  stator  inertia  parameter 

A  flow  coefficient,  ( axial  velocity)/ U 

<f>r  flow  coefficient  map  for  throttle 

6  circumferential  position  in  annulus 

0  non-dimensional  velocity  potential 

p  density 

o,  CO  growth  and  rotation  rate  of  modal 
wave 

T  lag  time  for  unsteady  loss 

development 

1)  ( circumferential  velocity)/ U 

'E  non-dimensional  pressure  rise  or  drop 
1  2 

iff  ( pressure )/( ^  pU  ),  static  unless 

specified 


Paper  presented  at  the  RTO  AVT  Course  on  “ Active  Control  of  Engine  Dynamics ”, 
held  in  Brussels,  Belgium,  14-18  May  2001,  and  published  in  RTO-EN-020. 
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Subscripts 

a  actuator 

b  bleed 

c  overall  duct  (£c ) 

C  compressor 

d  downstream 

j  jet 

p  plenum 

pb  plenum  bleed 

r,  s  rotor  and  stator 

5,  c  sine  and  cosine  parts  (in  Galerkin) 

ss  steady  state 


t  total  (pressure) 

T  throttle 
u  upstream 

n,  N  harmonic  number  in  Fourier  decomp. 
6  denotes  matrix  transformation  that 
approximates 

( •  )  circumferential  average 
( :  )  time  derivative  w/respect  to  t 
(  r  )  spatial  Fourier  coefficient  (SFC) 


1  Introduction 

This  document  is  organised  as  follows.  In  this  section,  background  on  compressor 
phenomenology  and  past  research  is  provided.  This  is  followed  by  a  derivation  of  the  basic  Moore- 
Greitzer  PDEs  in  Section  2.  Section  3  gives  a  tutorial  on  the  linear  and  non-linear  stability  properties 
implied  by  the  model.  Section  4  is  devoted  to  advanced  modelling  methods,  including  the  Galerkin  and 
state-space  formulations.  Finally,  extensions  to  the  model  to  incorporate  unsteady  losses,  distortion, 
sensing,  and  actuation  are  discussed. 


1.1  Phenomenology  of  Compressor  Behaviour 

The  operating  condition  of  a  compressor  is  determined  by  its  mass  flow  as  characterized  by  its 
’constant- speed  characteristic'  or  'map',  which  shows  how  the  pressure  rise  of  the  device  changes  with 
mass  flow.  Figure  1  shows  two  schematic  compressor  characteristics:  as  the  mass  flow  through  the 
compressor  is  decreased  the  pressure  rise  increases.  This  trend  continues  until  the  system  goes  into 
either  surge  or  rotating  stall.  Both  of  these  conditions  are  disruptions  of  the  steady,  symmetric  flow  of 
air  through  the  device.  Surge  is  a  symmetric,  unsteady  operating  condition  involving  limit-cycle  type 
oscillation  of  both  pressure  rise  and  mass  flow  through  the  entire  compression  system.  Reverse  flow 
and  flame-out  are  often  the  consequences  of  surge.  Rotating  stall,  on  the  other  hand,  is  a  severely 
asymmetric  distribution  of  axial  velocity  around  the  annulus  of  the  compressor,  taking  the  form  of  a 
wave  or  'stall  cell',  that  propagates  in  the  circumferential  direction  at  a  fraction  of  the  rotor  speed.  At 
rotating  stall  inception,  the  mean  pressure  rise  of  the  compressor  drops  dramatically,  after  which  it 
remains  relatively  fixed.  This  is  sometimes  termed  'deep  stall',  because  recovery  from  the  rotating  stall 
condition  can  be  very  difficult,  sometimes  requiring  engine  restart.  Obviously  both  rotating  stall  and 
surge  are  unacceptable  operating  conditions  in  gas  turbine  compressors.  Figure  1  also  shows  the  time 
history  of  a  compressor  experiencing  surge  (from  Weigl,  [1])  -  note  that  each  surge  cycle  contains  a 
short  period  of  rotating  stall.  This  time  history  illustrates  the  relative  time  scales  of  the  two  events. 
Rotating  stall  waves  rotate  at  about  half  the  rotor  frequency,  while  surge  cycles  are  much  slower, 
typically  requiring  many  rotor  revolutions  to  go  through  one  cycle. 

The  time  history  in  Figure  1  also  serves  to  illustrate  our  terminology  for  different  time  periods  in  a 
typical  transient  into  rotating  stall  or  surge.  Fully  developed  rotating  stall  refers  to  the  large  amplitude 
(50-100%  mass  flow  fluctuations)  rotating  stall,  during  which  amplitude  variations  of  the  perturbations 
are  insignificant.  Stall  inception  is  the  transient  from  asymmetric,  small  perturbation  flow  conditions  to 
rotating  stall,  and  thus  includes  large  disturbances  whose  amplitudes  change  with  time. 
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Figure  1  -  Phenomenology  of  rotating  stall  and  surge.  In  mass  flow  vs.  pressure  rise  plots,  solid  lines  are 
steady-state  operation  of  the  compressor,  dashed  lines  are  transient  operation. 

On  time  history,  regions  are  as  follows:  (a)  pre-stall,  (b)stall  inception,  (c)  fully 
developed  stall,  and  (d)  one  full  cycle  of  surge. 


Pre-stall  refers  to  the  period  of  time  immediately  prior  to  stall  inception,  during  which  compressor 
operation  is  steady  but  may  exhibit  small  amplitude  (on  the  order  of  1%)  dynamics.  Perturbations 
associated  with  these  dynamics  are  small  compared  both  to  stall  inception  and  to  fully  developed  stall 
perturbations.  These  three  regions  -  pre- stall,  stall  inception,  and  fully  developed  stall  -  are  difficult  to 
separate  precisely;  rather  the  terminology  is  introduced  to  facilitate  discussion. 


The  fourth  region,  simply  called  surge,  is  actually  one  of  the  most  complex  and  varied  conditions 
of  operation.  In  the  example  shown  (and  in  many  real  engines)  each  surge  cycle  begins  with  rotating 
stall,  which  causes  the  pressure  rise  through  the  machine  to  drop  dramatically.  This  catastrophic  loss  of 
pumping  capability  allows  the  flow  through  the  machine  to  decelerate  rapidly,  sometimes  reversing. 
When  the  pressure  behind  the  compressor  has  sufficiently  relaxed  from  this  ‘blow  down’  event,  rotating 
stall  clears  and  the  compressor  begins  to  pump  the  downstream  collector  (combustion  chamber  or 
‘plenum’)  up  to  full  pressure  again.  The  process  then  repeats  itself.  This  relaxation  oscillation  involves 
non-linear  coupling  between  stall  inception,  itself  an  asymmetric  non-linear  phenomenon,  and  the 
nonlinear  dynamics  of  the  mean  flow.  Because  it  involves  complex  coupling  phenomena  between 
various  physical  components  and  length  scales,  surge  can  take  several  forms,  which  are  described  in 
detail  in  Section  3.3. 


It  is  important  not  only  to  understand  the  dynamics  of  stall  and  surge,  but  also  the  effect  of 
operating  conditions  on  these  dynamics.  Several  operational  issues  must  be  addressed.  Foremost 
among  these  is  inlet  distortion,  or  non-uniformity  of  the  flow  entering  the  compressor  [2].  Distortion 
can  be  introduced  by  bends  and  turns  in  the  ducts  leading  to  the  compressor  (as  in  a  buried  engine 
installation),  by  inlet  lip  separation,  by  hot  gas  ingestion,  or  by  boundary  layer  separation.  The  most 
important  forms  of  distortion  are  total  pressure  and  temperature  distortion.  Deviation  from  clean  flow 
can  be  either  circumferential  or  radial;  typically  stall  instabilities  are  exacerbated  more  severely  by  the 
former. 


Another  operational  consideration  is  engine  wear.  Tight  clearances  combined  with  structural  and 
thermal  loads  on  an  engine  can  cause  deformation  of  the  casing,  temporary  rubbing  of  the  rotor  blade 
tips  on  the  casing,  and  increased  vibration  levels.  These  combined  effects  cause  the  tip  gap  to  increase 
during  the  engine’s  lifetime,  which  can  have  a  significant  impact  on  stability  [3],  particularly  if  tip  gap 
becomes  non-uniform  [4].  Coupling  between  rotor-dynamics  and  tip  clearance  effects  can  also  play  a 
role  in  stability  behaviour,  although  the  extent  of  this  coupling  in  real  applications  is  not  well 
understood. 

Finally,  acceleration  from  idle  to  full  power  causes  flow  transients  in  the  compressor  that  can 
induce  stall.  Combinations  of  the  above  effects  must  also  be  accommodated.  The  net  result  is  that 
during  engine  design  a  significant  portion  (on  the  order  of  20%)  of  the  pressure  rise  capability  of  the 
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compressor  is  given  over  to  ‘surge  margin’,  which  is  defined  as  the  distance  between  the  surge 
operating  condition  and  the  nominal  operating  line.  Table  1  gives  the  an  example  of  a  typical  surge 
margin  budget  for  a  military  fan  (taken  from  ARP  1420,  “Aerospace  recommended  practice:  Gas 
turbine  engine  inlet  flow  distortion  guidelines”  [5]).  In  this  chart  stall  margin  is  expressed  in  percent 
pressure  ratio,  with  the  operating  line  pressure  ratio  taken  as  the  baseline. 


Table  I  -  Typical  Stall  Marg  n  Budget  (from  [5]) 

Destabilizing  Effects  Fan  Stall  Margin 

Budget 


•  OPERATING  LINE 

>  Inlet  Distortion 

>  PLA  Transients 

>  Variable  Geom. 
Control  Tolerances 

>  Engine  to  Engine 
Variation 

•  SURGE  LINE 

>  Reynolds  Number 

>  Inlet  Distortion 

>  Engine  to  Engine 
Variation 

•  TOTAL 

•  BASE  SURGE 
MARGIN 

•  NET  SURGE  MARGIN 


Non- 

Random 

Random 

0.5 

— 

4.0 

- 

- 

±i.i 

- 

±1.2 

1.87 

6.25 

— 

— 

±1.3 

12.62 

±2.083 

25.0 

10.30 

1.2  Overview  of  Compressor  Stability  Research 

All  of  the  phenomenology  described  in  the  previous  section  can  be  understood  from  the 
perspective  of  the  fluid  mechanical  models  described  in  this  document.  As  such,  the  models  we  will 
describe  represent  a  powerful  set  of  first-principals  tools  for  developing  practical  solutions,  and  for 
research  into  advanced  techniques  such  as  active  control.  Before  describing  these  tools,  however,  it  is 
instructive  to  place  them  in  the  context  of  past  and  present  research  in  compressor  dynamics,  and  to 
catalogue  the  modeling  techniques  currently  available.  This  discussion  will  hopefully  help  the  reader 
make  an  informed  decision  about  the  modeling  effort  that  is  consistent  with  the  problem  at  hand. 

Compressor  dynamics  research  falls  into  four  major  categories:  detailed  flow  observations,  stall 
detection  methods,  stall  control,  and  modeling  and  model  validation.  We  give  a  brief  review  here;  for  a 
more  thorough  review  see  [32,33].  Modelling  is  given  somewhat  more  attention  here,  for  obvious 
reasons. 

Much  early  work  concentrated  on  experimental  studies  of  phenomenology  and  detailed  flow 
observations  [6].  This  research  continues  [7],  as  the  ‘root  cause’  of  rotating  stall  is  sought,  and  as 
deeper  understanding  of  the  flow  details  motivates  more  careful  measurements. 

Stall  detection  research  attempts  to  develop  methods  that  can  issue  a  warning  during  the  pre-stall 
phase  when  stall  is  imminent  [8].  Typically  one  is  looking  for  a  ‘signature’  or  other  indication  that  the 
flow  through  the  compressor  has  become  less  stable.  Often  such  detection  schemes  are  able  to  see 
indications  of  impending  stall  100  to  1000  revolutions  prior  to  stall;  however  a  complete  study  of  the 
false  alarm  to  success  rate  of  such  detection  filters  is  difficult  to  obtain,  because  a  statistically 
significant  number  of  stall  experiments  are  rarely  performed.  One  of  the  primary  conclusions  of  this 
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body  of  research  is  that  the  stall  inception  process  varies  greatly  from  compressor  to  compressor,  so  that 
although  many  general  concepts  apply  to  a  wide  variety  of  compressor,  stall  detection  algorithms  must 
invariably  be  tuned  to  the  compressor  being  tested  [8,  9]. 

Stall  control  research  might  be  considered  the  ‘next  step’  after  stall  detection,  but  this  is  not 
necessarily  true.  In  some  cases  the  control  strategy  that  has  been  employed  is  in  fact  to  detect 
impending  stall  and  then  actuate  by  some  means  to  improve  the  health  of  the  compressor.  Other 
methods,  however,  are  aimed  at  continually  measuring  and  feeding  back  flow  perturbations  in  such  a 
way  to  fundamentally  alter  the  compressor  as  a  dynamic  system  [1].  Rather  than  relying  on  quick 
detection,  these  methods  rely  heavily  on  modeling  of  the  dynamics  and  understanding  how  they  might 
be  altered  by  continuous  feedback  control. 

Modelling  of  compressor  dynamics  obviously  plays  a  role  in  all  of  the  previously  mentioned 
endeavors.  It  motivates  the  measurements  one  might  take  experimentally,  and  provides  a  means  to 
interpret  the  results.  Modeling  also  motivates  detection  and  control  schemes.  Finally,  predictive 
modeling  has  been  considered,  as  a  means  to  assess  stability  in  the  design  phase.  Because  of  the 
diversity  of  the  applications,  a  wide  variety  of  models  exist  for  simulating  compressor  dynamics,  each 
with  its  own  strengths  and  limitations.  Table  II  summarizes  the  types  of  models  that  have  been 
developed.  The  list  proceeds  from  ID  to  3D  characterizations,  and  within  each  level  from  low  to  high 
order.  In  this  paper,  we  concentrate  primarily  on  Moore-Greitzer  [10]  based  models,  which  have  the 
following  advantages:  They  are  very  low  order,  they  capture  most  nonlinear  and  operational  effects  at 
least  to  first  order,  and  they  are  physical  (‘first  principals’)  rather  than  computational  models,  so  that 
they  lend  insight  into  phenomena.  The  primary  disadvantages  of  Moore-Greitzer  approaches  are  that 
they  do  not  describe  short  length-scale  events,  and  multistage  effects  and  compressibility  are  not 
modeled.  These  shortcomings  become  important  as  the  level  of  required  fidelity  increases,  but  in 
control  studies  (the  primary  application  we  address  here)  have  not  been  debilitating. 


Table  II  -  Compression  System  Modeling  Techniques 


Dimension 

Compressible/ 

Multistage 

Nonlinear/ 
Distortion, Pips 

Suitable  for 
Control  (Model 
Order) 

Multistage  Surge/ID  [11] 

i 

s 

ID  effects 

Linearized  0(100) 

Moore-Greitzer  Based  [10,  2] 

2 

no  pips 

Nonlinear,  0(10) 

2D  Hydrodynamic  Stability  [12,13] 

2 

^ ,  centrifs 

Linear,  0(100) 

2D,  Nonlinear  Blade  Rows  [14,15] 

2 

V 

V 

0(10,000) 

3D  Hydrodynamics  Stability  [16] 

3 

0(1,000) 

2D/3D  Body  Force  Models  [17] 

2/3 

V 

0(100,000) 

2  Derivation  of  the  Moore-Greitzer  PDEs 

In  this  section,  the  Moore-Greitzer  PDEs  in  their  original  form  [10]  are  presented.  The  discussion  starts 
with  a  description  of  the  equilibrium  behaviour  of  compressors,  and  continues  with  a  derivation  of  the 
unsteady  perturbation  behaviour  of  each  of  the  components  in  Figure  2.  Finally,  the  equations  are 
assembled  into  the  fundamental  equations  for  the  compression  system. 
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Figure  2  -  Schematic  compression  system. 

A  -  inlet  duct,  B  -  compressor,  C  -  exit  duct,  D  -  plenum,  E  -  throttle. 


Flow  Coefficient,  § 

Figure  3  -  Equilibrium  operation  of  compressor-throttle  combination. 


2.1  Equilibrium  Behaviour  and  Nomenclature 


Consider  the  schematic  diagram  of  an  axial  compressor  in  Figure  2.  It  consists  of  an  upstream  annular 
duct,  a  compressor  modelled  as  an  actuator  disk,  a  downstream  annular  duct,  and  a  throttle.  During 
stable  operation,  flow  through  the  compressor  can  be  assumed  to  be  circumferentially  uniform  (axi- 
symmetric),  and  a  single  non-dimensional  measure  of  flow  through  the  compressor  determines  the 
system  state.  This  measure  is  the  ‘flow  coefficient’,  which  is  simply  the  nondimensionalized  value  of 
the  axial  velocity: 


<p= 


(axial  velocity  ) 
(rotor  speed ) 


During  quasi-steady  operation,  the  total-to- static  pressure  rise  delivered  by  the  compressor  is  simply 
determined  by  its  'total-to- static  pressure  rise  characteristic,'  denoted  ^0(0) : 


Vr  = 


(downstream  static  pressure)- (upstream  total  pressure) 


where  p  is  the  ambient  air  density  and  U  is  the  rotor  velocity  at  the  mean  radius.  The  pressure  rise  is 
balanced  by  a  pressure  loss  across  a  throttling  device,  which  can  be  either  a  simple  flow  restriction 
(used  for  testing  compressors  as  components)  or  the  combustor  and  turbine  in  a  gas  turbine  engine.  The 
balance  between  pressure  rise  across  the  compressor  and  pressure  drop  across  the  throttle  is  depicted  as 
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an  intersection  between  the  characteristics  of  the  two  devices,  and  ^7(0),  where,  for  low 

pressure  ratios,  ^7(0)  is  usually  taken  to  be  a  quadratic  function  of  0: 

Vt  =~kt(I)2  >  (1) 

where  ¥7  is  non-dimensionalized  in  the  same  way  as  ¥7,  and  Kj1  depends  on  the  degree  of  throttle 
closure.  In  a  typical  experiment,  the  throttle  is  slowly  closed,  the  throttle  characteristic  becomes  steeper 
(modelled  by  adjusting  Kjin  (1)),  the  intersection  point  between  an(3  ^7(0)  changes,  and  the 

equilibrium  operating  point  of  the  compressor  moves  from  high  flow  to  low  flow  (see  Figure  3). 

The  stability  of  the  equilibrium  point  represented  by  the  intersection  between  ^^0)  and 
^7(0)  has  been  the  topic  of  numerous  studies,  due  to  its  importance  in  the  safe,  high  performance 
operation  of  gas  turbine  engines.  In  our  model,  the  system  state  under  unsteady,  possibly  asymmetric 
(i.e.  circumferentially  varying)  conditions  is  characterized  by  two  terms:  the  annulus  averaged  pressure 
rise  delivered  by  the  compressor,  y/  ,  and  the  spatially  distributed  flow  coefficient,  denoted  0  : 

(/> :  <j)(x,6,t), 

where  v  is  the  axial  position  in  the  compressor,  non-dimensionalized  by  the  mean  rotor  radius  (the 
origin  is  chosen  to  be  at  the  compressor  face),  0is  the  circumferential  position,  and  t  is  non- 
dimensional  time  (in  rotor  revolutions). 

Note  that  evaluation  of  T /c(0)  and  ^7(0)  must  now  be  conducted  more  carefully  due  to  the 
unsteady  and  asymmetric  character  of  the  flow:  ^^0)  is  evaluated  at  x  =  0  (the  compressor  face),  and 
varies  with  both  t  and  6 .  Thus  the  compressor  is  viewed  as  a  distributed  memoryless  nonlinearity 
operating  on  the  local  (in  6)  flow  coefficient.  For  the  throttle,  we  realise  that  the  plenum  pressure  y/p  is 

unsteady  and  thus  cannot  be  completely  specified  by  ¥7  (0  ).  It  is,  however,  consistent  with  the 
unsteady  situation  to  say  that  flow  through  the  throttle  depends  on  pressure  drop  across  it,  i.e.  to  invert 
): 


(2) 
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y/p  is  non-dimensionalized  by  j pU  ,  as  are  all  pressures  throughout  this  document;  similarly  <&T 
and  all  subsequent  velocities  are  non-dimensionalized  by  the  mean  wheel  speed  U. 


One  additional  variable  must  be  introduced  in  order  to  set  up  the  system  of  equations.  The 
upstream  flow  field,  being  two  dimensional,  admits  both  axial  velocity  perturbations  ( 0 )  and 

circumferential  velocity  perturbations.  On  the  assumption  that  the  upstream  flow  field  is  inviscid  and 
irrotational,  we  introduce  the  non-dimensional  velocity  potential  0 ,  such  that 


and  — 


30  _  _  ( circumferential  velocity) 

3 ~e~v~  U  ’ 


(3) 


We  will  see  that  0  and  V  can  ultimately  be  eliminated  from  the  equations,  along  with  all  of  the  partial 
derivatives  with  respect  to  space,  leaving  an  ordinary-differential  relationship. 

In  the  remaining  subsections  we  present  the  relationships  for  the  upstream  and  downstream  duct 
flows.  We  then  present  the  modified  actuator  disk  representation  of  the  compressor.  Finally,  the 
plenum  and  throttle  relationships  are  given.  The  modelling  components  are  subsequently  assembled 
into  the  nonlinear  PDEs. 


2.2  Upstream  Duct 

Linearity  of  the  duct  flow  fields  is  the  key  assumption  that  must  be  made  in  order  to  derive  a 
tractable  set  of  equations  for  control  law  design.  This  assumption  has  been  used  by  many  researchers 
(see  Longley  [18]  for  a  review),  and  has  been  validated  against  experimental  data  by  Lavrich  [19],  and 
more  recently  for  the  upstream  flow  field  by  Van  Schalkwyk  [20].  In  both  the  upstream  and 
downstream  duct,  this  assumption  must  be  carefully  applied  to  accurately  account  for  the  relevant  flow 
field  effects. 

In  the  upstream  flow  field,  the  clean  inlet  flow  situation  is  easily  understood.  The  upstream 
boundary  condition  is  irrotational,  the  flow  is  incompressible  for  low  Mach  number  flows,  and  high 
Reynolds  numbers  insure  that  the  flow  behaves  in  an  inviscid  manner.  With  these  assumptions,  the 
flow  is  potential,  and  a  very  simple  impedance  relation  can  be  derived  upstream.  Lavrich  tested  the 
validity  of  the  upstream  potential  flow  assumption  during  fully  developed  stall,  and  in  that  study  it  was 
quite  adequate. 

Under  the  above  assumptions,  the  upstream  flow  can  be  assumed  linear  (even  when  the  flow 
perturbations  at  the  compressor  face  are  large),  which  leads  to  a  potential  flow  representation  of  the 
flow: 


92©  92© 

3x2  +  30  2 


(4) 


The  solution  for  the  upstream  flow  is  found  by  considering  the  following  general  form  for  0,  which 
satisfies  the  Laplacian: 

0=  LAn(t)ein6Jn\x+A0(t)x  +  B0(t).  (5) 

n^O 


Note  that  perturbations  that  grow  in  the  upstream  direction  ( e  'n'x  terms)  are  not  considered  here  -  this 
simplification  requires  that  the  distance  between  the  compressor  and  the  inlet  is  sufficiently  long  (say  2 
to  3  rotor  radii)  and  the  inlet  flow  is  uniform.  The  final  two  terms  represent  the  0th  harmonic  (spatial 
mean  part  of  the  flow  perturbations).  Based  on  the  potential  flow  relations  (3),  0  has  a  similar  form: 

<f>  =  I.h(tynd^X  +  0  x<0,  (6) 

0 


where: 

0  =  A)  and  (j)n  =\n\An. 

To  find  the  value  of  B0  in  (5),  substitute  into  the  unsteady  Bernoulli  equation: 


d© 

- h  8y/t  =  Constant  =  0 , 

dt 


(7) 


where  the  constant  is  evaluated  far  upstream  of  the  compressor  to  obtain  zero.  Since  total  pressure 
perturbations  Sy/t  are  approximately  zero  at  x  =  -£u,  we  have  which  results  in  the 

following  representation  of  0  at  the  compressor  face  (evaluating  (5)  at  v=0): 

©L_0-  =  E  (8) 

n*0  n 


The  total  pressure  at  the  compressor  face  is  found  by  applying  unsteady  Bernoulli  (7)  at  v=0.  yielding 


Vt 


x=0 


-  I  ^ieind  -tj  . 

n* 0  \n\ 


1  2 

where  total  pressure  has  been  non-dimensionalized  by  ^  pU  ,  as  are  all  pressures  in  this  analysis. 


(9) 
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2.3  Downstream  Duct 


The  downstream  flow  field  is  also  assumed  to  behave  linearly  to  simplify  the  analysis.  The  flow  in 
this  region  is  assumed  2D,  incompressible,  and  inviscid,  but  it  is  vortical  due  to  the  upstream 
introduction  of  vorticity  by  the  compressor.  The  linearized  Euler  equation  (appropriately  non- 
dimensionalized)  provides  a  starting  point  for  analysis  of  this  flow  field: 


d(j)  dv  d(j)  _  dy/ 

dt  dO  d6  dx 


x  >  0 


(10) 


Two  assumptions,  which  are  not  necessary  to  complete  the  analysis,  simplify  further  derivation 
considerably.  If  the  last  row  of  stators  directs  the  flow  axially,  then  v ,  the  mean  swirl  downstream  of 
the  compressor,  is  zero.  In  addition,  if  the  last  stator  row  executes  turning  perfectly  (i.e.  the  solidity  is 

dl) 

very  high  so  that  deviations  are  small),  —  is  also  zero.  In  [19],  Longley  removes  these  assumptions; 

d0 

doing  so  complicates  the  results  but  does  not  change  the  basic  behaviour  of  the  system.  Therefore,  we 
will  use  the  simplified  equation 


dlf/  _  d(j) 
dx  dt 


(ID 


and,  recognizing  that  the  downstream  flow  is  incompressible  and  thus  static  pressure  perturbations  must 
satisfy  a  Laplacian  (see  Moore  and  Greitzer  [10]): 


<?V  ,  _0 

dx  dd2 


(12) 


we  have  the  following  representation  of  the  downstream  static  pressure: 

W  =  LCn{t)ein6e~\n\x  +C0(t)x  +  D0(t),  (13) 

n^O 

where  we  have  assumed  here  that  perturbations  that  grow  in  the  downstream  direction  (e^x terms)  are 
not  present.  To  satisfy  (1 1),  downstream  velocity  perturbations  must  take  a  similar  form: 

0  =  I  (j)n(t)einee~\n\x  x  >  0 .  (14) 

n^O 

This  representation  allows  us  to  relate  0  and  y/,  and  to  solve  for  C0  and  D0  by  integrating  (13)  and 
introducing  the  plenum  pressure  y/p  as  a  variable.  Performing  the  integration  from  any  position  x  to 
fjwe  have 


cn  =  X(j>„,  co  =-0.  andA)  =¥P  +i>U  •  (15) 

This  results  in  the  following  equation  for  the  static  pressure  immediately  downstream  of  the 
compressor: 

V/r|JC=0+  =  T~\$nein6  +(v//?  +^0)-  (16) 

0p| 

2.4  Compressor  Matching 

The  duct  impedance  relationships  derived  above  allow  us  to  determine  the  total  to  static  pressure 
difference  across  the  compressor  as  a  function  of  the  axial  velocity  at  the  compressor  face.  It  remains 
to  ‘match’  this  with  the  pressure  rise  delivered  by  the  compressor.  This  matching  determines  how 
much  of  the  unsteady  pressure  difference  is  supported  by  the  pressure  rise  of  (or  work  done  by)  the 
compressor,  and  how  much  is  causing  local  acceleration  of  fluid  in  the  blade  passages.  The  detailed 
derivation  of  this  matching  condition  is  given  in  other  documents  [2,  10,  18,  21].  Here  we  simply  give 
the  equation  that  results: 
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ft  1  <17) 

where  T'c  is  the  steady-state  total- to- static  pressure  rise  of  the  compressor,  and  the  remaining  two  terms 
capture  the  pressure-driven  acceleration  of  flow  in  the  compressor  blade  passages.  A  is  the  non- 
dimensional  inertia  parameter  for  the  fluid  in  the  rotating  blade  passages;  ju  represents  the  overall  inertia 
of  the  rotor+stator  blade  passages. 

2.5  Plenum  and  Throttle 

The  equations  in  this  section  link  the  flow  in  the  duct  to  the  evolution  of  pressure  in  the 
downstream  plenum,  which  is  a  ‘mass  storage’  device:  mass  flow  enters  through  the  compressor  duct 
and  exits  through  the  throttle  (see  Figure  2).  When  the  flow  is  unsteady,  these  mass  flows  may  not 
balance.  Build  up  of  mass  in  the  plenum  creates  an  increase  in  pressure,  with  the  volume  acting  as  a 
fluid  ‘spring’.  When  this  spring  is  coupled  to  the  inertia  of  the  annulus-averaged  portion  of  the 
upstream  flow,  a  spring-mass  system  is  generated  which  can  be  underdamped  or  unstable,  resulting  in 
surge. 

The  following  relationship  for  the  mass  balance  and  compressibility  in  the  plenum  can  be  derived 
through  application  of  continuity  and  the  ideal  gas  law  (isentropic  compression): 

Vp=-^—^-^T^p)}  (18) 

4  B2£c 

where  we  rely  on  continuity  of  the  mean  flow  to  allow  the  use  of  0  (the  mean  flow  at  jc=0)  to  represent 
the  duct  flow,  and  <f>r  is  the  throttle  characteristic,  as  discussed  previously: 


The  parameter  B  in  (18)  is  Greitzer’s  stability  parameter,  B  =  ,  which  gives  the  ratio  of 

compliance  to  inertia  for  a  system  with  ambient  speed  of  sound  a ,  plenum  volume  V,  and  duct  area  and 
length  A  and  L.  Greitzer  [22,  23]  gives  an  account  of  the  importance  of  this  parameter  to  compressor 
stability  and  to  the  coupling  between  rotating  stall  and  surge. 


2.6  Summary  and  Discussion 

In  the  discussion  so  far,  we  have  presented  partial  and  ordinary  differential  equations  for  the  flows 
through  the  various  components  in  Figure  2.  Where  possible,  we  have  also  presented  the  solutions  to 
these  equations,  which  are  expressed  in  terms  of  the  Spatial  Fourier  Coefficients  (SFCs)  of  the  flow 
variables.  Time  derivatives  have  purposely  been  left  unsolved  in  these  solutions.  We  have  done  this 
because  it  is  our  desire  to  represent  the  system  in  a  form  amenable  to  control.  In  this  context  we  wish  to 
derive  ordinary  differential  equations.  We  seek  homogeneous  ODEs  for  the  present,  but  in  Section  4 
we  introduce  effects  of  forcing  from  both  actuators  and  disturbance  sources. 

Table  III  summarizes  the  equations  derived  thus  far,  and  their  Fourier  coefficient  form.  Since  we 
are  assuming  that  the  flow  fields  upstream  and  downstream  can  be  treated  as  linear,  even  when  the  flow 
in  the  compressor  itself  exhibits  large  perturbations,  these  equations  remain  the  same  throughout  this 
document.  The  non-linearities  associated  with  the  compressor  and  the  throttle,  however,  cannot  be 
ignored  during  stall  inception  and  fully  developed  stall.  Therefore  we  choose  here  to  maintain  the 
nonlinear  representation  of  these  equations,  adopting  a  somewhat  unwieldy  notation  in  the  Fourier 
space.  In  discussing  the  solutions,  we  will  look  at  both  linear  and  non-linear  forms  of  the  solutions 
resulting  from  the  equations  in  Table  III. 
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Table  III  -  Equations  For  Moore-Greitzer  Model  (F=  Fourier  Transform) 


Part 

Spatial  Domain 

Fourier  Domain  ( n  *  0) 

Fourier  Domain  (n  =  0) 

Upstr. 

Duct 

<90 

—  +  y/{  =0,0  satisfies  Laplacian 

1  2 

Ytnty  \n\^n 

Y,  o-  =-*«$ 

Comp. 

Y„()+  -Ytn0-  =^M„  ~ 

Y0+  -Y,  o- 

Downst. 

Duct 

^  ,  v f  satisfies  Laplacian 

ox  at 

~  _  1  ~ 

V  n0+  1  1 

n 

Y0+  =YP  +  *d$ 

Plenum 

0 

Throttle 

0 

3  Homogeneous  Behavior  of  Compressor  Dynamics 

This  section  concentrates  on  describing  the  implications  of  the  equations  presented  in  the  previous 
section.  We  will  consider  linearized  and  nonlinear  behavior,  for  both  surge  and  rotating  stall.  In  the 
linear  case  surge  and  rotating  stall  are  decoupled  and  can  be  considered  separately,  using  standard 
analysis  methods.  In  the  nonlinear  case,  surge  and  rotating  stall  are  coupled,  a  wide  range  of  detailed 
behaviors  and  interactions  can  occur,  and  one  must  resort  to  nonlinear  simulations.  Therefore  a  less 
general  treatment  is  given  for  the  nonlinear  behaviour. 


3.1  Linearized  Behavior  -  Surge 

Linearized  surge  dynamics  are  the  most  basic  form  of  compressor  instability.  We  first  introduce 
notation  for  the  compressor  and  throttle  slope  at  a  given  equilibrium  point  (one  of  the  X’s  in  Figure  3): 


mC 


_d^C 

d(j) 


mT 


— ]  d^j1 


eq.(j) 


dyr. 


eq.  Iff  p 


(20) 


Using  these  definitions,  and  eliminating  variables  in  the  n=0  column  of  Table  III,  we  obtain  the 
following  system  of  ODEs  (note:  ic  =£u  +  + 


0  ~Yp) 


( 


Y 


P  4  B2l 


X  1 

<P - YP 

mT 


In  so-called  ‘state  space’  form,  these  equations  are  written: 


<P 

1 

mC 

-1 

"  0  " 

YP  _ 

Kb 

—  K  fiTTlj' 

YP_ 

kb  = 


1 

4  B2 


The  characteristic  equation  for  the  systems  is 


2  1 

s  +  — 


K 


B 


mT 


mc 


+ 


Kb  ( 


mc_ 

mj 


=  0. 


(21) 


(22) 


(23) 
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For  realistic  values  of  mc  and  mT  near  stall,  the  third  term  is  approximately  equal  to  l/ 4 Bz£c  ;  the 
natural  frequency  of  the  system  depends  on  the  Greitzer’s  4B’  parameter.  Stability  is  determined  by  the 
following  criterion  (based  on  the  necessity  for  all  coefficients  in  (23)  to  be  positive  for  stability): 

mc  < - \ -  (24) 

AB  nij 

Since  both  mT  and  B  are  always  positive,  the  negatively  sloped  portion  of  the  compressor  characteristic 
is  always  stable.  For  typical  compression  systems,  the  surge  mode  becomes  unstable  very  near  the 
value  where  mc  =  0. 


Figure  4  -  Migration  of  eigenvalues  for  both  surge  and  rotating  stall.  X’s  indicate  eigenvalue 
locations  at  three  separate  mass  flows  (same  three  values  along 
each  line).  Complex  conjugate  eigenvalues  not  shown. 

Figure  4  shows  the  migration  of  the  eigenvalues  (labeled  “n=0”)  as  mc  goes  from  negative  to 
positive.  At  instability,  an  oscillatory  pair  of  eigenvalues  exists,  indicating  a  resonant,  or  dynamic, 
instability.  This  instability  involves  coupled  oscillation  of  the  mass  flow  in  the  ductwork  and  the 
pressure  in  the  plenum.  One  can  draw  an  analogy  between  these  oscillations  and  the  oscillation  of  a 
mass-spring-damper  system.  In  this  analogy,  the  fluid  in  the  upstream  duct  acts  as  the  mass,  the 
compression  of  the  fluid  in  the  plenum  acts  as  the  spring,  and  the  throttle  acts  as  a  damper  (see  [22-24]). 
The  compressor  in  this  analogy  behaves  like  a  damper  that  can  either  dissipate  or  add  energy  to  the 
system,  depending  on  the  sign  of  mc . 

Just  as  in  a  mass-spring-damper  system,  where  the  ratio  of  mass  to  spring  constant  determines 
whether  the  system  experiences  large  displacements  or  large  compressive  forces  in  the  spring  during 
transients,  the  linearized  transient  behavior  of  the  compressor  near  surge  depends  on  the  B  parameter, 
which  is  the  ratio  of  compliance  to  inertia  in  the  system.  For  large  B  parameters  (soft  spring),  mass  flow 
fluctuations  (displacements)  are  large  while  plenum  pressure  (compressive  force)  is  small.  For  small  B 
parameter  (analogous  to  a  mechanical  system  with  a  stiff  spring),  the  pressure  in  the  plenum  varies 
strongly  for  relatively  small  changes  in  mass  flow  in  the  ducts.  These  two  types  of  behavior  are  shown 
in  Figure  5.  Note  that  the  large  mass  flow  variations  associated  with  large  B  parameter  make  it  more 
likely  that  the  compressor  will  exhibit  destabilizing  nonlinearities,  since  mass  flow  determines 
compressor  pressure  rise  and  slope  (see  Figures  2  and  3). 

Pressure  Pressure 


Figure  5  -  Transient  response  of  surge  system  to  a  perturbation  pressure,  for 
large  and  small  values  of  Greitzer’s  B  parameter. 


8-13 


3.2  Linearized  Behavior  -  Rotating  Stall 

Linear  rotating  stall  modes  behave  in  a  very  simple  way  that  is  directly  linked  to  the  physical 
parameters  originally  defined  by  Moore  and  Greitzer.  Unfortunately,  the  spatial  nature  of  the  problem, 
and  the  use  of  complex  Fourier  coefficients  to  represent  this  spatial  nature,  makes  understanding  the 
link  between  the  mathematics  and  the  physics  somewhat  difficult.  Eliminating  variables  in  the 
linearized  equations  for  n  ^  0  in  Table  III,  we  obtain  the  following  ODE  for  the  nth  Spatial  Fourier 
Coefficient  (SFC): 


K  = 


^mr.  -  in  A  ^ 


2  \n\  +  /Li 


K- 


Thus  each  SFC  obeys  a  first-order  ODE,  whose  solution  we  can  immediately  write  as: 

(j)n  =Ae^n~ic°n^  , 

where  A  is  a  constant  determined  by  the  initial  conditions, 


= 


mc  ,  nX 


2 7  72  +  /Ll 


,  and  con  = 


2 \n\  +  /i 


(25) 


(26) 


(27) 


It  is  easier  to  understand  the  implications  of  this  solution  if  we  first  rewrite  it  in  the  spatial  domain. 
Taking  the  real  part  of  the  nth  harmonic  of  0  (or,  equivalently,  combining  the  nih  and  -nih  SFC’s)  in 

equation  (6),  and  rewriting  in  terms  of  a  sinusoid, 


0(x  =  0, 6, t)  =  Me°nt  cos 

f 

n 

o  — -t  +  p 

V 

l  n  J  J 

(28) 


M  and  (5  depend  only  on  A,  the  initial  condition,  and  therefore  are  not  of  interest.  We  see  that  on  is  the 
growth  rate  of  the  rotating  wave,  and  (On/n  is  the  wave’s  rotation  rate.  Figure  6  illustrates  the 
behavior  of  the  sinusoidal  mode  as  it  travels  around  the  compressor  annulus.  Studying  equation  (27), 
we  see  that  the  sign  of  mc  governs  stability;  the  system  is  stable  for  negatively  sloped  regions  of  the 
compressor  characteristic,  and  unstable  for  positively  sloped  regions  (similar  to  surge).  Rotation  rate  is 
governed  by  the  ratio  of  rotor  blade  passage  inertia,  A ,  and  overall  compressor  blade  passage  inertia, 
/u ,  with  a  weak  dependence  on  n.  The  n  in  the  numerator  of  the  con  does  not  indicate  that  higher 
harmonic  waves  rotate  proportionally  faster;  rather  it  indicates  that  all  waves  maintain  roughly  the  same 
group  velocity  (i.e.  wave  peaks  travel  at  approximately  the  same  rate  conl n). 


Figure  6  -  Relationship  between  differential  equation  solution  and 
physical  behaviour  of  rotating  stall  waves. 
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Migration  of  eigenvalues  is  depicted  in  Figure  4.  Note  that  all  harmonics  go  unstable  at  the  same 
flow  coefficient,  and  that  this  is  typically  a  higher  flow  coefficient  than  surge.  Also  note  that  prior  to 
the  instability  point,  higher  harmonics  are  more  stable,  but  beyond  the  stability  boundary,  higher 
harmonics  are  more  unstable  (i.e.  grow  faster).  Eigenvalue  frequency  is  relatively  invariant  with  mass 
flow.  These  features  give  clues  to  the  nonlinear  behavior  to  be  discussed  in  the  next  section. 

Another  way  to  represent  the  rotating  stall  dynamics  is  in  real- valued  state  space  form  [26].  This 
form  is  useful  for  the  application  of  control  theory,  which  usually  requires  that  the  ODEs  describing  any 
given  system  are  real-valued.  It  is  also  useful  for  developing  nonlinear  simulations.  The  idea  is  to 
write  the  flow  coefficient  0  in  terms  of  sine  and  cosine  coefficients  instead  of  complex  Fourier 
coefficients.  Consider  the  following  representation  of  0  : 

0 |x=0  =  E  (0c„(?)c os(nO)  +  (j)Sn{t)sm(nd))+<j)  .  (29) 

0 


The  coefficients  (j)Cn  and  (j)Sn  are  the  real  and  imaginary  parts  of  (j)n ,  respectively.  By  taking  the  real 
and  imaginary  parts  of  (25),  we  can  derive  the  following  real- valued,  state-space  equations: 

tc 

_<S>s 

In  this  representation  we  see  that  the  states  of  the  system  form  a  second-order  oscillatory  system;  the 
sine  and  cosine  coefficients  oscillate  in  quadrature  to  create  a  rotating  wave.  This  form  of  the  equations 
is  the  most  amenable  to  a  nonlinear  formulation,  discussed  in  the  next  section. 


~°n 

-®b" 

1 _ 

n 

1 

8 

3 

°n  _ 

1 

_ 1 

(30) 


3.3  Nonlinear  Behaviour  -  Coupling  Between  Rotating  Stall  and  Surge 

As  indicated  by  the  linearized  modelling  discussion,  compressors  typically  exhibit  rotating  stall 
instability  first.  The  experimental  data  in  Figure  1  shows  that  as  rotating  stall  perturbations  get  large, 
they  can  trigger  surge  oscillations.  The  Moore-Greitzer  model  captures  this  nonlinear  coupling 
between  rotating  stall  and  surge,  and  helps  to  explain  the  parametric  situations  associated  with  different 
types  of  stall/surge  behavior. 


Figure  7  -  Effect  of  nonlinear  map  on  pressure  forces  that  act  to  accelerate  a  velocity  perturbation. 
Pressure  forces  (on  right)  below  the  mean  value  act  to  decelerate  the  flow. 

Note  the  significant  cross-feed  between  the  1st  harmonic  and 
the  0th  and  2nd  harmonics.  From  Mansoux,  [25]. 


The  key  nonlinearity  in  the  model  is  ^(0),  the  compressor  map.  The  model  assumes  that  at  each 
circumferential  location,  the  instantaneous,  local  value  of  flow  coefficient  determines  the  instantaneous, 
local  pressure  rise.  Thus  there  is  a  distributed  nonlinear  map  between  the  flow  and  the  accelerating 
pressure  force  introduced  by  the  compressor.  To  understand  the  influence  of  the  nonlinearity  in  ^(0) 
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on  stall  inception,  consider  a  sinusoidal  velocity  perturbation  being  mapped  through  the  compressor 
characteristic,  shown  in  Figure  7.  From  the  figure  it  is  clear  that  at  the  peak  of  the  characteristic,  a 
linear  representation  of  ¥c(0)  is  insufficient;  the  slope  of  the  characteristic  is  near  zero,  so  higher  order 
derivatives  become  important.  Both  velocities  higher  than  the  equilibrium  value  and  lower  than  the 
equilibrium  value  result  in  pressure  forces  that  are  less  than  the  equilibrium  pressure  rise  (i.e. 
decelerating  with  respect  to  equilibrium).  This  has  two  effects.  First,  it  couples  first  harmonic 
perturbations  into  the  second  and  higher  harmonics,  causing  the  wave  shape  to  deform  as  rotating  stall 
inception  proceeds.  Second,  the  nonlinearity  causes  a  drop  in  the  mean  pressure  delivered  by  the 
compressor,  coupling  the  first  harmonic  to  the  0th  harmonic,  that  is  the  surge  dynamics.  We  will  show 
both  of  these  effects  in  nonlinear  simulations,  after  a  brief  description  of  the  computational  approach  to 
nonlinear  simulation.  A  more  detailed  description  of  nonlinear  modeling  appears  in  Section  4. 

In  order  to  compute  the  effects  of  nonlinear  coupling,  a  simulation  that  accounts  for  both  rotating 
stall  and  surge  must  be  set  up.  The  most  direct  way  to  do  this  (and  the  one  originally  applied  by  Chue 
et  al.  [21])  is  using  a  Fourier  collocation  method.  Again  referring  to  Table  III,  we  can  set  up  an 
iterative  algorithm  that  computes,  over  one  cycle,  the  acceleration  of  the  flow  at  the  compressor  face: 


0.  Initialize  0(v  =  O,0,t  =  0)  and  y/p . 

1.  Compute  SFCs  of  0,  that  is  n  =  -N,  •••,  N 

2.  Compute  ^(0)  and  its  SFCs  *¥Cn  . 

3.  Compute  acceleration  of  (j)n : 


U  +  d 


Cn 


inX§n 


-N,  —  N,n±  0 


0=U*c„= o-Vp)  (Note:  4,=^ 0) 

4.  Compute  acceleration  of  y/p  : 

5.  Integrate  in  time  to  update  (j)n  and  y/p . 

6.  Perform  inverse  Fourier  transform  of  (j)n  to 

obtain  spatial  distribution  of  flow, 

(/){x  =  0 ,0,tk) 

7.  Continue  at  Step  2. 


Each  iteration  in  the  above  algorithm  contains  one  Fourier  transform  and  one  inverse  Fourier  transform, 
because  the  nonlinearity  must  be  applied  in  the  spatial  domain,  but  the  flow  calculations  are 

more  efficiently  computed  in  the  Fourier  domain.  Note  that  the  third  step  indicates  that  the  quantity 
{l/\n\  +  ju)(j)n  should  be  computed  rather  than  (j)n ;  we  have  found  this  approach  to  have  better  numerical 

properties.  In  this  case  the  integration  step  updates  this  quantity  directly.  Another  numerical 
consideration  is  Fourier  truncation;  some  method  to  insure  that  the  highest  modes  do  not  diverge  must 
be  employed.  Careful  numerical  treatment  is  especially  important  when  simulating  the  interaction 
between  rotating  stall  and  surge;  the  disparate  time  scales  involved  make  capturing  this  interaction 
challenging. 

Using  a  simulation  such  as  this  we  can  study  how  the  coupling  between  rotating  stall  and  surge 
manifests  itself  for  various  types  of  compression  systems.  The  most  important  parameter  in  this  respect 
is  the  B  parameter;  Figure  8  shows  how  the  one  dimensional  states  of  the  system  evolve  for  three 
different  values  of  B ,  which  span  the  range  of  possible  behaviours  in  the  model.  These  cases  show  how 
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the  drop  in  pressure  delivered  by  the  compressor  as  it  enters  rotating  stall  couple  into  surge  oscillations. 
This  is  the  coupling  between  higher  modes  and  the  zeroth  mode  discussed  previously. 


(a)  (b)  (c) 


(f>  (f>  (f> 

Figure  8  -  Time  evolution  of  numerical  simulations  of  coupled  rotating  stall  and  surge  (from  Greitzer  [23]). 
y  axis  is  plenum  pressure,  compressor  total-to-static  pressure  rise, 
and  throttle  pressure  drop,  x  axis  flow  coefficient 

All  the  simulations  shown  in  Figure  8  are  conducted  with  the  same  throttle  and  compressor 
characteristics,  so  that  the  (unstable)  equilibrium  point  is  the  same  in  every  case.  All  parameters  except 
B  are  the  same  for  all  theses  cases.  For  low  values  of  B ,  the  system  behaves  in  a  manner  similar  to  the 
case  with  no  plenum  chamber  -  the  result  of  rotating  stall  inception  is  that  the  system  finds  a  new 
equilibrium  in  the  mean  flow  quantities  0  and  y/p .  At  this  equilibrium  rotating  stall  has  constant, 

large  amplitude,  and  is  highly  nonlinear.  Although  the  mean  flow  no  longer  resides  on  the  compressor 
map,  each  circumferential  location  has  a  pressure  rise  consistent  with  the  map;  the  mean  result  is  that 
shown  in  Figure  8a. 

For  values  of  the  B  parameter  near  1,  oscillations  of  the  plenum  pressure  and  mean  flow  interact 
with  rotating  stall  oscillations,  so  that  there  are  large  excursions  in  these  quantities.  In  some  cases,  like 
that  shown  in  Figure  8b,  the  system  eventually  converges  to  rotating  stall.  In  other  cases,  known  as 
‘classic’  surge,  the  surge  oscillations  do  not  die  away,  although  they  are  small  relative  to  ‘deep’  surge, 
which  is  shown  in  Figure  8c. 

For  large  values  of  B ,  the  compliance  of  the  plenum  is  such  that  very  large  mass  flow  perturbations 
exist.  These  perturbations  actually  cause  rotating  stall  to  be  squelched  during  part  of  the  surge  limit 
cycle.  The  process  of  plenum  blowdown,  refilling,  and  subsequent  re-initiation  of  surge  through  the 
action  of  rotating  stall  is  that  described  in  Section  1.1. 

To  illustrate  the  effect  of  coupling  between  lower  modes  and  higher  modes,  shown  in  Figure  7,  we 
must  look  at  the  asymmetric  flow  patterns  in  the  compressor.  This  is  done  by  placing  fictitious 
‘sensors’  at  various  places  around  the  sensor  annulus,  and  displaying  the  resulting  time  traces  of  local 
flow  coefficient  as  offset  traces.  Figure  9  shows  the  results  of  simulations  using  this  technique,  where 
three  local  velocities  are  displayed. 

This  plot  also  shows  the  concurrence  of  the  results  with  experimental  data.  This  concurrence  is 
based  on  tuned  parameters,  so  it  does  not  depict  the  predictive  capability  of  the  model.  Rather  it 
illustrates  that  the  model  captures  the  main  features  of  the  experimental  results.  The  focus  here  is  on 
two  features  of  the  transient  into  stall.  First,  at  low  amplitude,  one  can  see  a  wave  whose  peak 
amplitude  rotates  around  the  annulus  (this  can  be  seen  by  drawing  a  line  between  the  peaks  of  the 
sinusoidal  oscillations  in  the  plots).  Second,  it  is  clear  that  at  approximately  25  rotor  revolutions,  the 
sinusoidal  wave  becomes  much  sharper  and  more  localized.  The  minimum-flow  portion  of  the  wave  is 
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Simulated  Stall  Inception 


Figure  9  -  Stall  inception  nonlinear  simulation,  with  comparison  to  data  (arbitrary 
time  axis).  From  Mansoux  et.  al,  [25]. 

experiencing  severe  deceleration,  because  the  compressor  characteristic  drops  off  sharply  at  low  flow 
coefficients.  This  causes  the  local  flow  to  drop  in  this  region,  coupling  in  harmonics  higher  than  the 
first,  as  illustrated  in  Figure  7.  Figure  10  shows  the  evolution  of  the  first  5  Fourier  harmonics  during  a 
similar  simulation.  During  stall  inception,  what  began  as  a  1st  harmonic  perturbation  becomes  a  multi¬ 
harmonic  perturbation,  eventually  transitioning  again  to  a  lst-harmonic-dominated  fully  develop  stall 
cell. 


Time,  rotor  revolutions 


Figure  10  -  Participation  of  the  1st  5  Fourier  harmonics  in  stall  inception.  Note  that 
harmonics  2  and  3  temporarily  become  larger  than  the  1st 
harmonic  during  stall  inception.  From  Mansoux,  [25]. 

4  Advanced  Modeling  Methods 

The  previous  sections  were  focused  on  providing  an  understanding  of  the  basic  approach  to  Moore  - 
Greitzer  modeling,  and  on  the  behavior  that  these  models  describe.  The  primary  strength  of  the  Moore- 
Greitzer  model  is  that  it  captures  the  salient  physics  of  rotating  stall  and  surge  in  a  very  low-order 
model.  This  strength  can  be,  and  has  been,  capitalized  upon  in  many  ways.  We  have  shown  how  it  can 
be  used  to  understand  the  basic  stability  properties  of  compressors,  the  coupling  between  rotating  stall 
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and  surge,  and  the  influence  of  physical  parameters  on  the  system  behavior.  Much  more  has  been  done 
in  this  regime  of  study,  using  among  other  techniques  the  Galerkin  approximation  method.  Beyond 
this,  the  model  has  been  augmented  in  various  ways  to  increase  its  accuracy,  to  understand  the  role  of 
forcing  functions  such  as  inlet  distortion  and  asymmetric  tip  clearance,  and  to  model  the  effects  of 
actuators  for  active  control. 

In  this  section  we  discuss  these  additional  uses  and  extensions  of  the  Moore-Greitzer  model.  We 
begin  by  giving  a  brief  account  of  the  3-state  Galerkin  approximation,  which  has  had  a  major  impact  on 
the  study  of  compressor  stability  and  control.  We  then  adopt  a  very  general  framework  for  representing 
the  equations,  and  in  this  framework  develop  models  for  unsteady  losses,  inlet  distortion,  and  some  of 
the  actuator  types  that  have  been  used  in  experimental  control  work.  The  framework  presented 
represents  a  comprehensive  description  of  the  state  of  the  art  in  Moore-Greitzer  based  modeling,  and 
should  be  considered  a  starting  point  for  additional  research  in  the  area  of  rotating  stall  modeling  for 
control. 


4.1  Galerkin  Projection 

We  begin  from  a  slightly  more  general  framework  for  Galerkin  approximation  than  that  originally 
presented  by  Moore  and  Greitzer,  and  then  present  the  3-state  approximation  as  a  special  case. 
Although  the  3-state  model  has  been  by  far  the  most  valuable  to  research  work,  higher  order  models 
represent  the  highest  accuracy  approach  to  simulation,  so  may  be  of  interest  for  this  reason  alone. 

The  approach  is  to  optimally  project  the  equations  in  Table  III  onto  the  same  set  of  basis  functions 
used  for  linearization,  that  is  spatial  sinusoids.  For  control  applications  the  real- valued  Fourier 
decomposition  is  often  useful: 

<t>=<j>  +  E  [<A Cn  cos (n0)+(j)Sn  sin («$)]  (30) 

71  =  1 


To  apply  the  Galerkin  procedure,  we  simply  substitute  in  this  assumed  form  for  the  solutions,  and  then 
form  an  inner  product  with  each  of  the  basis  functions.  The  substitution  step  leads  to  the  following 
equations: 


2 

—  + 
n 


Hf  =  AL  [{>c  n  n  sin  («  #)  -  f v  n  ft  cos  (n  # )]+  ^  (0 )  - )// ; 

J  71  =  1 

4  B2tc\jrp  =  $-<S>T(¥p) 


(31) 

(32) 


Taking  the  inner  product  with  the  basis  functions  0  ,  0C^ ,  and  (j)Sn  on  both  sides  of  these  equation  is 

the  same  as  taking  the  Fourier  transforms.  The  results  are  equations  for  the  surge  dynamics  and 
rotating  stall  dynamics,  coupled  through  the  spatial  Fourier  coefficients  of  the  compressor  nonlinearity, 
as  follows: 


tc<P  =yJ<p)-Yp 


(33) 


4 B2lcYp  =<f> -<S>T{y/p) 


(34) 
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(35) 

(36) 


This  is  the  general  form  for  a  Galerkin  model  for  rotating  stall  and  surge.  The  overbar  in  equation  (33) 
denotes  spatial  mean  (0th  Fourier  coefficient).  Evaluating  the  integrals  in  (35)  and  (36)  is  simplified  if 
the  compressor  characteristic  is  represented  by  a  linear  regression,  such  as  a  polynomial  in  0.  In  this 
case,  we  can  write  T'c  as  follows: 
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(0)4  0(0)  02(0) . 0q(0).  ?  =  M0)> 


The  integrals  (35-36)  can  be  carried  out  on  each  of  the  regressors  separately.  This  leads  to  a  regression 
matrix  in  the  chosen  state  space,  which  provides  the  nonlinear  coupling  terms  in  the  Galerkin 
projection.  For  instance,  if  we  perform  the  integral  for  a  cubic  representation  of  the  compressor 
characteristic  (q=3  in  (37)),  the  two-mode  Galerkin  expansion  is 

'*£]  r-^' 

/V'l  _AV|  r, 

^  +P'J* 

l~l2S2 

(38) 

*B2ec}jrp  =0-<PT(y/p) 

where  Lin  =  2/|n|  +  // ,  and  the  cross-coupling  between  Fourier  harmonics  is  encapsulated  in  the  integral 
of  the  regressor  matrix: 


0  2 +-(/?! +/?2)  | -0  -0 


“0  —  0  2  +  /?i  +  /?2  k(Cl2  _5l2)+(2cl'Sl)‘r2 


0  Cj  [20  q  ~t"qc2  "^^1^2] 
0  ,s-|  [20ij  +qs2  +«ic2] 

0  c2  20c2+^(c2-52) 

0  j2  [2^2+c^J 
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-R,  +2R 


J+3  0(^2 


0  2  +2/?2 )+30(c152  -^c2) 

(40  2  +2^  +/?2)+-0(c2  +  5 2 ) 


—  52  (40  2  +  2/?^  "I"  ^2  )"*"  30C]_5']_ 


The  following  abbreviations  have  been  employed  to  make  the  expressions  more  succinct: 

q  =  0ci 


q  =  ^1  -q2  +  q2 

c2  ~  0  c  2  ^2  “c2  +  ^2 


Of  course  these  equations  become  even  more  complex  as  the  number  of  modes  incorporated  is 
increased;  symbolic  manipulation  software  such  as  Mathematica  or  Maple  is  necessary.  But  for 
understanding  some  of  the  fundamental  properties  of  the  system,  a  0th  and  lst-mode  only  Galerkin 
expansion  has  been  the  most  often  used.  In  the  general  formulation  presented  above,  this  would  yield 
four  equations.  But  one  can  obtain  a  3-state  representation  by  considering  the  amplitude  and  phase  of 
the  rotating  wave,  rather  than  the  sine  and  cosine  coefficients.  Setting  s2  =  c2  =  R2  =  0  in  the  above 
equations,  and  converting  into  amplitude-phase  form  by  approximating  the  rotating  stall  amplitude  A 
and  phase  (3  as  follows: 

A2  =q2  +^2 

*  -ifq>  (4°) 

P  =  tan  1  — 
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we  arrive  at  the  following  equations,  originally  derived  by  Moore  and  Greitzer  [10]  (albeit  for  specific 
values  of  the  parameters,  a): 


40=^0 


~a2  +-«30 


4 B2lc\ffp  =Q-fWp ; 


(41) 


(2  +  fl)A-(c 


+  2^20  3<230 


')a  +  — 


Although  they  appear  to  be  complex,  once  the  physical  parameters  a,  B,£c,  ju,  and  yare  specified,  (41) 

is  a  simple  system  of  three  nonlinear  ODEs.  The  4th  ODE,  for  p,  simply  indicates  that  the  rotating  stall 
wave  rotates  at  constant  speed,  and  therefore  is  not  of  interest.  So  the  three  states  of  the  Galerkin 
Moore-Greitzer  model  are  velocity  in  the  compressor  duct  (0  ),  pressure  in  the  plenum  (y/p),  and  the 

amplitude  of  the  1st  Fourier  harmonic  of  velocity  at  the  compressor  face  (A).  The  amplitude  A  is  the 
Galerkin  representation  of  the  rotating  stall  cell  amplitude.  Note  that  in  this  model,  full  developed 
rotating  stall  is  not  an  unsteady  situation;  in  fact  it  is  a  set  of  equilibria  along  which  A  is  non-zero. 
Figure  11  shows  the  equilibria  of  MG3  and  the  open-loop  stability  properties.  Note  that  there  are  four 
separate  branches  of  equilibria,  two  that  are  stable,  and  thus  achievable/measureable  in  an  open  loop 
environment,  and  two  that  are  unstable.  The  equilibrium  to  which  the  system  settles  is  set  by  the 

intersection  of  the  equilibrium  branches  with  the  throttle  surface,  ly/p  )=  ^Wp  (see  equation  (1);  y 

is  an  input  parameter  that  sets  the  throttle  area).  The  throttle  surface  is  independent  of  A  and  intersects 
either  one  or  two  of  the  stable  solutions.  The  inset  in  Figure  1 1  shows  the  migration  of  equilibria  with 
y  which  is  the  most  commonly  used  ‘bifurcation  parameter’  for  describing  how  the  equilibria  evolve. 

The  two  stable  equilibrium  branches  are  the  points  along  the  speed  line,  for  which  A=0,  and  the 
rotating  stall  characteristic,  along  which  A  is  large.  As  shown  in  Figure  1  lb,  as  y  goes  down  in  an 
uncontrolled  compressor  the  system  jumps  from  the  no-stall  branch  to  the  in-stall  branch  in  an  abrupt 
way,  which  is  undesirable.  The  hysteresis  associated  with  recovery  is  also  undesirable,  as  is  the 
existence  of  two  equilibria,  one  of  which  is  rotating  stall,  at  a  given  value  of  the  throttle  area 
parameter  y 

The  first  unstable  equilibrium  branch  is  the  one  along  which  A=0.  This  is  the  axisymmetric-flow 
extension  of  the  compressor  characteristic;  stabilizing  this  set  of  equilibria  is  the  goal  of  most  modal 
control  techniques.  The  second  unstable  equilibrium  branch  connects  the  peak  of  the  compressor  map 
and  the  rotating  stall  map;  this  is  the  focus  of  ‘operability  enhancement’,  or  bifurcation-based,  control 
schemes.  If  a  control  scheme  can  stabilize  these  equilibria,  its  existence  may  prevent  the  compressor 
from  jumping  directly  between  stable  operation  and  fully  developed  rotating  stall. 

Figure  11c  can  also  be  interpreted  as  a  bifurcation  diagram  with  respect  to  a  disturbance  throttle 
area.  The  throttle  characteristic  is  the  same  as  described  above,  but  here  it  represents  effects  which  tend 
to  undermine  operability  -  changes  in  fuel  flow,  acceleration  transients,  etc.  The  fact  that  at  a  certain 
value  of  throttle  area,  the  system  jumps  to  a  large  amplitude  rotating  stall  equilibrium,  and  that  the 
throttle  area  must  be  increase  significantly  before  the  system  returns  to  normal  operation,  indicates  that 
points  near  ypeak,  even  if  they  are  stable  in  the  small-amplitude  (linear)  sense,  tend  to  easily  transition 
into  rotating  stall.  Proof  that  these  points  do  in  fact  have  poor  operability  requires  one  to  analyse  the 
nonlinear  stability  properties  of  the  equilibria;  this  can  be  done  either  through  simulation  or  in  a  more 
general  theoretical  context. 
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Throtttle  Setting,  y 


Figure  11  -  Equilibria  of  the  3-State  Galerkin  approximation  of  the  Moore-Greitzer  model, 
(a)  three  dimensional  view  of  equilibria;  (b)  two  dimensional  view  in  the 

0  -\j/p  plane;  (c)  equilibria  viewed  as  bifurcations  of  the  parameter  y. 


4.2  State-Space  Representation 

Although  the  Galerkin  projection  method  is  an  efficient  approach  when  the  number  of  spatial 
harmonics  to  be  incorporated  is  very  low,  it  is  unwieldy  for  larger  dimensions.  The  source  of 
complexity  is  representation  of  the  nonlinearity  ^(0)  using  spatial  Fourier  coefficients.  In  this 

section,  we  instead  represent  the  ODEs  in  the  spatial  domain,  so  that  the  nonlinearities  are  easily 
evaluated.  The  resulting  equations  are  in  ‘state  space’  form,  a  form  useful  for  application  of  control 
theory.  The  state-space  Moore-Greitzer  model  is  also  a  straightforward  formulation  for  incorporation 
of  unsteady  loss  dynamics,  distortion,  and  actuators. 

The  reason  that  we  have  used  the  spatial  Fourier  domain  so  far  is  that  the  linearized  flow  field 
relationships  are  in  this  domain.  If  we  begin  with  a  circumferential  flow  coefficient  distribution, 
</>(x  =  0,9,t0),  we  must  first  convert  to  SFCs,  then  apply  the  equations  in  Table  II  to  determine  the  time 
derivative  of  0  and  update,  and  then  convert  back  to  the  spatial  domain  to  determine  the  effects  of  the 
nonlinearities  (refer  to  the  algorithm  in  Section  3.3). 

But  the  fact  that  all  of  the  operations  to  represent  the  flow  field  are  linear  means  that  they  can  be 
applied  directly  to  the  differential  equations,  yielding  linear  operators  that  can  be  represented  as  matrix 
multiplications  (if  the  Fourier  coefficient  representation  of  0  is  truncated).  Consider  step  3  in  the 
algorithm  in  Section  3.3: 

2  V  ~ 

■j— 7  + /Li  (j)n=xVc  —inX(j)n  n  =  -N,---N,  0 

\n\  n 

v  1  )  .  (42) 

$  =  -(<¥cn=o-'l/p)  (Note:  $  =  $n=0) 

^ C 

We  first  represent  this  in  vector-matrix  form: 
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We  wish  to  apply  a  matrix  implementation  of  the  inverse  Fourier  transform  to  this  equation.  Because 
we  have  truncated  the  SFC  representation  of  the  flow,  and  because  the  domain  is  periodic  in  6 ,  the 
discrete  Fourier  transform  (DFT)  is  appropriate  here.  This  transform  has  two  important  properties:  (1) 
it  yields  a  discrete  representation  of  the  flow  field  in  the  spatial  domain,  and  (2)  it  can  be  represented  as 
a  matrix  multiplication.  Periodicity  in  6  insures  that  no  information  is  lost  in  going  between  the 
truncated  SFC  domain  and  the  discrete  spatial  domain  (the  truncated  approximation  is  retained  exactly). 
The  transform  pair  for  the  discrete  Fourier  transform  is: 


k=2i +1*(okyn* 

k=0 


0(0*)= 
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We  can  represent  both  transforms  as  matrix  multiplications: 


1 

1 _ 

r-N+1 

i 

3-e  ... 

l _ 

-2n(0)(-N)f  N 


-2nk(l)(-N)/N 


-2nk(0)(—N +1)  /  N  -Ink  (1)(- N+l)  /  N 


-2nk(0)(N)/N 


—2nk(2N +\)(—N) !  N 


—2nk(2N +\)(N) !  N 


'  0(0O)  ' 
0(01 ) 

0(021V+l) 


=  F <j> ;  (45) 


“  0(0o ) 

0(01 ) 

1 

_0(021V+1 ). 

~  2N  +  1 

27C(0)(—N)  /  N 


2nk(0)(—N +1)  /  N 


2nk(l)(-N)  /  N  e2nk(l)(-N+l)  /  N 


2nk(2N +\)(—N)  /  N 


2nk(0)(N)  /  N 


2nk(2N +1)(N)  /  N 


0-tv 

0-7V+1 


=  ,(46) 


where  we  introduce  the  notation  F  and  F  1  for  the  matrix  DFT  and  its  inverse,  as  well  as  as  0  and  0 

for  the  vector  representations  of  the  flow  at  v=0  and  its  DFT  (the  elements  of  the  latter  matrix  are  the 
SFCs  we  have  been  using  throughout  this  document). 

Using  these  definitions,  we  can  rewrite  Equation  (42)  into  a  vector-matrix  ODE: 

De  =  DaF$_  +  f[vc  y  -ewP  ■  (46) 


De  and  Da  are  matrices,  defined  based  on  Equation  (43): 
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~iNX 

de  - 
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-iNX 

[  iwi  J 

(47) 


The  notation  (0) j  indicates  a  vector  whose  elements  are  (0(0^ )) .  The  vector  e0  simply  applies 

the  scalar  y/p  to  the  zeroth-mode  equation  in  the  centre  of  the  matrix: 


eg  =  [0  0  •••  0  1  0  •••  0  of 


(48) 
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The  final  step  to  create  a  standard  state-space  representation  is  to  take  the  inverse  Fourier  transform  of 
both  sides  of  equation  (46),  so  that  the  nonlinearity  T'c  (0)  can  be  directly  evaluated.  The  result  is: 

F~XDe  Fi  =  F~lDA  F$  +  F~1F['i'M-F-leo\l/p  ,  (49) 


or,  by  recognizing  that  F  lF  is  the  identity  and  introducing  notation  for  the  three  other  matrix 
operators  (which,  after  all,  can  be  computed  once  off-line  to  a  simulation  or  control  study): 

E^  =  A^+[i>c(l)]-T¥p.  (49) 

The  ODEs  are  completed  by  converted  the  plenum  equation  into  vector  matrix  form: 

¥P= — 1— (50) 

4  B2£c  ~ 

The  following  definitions  for  the  transformation  matrices  are  readily  verified: 

E  =  F~1DeF 
A  =  F~1DaF 
r  =  [i  l  •  l 


i  F 

...  i  i] 


(51) 


Equations  (49)  and  (50)  encapsulate  the  entire  algorithm  described  in  Section  3,  where  all  of  the 
Fourier  transform  and  inverse  transform  steps  have  been  folded  into  the  matrix  multiplications.  The 
only  approximation  introduced  is  the  truncation  of  the  Fourier  series.  This  state  space  formulation  is 
indispensable  for  conceptualization  and  design  of  control  laws,  as  well  as  for  compact  representation  of 
the  model  extensions  to  be  presented  in  the  next  sections. 


4.3  Unsteady  Loss  Modeling 

The  compressor  representation  4',  (o )  models  how  much  of  the  unsteady  pressure  difference 
across  the  actuator  disk  is  supported  by  the  pressure  rise  of  (or  work  done  by)  the  compressor  (see 
Equation  (17)).  So  far  we  have  assumed  that  T'c  is  a  nonlinear,  memoryless  operator  on  0.  Here  we 
introduce  a  more  detailed  representation  that  accounts  for  the  time  required  for  pressure  rise  to  develop 
across  the  compressor.  This  is  done  by  allowing  losses  in  the  rotor  and  stator  passages  to  develop  over 
time  according  to  first-order  lags.  To  do  this,  we  must  first  break  the  compressor  map  into  components 
that  separately  account  for  ideal  turning,  viscous  losses  in  the  rotor,  and  viscous  losses  in  the  stator: 

(</»)=  y‘d  (0)  -  Lf  (0)-  Lf  (0) •  (52) 

mlcd  ($) is  the  ideal  compressor  characteristic,  which  never  becomes  negatively  sloped  (the  blade 

passages  continue  to  turn  the  flow  efficiently  as  the  flow  coefficient  is  reduced).  Lf  and  Lsrs  account 
for  the  viscous  loss  effects,  which  grow  as  incidence  increases,  that  is  as  the  flow  coefficient  is  reduced. 

Next  we  must  model  what  occurs  in  unsteady  situations.  Nagano  et.  al  [27]  performed  one  of  the 
few  measurements  of  the  unsteady  characteristics  of  a  blade  row,  concluding  that  a  first-order  lag  in  the 
development  of  unsteady  losses  is  a  reasonable  approximation  (see  Mazzawy,  [31]).  This  leads  to  the 
following  unsteady  model  for  the  compressor  pressure  rise,  x¥c : 

^c=Xd(<p)-£s-£r 

?s(fo)ts=L7(<P)-ts 

Tr(0)f4+4-^}  =  L"fo)-*r 


(53) 
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The  term  in  brackets  is  the  time  derivative  of  flow  in  the  rotor  passages,  which  depends  on  the  shape  of 
the  perturbation  through  which  the  rotor  is  passing  (similar  to  a  convective  derivative).  ir  and  i  s  are 
the  unsteady  stator  and  rotor  loss  values  respectively;  note  that  the  equations  are  constructed  so  that 
these  values  approach  the  nonlinear  functions  Lsss  and  Lsrs  exponentially,  so  that  (52)  and  (53)  are 
identical  in  steady  state,  uniform  flow. 


The  time  constants  Tr  and  zs  are  approximated,  after  Nagano  et.  al,  as  the  flow-through  times  in 
the  blade  passages,  which  in  turn  depend  on  the  blade  chord  and  the  flow  coefficient: 


^ r,s  (0)  — 


^r,s 

W7Y 


(54) 


where  br  and  bs  are  the  mean  stator  and  rotor  chord  lengths  and  kT  is  an  experimentally  identified 
coefficient,  typically  near  one. 

We  can  introduce  this  new  model  of  the  compressor  into  the  state-space  formulation  by  first 


representing  the  operator  with  a  matrix  operator  on  the  approximate 


vector  (h  : 


a 

de 


(55) 


where 

$/de\=  diag$i(-N  + 1)  i(-N)  •••  in  •••  ;7V]} 

is  a  diagonal  matrix  that  performs  the  derivative  on  the  Fourier  coefficients.  A  matrix  operator  that 
performs  the  partial  derivative  is  thus  derived,  as: 

De=F-' 


Using  this  relation  to  convert  equations  (53)  into  state  space  form,  and  combining  with  equations 
(49-50)  yields  an  expanded  model  of  rotating  stall  and  surge  that  takes  into  account  lags  in  the 
development  of  viscous  losses: 
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(56) 


Note  that  since  rotor  and  stator  loss  are  distributed  parameters,  l  r  and  is  have  been  made  into  vectors 
of  the  same  dimension  as  0  .  This  triples  the  dimension  of  the  non-linear  simulation;  in  a  linearized 

setting  it  alters  the  eigenvalue  problem  for  each  circumferential  mode  to  a  third  order  problem.  This 
additional  complexity  appears  to  be  necessary,  however,  to  accurately  capture  the  stability  properties  of 
higher  circumferential  harmonics.  Figures  12  and  13,  taken  from  the  study  of  Haynes  et.  al  [28], 
demonstrate  this  fact.  They  show  the  real  and  imaginary  parts  (growth  rate  and  rotation  rate)  of  the  first 
three  harmonics  in  a  low  speed  research  compressor,  obtained  using  system  identification  methods. 
Without  the  unsteady  loss  model  presented  here,  the  Moore-Greitzer  model  does  not  accurately  capture 
the  eigenvalue  behaviour  as  a  function  of  mass  flow.  However,  with  the  unsteady  loss  dynamics 
included,  the  model’s  ability  to  capture  the  eigenvalues  is  markedly  improved.  Not  that  this  is  not  a 
demonstration  of  the  predictive  capability  of  the  model,  which  is  generally  imperfect;  model  parameters 
must  typically  be  tuned  based  on  experimental  data.  Instead,  it  is  a  demonstration  of  the  model’s  ability 
to  capture  the  observed  behaviour,  such  as  the  relative  stability  of  the  eigenmodes,  the  trends  with  mass 
flow,  etc.  This  ability  to  capture  the  dynamics,  rather  than  predict  them,  is  the  sufficient  for  most 
control  applications. 
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Figure  1 2  -  Modeling  results  vs.  measurement  for  Moore-Greitzer  model  without  inclusion  of  lag  in  the 

development  of  losses.  From  Haynes  et  al.,  [28]. 
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Figure  13  -  Modeling  results  vs.  measurement  for  Moore-Greitzer  model  including  lag  model  for  the 

development  of  losses.  From  Haynes  et  al.5  [28]. 


4.4  Inlet  Distortion  Modeling 

Inlet  distortion,  resulting  from  separation  of  the  lip  or  inlet,  side  gusts,  hot  gas  ingestion,  etc.  is 
known  to  have  a  significant  impact  on  compressor  stability.  In  the  state-space,  control  theoretic 
framework  being  presented  here,  inlet  distortion  can  be  represented  as  external  forcing.  The  character 
of  this  forcing  can  be  either  steady  or  unsteady.  It  is  a  non-uniformity  in  either  the  circumferential  or 
radial  flow,  or  both.  The  primary  forms  of  inlet  flow  non-uniformity  are  total  pressure  and  temperature. 
We  will  consider  steady,  circumferential,  total  pressure  distortions  here;  our  formulation  is  also 
suitable  for  the  study  of  unsteady  circumferential  total  pressure  distortion.  Temperature  distortion  and 
radial  distortion  can  be  represented  in  the  Moore-Greitzer  framework,  but  these  models  involve 
approximations  and  additional  calculations. 

When  inlet  distortion  is  added  at  the  inlet,  the  upstream  flow  field  assumptions  must  be  rethought. 
This  is  done  in  detail  by  Hynes  and  Greitzer  [2]  and  by  Chue  et  al  [21].  To  develop  a  model,  an 
experimental  distortion  scenario  (rather  than  an  operational  environment)  is  modelled.  When  distortion 
is  studied  experimentally,  a  semi-porous  screen  is  placed  in  the  upstream  annular  duct,  creating  a  loss 
or  blocking  over  some  fraction  of  the  circumference  (typically  90  to  180  degrees).  The  total  pressure 
loss  across  this  screen  convects  downstream,  causing  some  parts  of  the  compressor  to  experience  lower 
total  pressure  than  others.  Thus  the  compressor  operates  in  two  different  regimes,  and  the  flow 
velocities  accelerate  until  a  fluid  mechanical  balance  is  reached.  Inertia  in  the  blade  passages,  as  well 
as  the  upstream  and  downstream  flow  relations,  determine  the  resulting  axial  velocity  pattern,  which  is 
non-uniform  but  steady  (i.e.  a  new,  distorted  equilibrium).  As  the  compressor  is  throttled  into  stall, 
lightly  damped  eigenmodes  of  this  new  equilibrium  appear  and  eventually  go  unstable.  The  character 
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of  these  eigenmodes  is  completely  different  from  the  uniform  flow  eigenmodes,  which  are  sinusoidal 
waves  rotating  at  constant  speed.  However,  the  physics  that  govern  distorted-flow  eigenmodes  are  the 
same.  Straight-forward  modifications  to  the  model  already  developed  can  capture  the  behaviour  of  the 
dynamics  quite  accurately. 

The  approach  to  modelling  this  experimental  scenario  is  to  assume  that  the  streamlines 
downstream  of  the  distortion  screen  remain  straight  and  parallel  throughout  the  upstream  flow.  Thus  no 
nonlinear  redistribution  of  the  flow  field  is  allowed.  Although  this  will  clearly  not  be  the  case  behind  a 
significant  pressure  loss  screen,  the  error  for  typical  screens  is  acceptable  -  the  important  feature  to 
capture  is  the  total  pressure  non-uniformity.  The  velocity  field  is  assumed  to  continue  to  satisfy  the 
linearized  relations  already  presented  -  that  is,  it  is  a  potential  flow.  Longley  [29]  validated  this  model 
in  an  indirect  way  by  showing  that  the  complete  model  described  distorted  flow  phenomena  well.  More 
recently,  van  Schalkwyk  [20]  directly  compared  the  upstream  flow  field  predicted  by  this  model,  the 
predictions  of  a  fully  nonlinear  2D  Euler  simulation,  and  measurements  in  a  heavily  instrumented  low 
speed  research  compressor.  He  found  that  while  there  was  some  flow  redistribution  behind  the  screen 
(i.e.  curvature  of  streamlines),  it  was  small  and  had  negligible  impact  the  accuracy  of  stability 
predictions. 

Based  on  these  assumptions  the  model  of  the  distortion  screen  is  that  it  introduces  a  total  pressure 
profile  at  the  compressor  face  that  is  determined  by  a  screen  loss  function  Sc(0).  This  screen  loss 
function  can  be  viewed  as  a  2D  generalization  of  a  throttle: 

<57> 

Superimposed  on  this  effect  is  the  impedance  relation  of  the  potential  flow  perturbations.  The  resulting 
equations  for  the  upstream  flow  can  be  written  as  follows: 

i y,„0=-^-|s(8F2.  (58) 

Comparing  this  equation  to  the  one  in  the  first  column  of  Table  III,  we  see  that  the  only  change  is 
an  additional  term,  which  can  be  considered  as  an  external  forcing  term  if  the  mean  flow  is  not  allowed 
to  vary.  This  will  be  the  case  if  the  system  is  still  stable  and  the  throttle  is  used  to  set  the  compressor 
mass  flow.  The  view  of  distortion  as  an  external  force  is  not  strictly  correct  during  large  oscillations  of 
the  mean  flow  in  our  experimental  scenario,  since  mean  flow  variations  will  cause  the  distortion  to 
change.  In  an  operational  environment,  large  flow  oscillations  induced  by  the  compressor  may  also 
alter  the  nature  of  the  distortion-producing  element  (such  as  the  inlet  lip).  However,  to  understand 
distortion  and  to  characterise  many  practical  issues,  it  is  relevant  to  treat  distortion  as  external  forcing 
(i.e.  not  coupled  to  the  system  dynamics). 

If  distortion  is  simply  an  external  forcing  function,  one  might  ask  how  it  can  change  the 
homogeneous  behaviour  of  the  system.  In  linear  systems,  external  forcing  has  no  effect  on  the 
eigenvalues;  details  of  its  introduction  only  effect  the  system’s  forced  or  ‘input-output’  properties. 
However,  in  non-linear  systems,  steady  external  forcing  can  change  the  equilibrium  of  the  system,  and 
the  homogeneous  properties  at  this  new  equilibrium  may  be  different.  To  study  this  effect,  Hynes  and 
Greitzer  first  solved  for  the  equilibrium  flow  properties,  and  then  linearized  the  dynamics  about  this 
new  equilibrium.  We  can  perform  the  same  analysis  in  our  new  framework  by  introducing  (57)  into  our 
state-space  model  (49-50),  and  computing  the  steady  solution: 

0  =  A^M-TWp-SjL 

S$  =  -<t>T(¥p)  ’  °9) 

The  second  equation  simply  allows  the  mean  flow  to  be  set  using  the  throttle.  The  first  equation  is  the 
steady  version  of  equation  (49),  with  the  addition  of  an  external  forcing  vector  defined  to  be  equal  at 
each  circumferential  location  (that  is,  for  each  vector  element)  to  Wt screen^  e9uati°n  (57).  The 

solution  to  this  non-linear  equation  must  be  found  iteratively.  The  result  is  0(%),  the  circumferential 
distribution  of  flow  coefficient,  contained  in  the  vector  0  .  One  also  obtains  y/p  at  the  equilibrium 
point.  Figure  14  shows  a  typical  profile,  for  a  low-speed  experimental  compressor.  Clearly  the 
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equilibrium  has  changed  dramatically  -  and  one  can  expect  that  the  unsteady  character  will  change 
accordingly. 


Figure  14  -  Steady  state  effect  of  inlet  distortion.  Flow  coefficient  variation  with  circumference.  Dashed 
lines  are  the  boundaries  of  the  ‘spoiled  sector’,  that  is  the 
region  behind  the  distortion  screen.  From  van  Schalkwyk,  [20]. 

Our  state  space  formulation  is  also  well  suited  to  computing  the  linearized  unsteady  character  of 
the  flow  resulting  from  distortion.  To  linearize  about  the  new  equilibrium,  we  simply  create  a  diagonal 
matrix  of  local  linearizations  of  the  compressor  map  (the  only  non-linear  term  in  equation  (49)).  Each 
circumferential  location  of  the  annulus  will  have  a  different  local  linearization  because  the  flow 
coefficient  is  different  at  each  location.  Denote  this  diagonal  matrix  Pd  : 


Pd  =  diag 


dWc 
< - 

cWc 

d¥c 

d(j) 

0(01 )  d$ 

0(02 ) 

’  d<p 

<P(Qn  ), 

(60) 


The  throttle  slope,  since  it  operates  only  on  the  mean  flow,  is  linearized  as  in  equation  (20), 

_i  d^'T 

mT  = - —  . 

dy/  p 


Introducing  these  linearizations  into  equations  (49-50)  results  in  the  following  linearized,  state- 
space  representation: 


i 

Vp 


E~\A  +  Pd ) 

4B2lc 
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i 

VP 


(61). 


Note  that  we  have  neglected  to  linearize  equation  (57)  in  this  formulation  -  this  will  introduce  extra 
damping  on  the  mean  flow,  because  the  screen  behaves  in  a  manner  similar  to  the  throttle  from  the 
perspective  of  the  mean- flow.  This  is  a  simple  addition  to  the  above  analysis  that  we  omit  for  brevity. 

To  understand  the  effect  of  distortion  on  the  stability  and  character  of  perturbation  waves,  one 
simply  computes  the  eigenvalues  and  eigenvectors  of  the  matrix  on  the  right-hand  side  of  (61).  Since 
the  states  include  the  flow  coefficient  distribution,  the  real  parts  of  the  eigenvectors  directly  represent 
the  spatial  distribution  of  the  flow  coefficient.  Modulating  these  eigenvectors  by  a  unity  phasor  and 
then  computing  the  real  part  gives  the  spatial  distribution  as  the  wave  rotates  around  the  annulus 
(neglecting  the  effect  of  growth  or  decay  rate).  This  allows  the  character  of  the  rotating  wave  to  be 
compared  to  the  uniform  flow  case,  where  the  flow  coefficient  distribution  is  always  sinusoidal.  Figure 
15  shows  the  result  of  such  a  calculation,  including  a  plot  of  the  steady  flow  coefficient  (i.e.  the  values 
that  determine  the  diagonal  elements  of  the  matrix  Pd).  Each  line  in  the  top  plot  in  Figure  15 
represents  the  distribution  for  a  different  circumferential  position  of  the  wave,  as  it  travels  around  the 
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annulus.  The  interweaving  pattern  is  the  result  of  a  growing  and  shrinking  process  the  wave  undergoes 
as  it  rotates  around.  This  can  be  understood  by  considering  the  slope  of  the  compressor  characteristic  in 
various  regions  of  the  annulus.  In  regions  where  the  slope  is  negative  (due  to  high  local  flow 
coefficient),  perturbations  decay.  Regions  of  lower  flow  experience  positive  local  compressor  slopes, 
so  waves  in  that  region  tend  to  grow.  The  stability  of  the  is  determined  by  the  interplay  of  these  regions 
of  growth  and  decay. 


Figure  15  -  Superimposed  snapshots  of  a  rotating  stall  precursor  wave  at  various  points  around  the 

annulus.  From  Hynes  and  Greitzer,  [2]. 


4.5  Sensor  and  Actuator  Models 

Our  discussion  of  modelling  for  control  of  rotating  stall  would  not  be  complete  without  a 
discussion  of  sensors  and  actuators.  Various  sensors  and  actuators  have  been  proposed  and/or 
implemented  for  control  of  rotating  stall.  For  each,  the  equations  must  be  reconsidered  and  modified 
appropriately.  We  begin  with  a  description  of  sensor  choices  and  associated  modelling  considerations. 
We  then  present  the  modifications  introduced  by  four  different  types  of  actuators,  as  a  catalogue  of 
possible  actuators  and  a  record  of  their  behaviour.  Considered  are  one-dimensional  bleed  from  the  duct 
downstream  of  the  compressor,  bleed  from  the  plenum,  inlet  guide  vane  actuation,  and  injection  of 
high-momentum  air  upstream  of  the  compressor. 

To  represent  the  additional  elements  that  we  will  add  to  the  fluid  system,  we  need  to  introduce 
several  additional  stations  in  the  compressor  schematic.  Figure  16  shows  these  additional  stations,  as 
well  as  the  locations  of  the  sensors  and  actuators  that  we  will  discuss. 
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Figure  16  -  Compression  system  schematic  with  additional  notation  for  actuator  modelling. 

Introducing  Sensors 

Sensors  fall  into  two  broad  categories:  sensors  that  measure  one-dimensional,  mean  flow 
properties,  and  sensors  that  measure  local  flow  properties,  and  are  often  arranged  in  arrays  to  allow  one 
to  approximately  determine  the  circumferential  distribution  of  the  two-dimensional  flow  variables. 
One-dimensional  flow  measurements  can  be  approximated  by  averaging  a  distributed  array  of  sensors 
in  an  annulus;  in  this  case  we  model  them  as  ideal  mean-flow  measurements. 

One-dimensional  measurements  for  control  of  surge  are  discussed  in  detail  by  Simon  [24].  The 
choices  are  mean  total  pressure,  static  pressure,  and  velocity  (or  mass  flow)  measured  in  the  duct 
upstream  or  downstream  of  the  compressor,  and  static  pressure  measured  in  the  plenum.  Eveker  et  al. 
[34]  also  approximated  the  derivative  of  velocity  for  their  control  laws;  this  can  be  accomplished 
simply  by  measuring  the  static  pressure  difference  across  a  section  of  duct  as  will  be  described 
presently. 

Obviously  mean  duct  velocity  and  plenum  pressure  measurements  are  directly  represented  in  the 
compressor  model  already  described  -  no  additional  modelling  is  necessary  to  represent  these.  To 
model  mean  total  pressure  at  any  station,  we  can  write  a  modified  version  of  the  unsteady  Bernoulli 
relation  in  equation  (9),  which  assumes  that  the  total  pressure  at  the  inlet  to  the  upstream  duct  is  zero. 
Our  modifications  to  (9)  are  to  eliminate  the  higher  harmonics,  and  to  take  into  account  the  duct  length 
between  the  inlet  and  the  probe,  l  probe : 


Vt  probe  ^  probed- 


(62) 


Substituting  in  the  equation  for  0  (for  instance  (33)),  we  have: 


Vt 


probe 


-i 


probe 


upstream 


fc¥)-v fP) 


(63) 


This  is  the  non-dimensional,  perturbation  value  of  total  pressure  at  an  arbitrary  station  in  the  upstream 
duct.  It  can  be  linearized  or  converted  to  state-space  form  as  appropriate  for  the  analysis  at  hand. 

In  the  downstream  duct,  we  can  determine  static  pressure  in  a  similar  manner,  using  the  static 
pressure  in  the  plenum  as  a  reference.  In  this  case  we  modify  equation  (16),  arriving  at  the  following 
relation: 


V  probe 


downstream 


■¥n  + 


(£  c  ^  probe  ) 


foW)-¥p). 


(64) 


The  term  in  numerator  is  the  distance  from  the  probe  to  the  plenum.  Note  that  since  0  is  utilised  to 
derive  this  equation  as  well,  one  could  deduce  0  by  placing  one  static  pressure  transducer  in  the 
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plenum  and  another  set  (sufficient  to  determine  mean  static  pressure)  some  distance  upstream  of  the 
plenum.  Finally,  we  note  that  the  formulation  of  Moore-Greitzer  is  based  on  static  pressure  upstream 
and  total  pressure  downstream  of  the  compressor,  but  one  can  relate  the  two  at  any  station  to  complete 
the  modelling: 

¥  probe  =  Vt  probe  ~  P  (any  station)  (65) 


The  two-dimensional  or  local-flow  probe  types  that  have  been  used  to  date  in  most  experiments 
are  arrays  of  hot  wires  and  arrays  of  high-response,  static  pressure  transducers  (mounted  in  the  casing). 
Several  measurements  are  typically  taken  at  the  same  axial  station  and  combined  using  the  discrete 
Fourier  transform  relations  in  equation  (44)-(46)  to  estimate  Spatial  Fourier  Coefficients  (SFCs).  To 
model  these  arrays,  we  again  rely  on  the  Moore-Greitzer  derivation.  Velocity  at  the  compressor  face  is 
directly  available  from  the  model;  however  hot  wires  may  be  placed  some  distance  upstream.  In  this 
case  we  apply  a  transformation  based  on  equation  (6),  which  states  that  higher  harmonic  components  of 
the  velocity  distribution  at  the  compressor  face  are  attenuated: 


probe 


(66) 


where  X~^u  probe  *s  the  distance  from  the  probe  to  the  compressor  face.  This  relation  can  be 
translated  into  state  space  form  in  a  manner  similar  to  the  other  relations  derived  so  far;  the  result  being: 

-probe  =  F  D  probe  ^0  (67) 

where  Dprobe  =  diag\?~Nx ,  e^N~^,  -  e"2*,  e~* ,  1,  e~X ,  e~2%  -  ,  e~(N-l)¥  e~Nx}. 

Note  that  the  zeroth-harmonic  contribution  is  included  in  this  formulation,  and  is  not  attenuated. 
Equation  (67)  is  valid  in  the  upstream  duct.  Although  one  could  derive  a  similar  relation  downstream, 
hot  wires  in  this  region  are  uncommon  because  of  the  increased  noise  introduced  by  blade  wakes. 

Finally,  we  consider  distributed  static  pressure  sensors.  It  is  sufficient  at  this  point  to  give  the 
relationship  between  static  pressure  and  velocity  in  SFC  form,  and  allow  the  reader  to  deduce  the  state 
space  equivalent.  Upstream  of  the  compressor,  as  with  hot  wires,  is  a  much  more  common  location  for 
these  sensors  than  downstream  (unsteady  static  pressure  sensors  are  also  often  placed  within  the 
compressor  itself;  modelling  these  would  require  one  to  introduce  additional  details  about  inter-blade 
pressure  rise  characteristics).  In  the  upstream  case  we  can  apply  the  unsteady  Euler  equation, 

Combining  this  equation  with  the  upstream  solution  and  the  definition  of  total 

pressure,  and  linearizing  yields: 


Vn 


I  probe 


=  ~K 


probe 


+  <t><Pn 


probe 


(68) 


In  this  equation,  the  time  derivative  of  the  flow  coefficient  at  the  compressor  face  must  be  computed 
using  for  instance  (25)  or  (49),  and  then  projected  to  the  probe  location  using  (66). 

The  remaining  sections  describe  various  models  for  actuators  that  have  been  used  for  rotating  stall 
control  in  the  past.  Although  this  list  is  not  all-inclusive,  it  does  give  a  sampling  of  the  type  of 
actuators  that  have  been  used,  and  the  assumptions  and  approximations  that  have  been  found  to  be 
appropriate. 


ID  Bleed  from  Downstream  Duct  and  Plenum  Bleed 

Many  researchers  have  investigated  the  use  of  purely  one-dimensional  actuation,  either  for  control 
of  surge  in  compressors  not  prone  to  rotating  stall  (centrifugal  compressors,  primarily),  or  for 
application  of  bifurcation-based  methods  to  control  rotating  stall.  One-dimensional  actuation  is  the 
simplest  to  model,  so  it  is  described  first.  Two  types  of  actuation  will  be  introduced  in  this  context. 
The  first  is  one-dimensional  bleed  from  the  duct  downstream  of  the  compressor  (see  Figurel6). 
Continuity  and  ID  momentum  arguments  in  the  downstream  duct  lead  to  the  following  modification  to 
equation  (16): 
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Hx=0+  “  ^  T~\$nelne  +  (v/p  +^d<l,)~(^d  -^b^b  (69) 

n*  o\n\ 

where  0/?  is  the  normalised  mass  flow  exiting  through  the  bleed.  Equation  (18)  must  also  be  modified  to 
reflect  the  fact  that  less  mass  flow  will  go  into  the  plenum  if  it  is  bled  off  upstream.  We  can  combine 
this  change  with  the  change  introduced  by  a  plenum  bleed,  which  only  modifies  the  plenum  mass 
balance: 


VP 


1  Ct- 


4  B2L 


il> -®t^p  )-h- 


(70) 


both  0/?  and  (j)pb  can  be  related  through  throttle  characteristics  to  the  area  of  the  throttle  opening  and  the 
pressure  drop  across  it;  these  relationships  are  similar  to  the  main  throttle  relation.  One  can  imagine 
implementing  a  control  law  that  commands  (j)pb  and  subsequently  determines  the  throttle  opening 
required  to  achieve  this  based  on  the  pressure  in  the  plenum  and  a  previously  identified  set  of  throttle 
maps. 


Inlet  Guide  Vanes 


Inlet  guide  vane  (IGV)  actuation  is  of  interest  primarily  in  an  experimental  setting.  Consider  a  set 
of  inlet  guide  vanes  that  are  independently  actuated  in  incidence  (or,  alternatively,  incorporate  flaps  or 
circulation  control  to  change  their  degree  of  flow  turning).  These  IGVs  would  be  able  to  change  the 
incidence  of  the  flow  introduced  to  the  rotor  in  a  non-uniform  manner.  In  this  way,  IGV  actuators 
provide  a  direct  method  to  change  the  local  pressure  rise  delivered  by  the  compressor.  For  modelling 

purposes,  this  effect  is  represented  by  simply  replacing  (<p)  in  equation  (53)  (or,  alternatively, 

XEC(0),  if  unsteady  losses  will  not  be  considered)  with  xV^((j)9y),  where  yis  the  circumferentially 
distributed  IGV  incidence  (perturbation  from  mean  turning).  Thus  a  two-parameter,  non-linear,  steady 
state  function  must  be  identified  experimentally  to  capture  both  the  compressor  map  and  its  sensitivity 
to  IGV  incidence.  Because  IGVs  have  a  direct  impact  on  the  source  of  rotating  stall  instability 
(compressor  pressure  rise),  one  can  quite  readily  use  them  for  rotating  stall  control,  provided  they  have 
sufficient  circumferential  resolution.  Twelve  circumferentially  distributed  and  actuated  guide  vanes, 
for  instance,  are  capable  of  actuating  modes  zero  through  six  (the  Nyquist  frequency),  although  in 
practice  only  modes  up  to  the  third  or  fourth  are  accessible. 


Modulation  of  incidence  is  not  the  only  effect  of  modulating  the  IGVs.  If  two  adjacent  IGVs  are 
deflected  in  opposite  directions,  they  form  a  converging  passage.  Such  a  passage  causes  the  flow  to 
increase  in  velocity  to  satisfy  continuity.  In  addition,  total  pressure  variations  will  occur  due  to 
acceleration  of  flow  within  the  passage.  The  details  of  this  process  are  described  by  Paduano  [26],  and 
result  in  the  following  relationships  upstream  of  the  compressor: 


02  - 


1  +  Ah 


3  y 

30 


03 


Vt3  =Vt2  -Va 


dt 


,  1  3  y  , 


(71) 


The  additional  terms  and  axial  stations  in  these  equations  are  defined  in  Figure  16.  These  additional 
equations,  together  with  the  new  representation  of  the  compressor  characteristic,  form  the  actuation 
model  for  IGVs. 


Injection  of  High-Momentum  Flow 

Another  type  of  actuation  that  is  currently  being  investigated  is  injection  of  high-momentum  air 
into  the  upstream  annulus.  Injectors  are  assumed  here  to  be  uniformly  distributed  circumferentially; 
this  restriction  can  be  removed  if  care  is  taken  to  take  into  account  the  more  localized  injection  effects 
that  would  be  introduced  by  an  array  of  discrete  injectors. 
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A  two  dimensional,  evenly  distributed  set  of  injectors  has  three  effects.  First,  it  can  be  directed  in 
such  a  way  that  it  changes  the  incidence  angle  of  the  first  stage  rotor  (if  no  IGVs  are  present).  This,  like 
IGV  deflection,  changes  the  pressure  rise  delivered  by  the  compressor.  Second,  it  adds  momentum  to 
the  flow,  which  translates  into  additional  pressure  rise  from  the  compressor/actuator  combination. 
Third,  the  mass  flow  through  the  system  is  altered;  thus  the  mass  flow  through  each  of  the  various 
elements  of  the  system  will  be  modified. 

To  include  incidence  effects,  we  first  (as  in  the  case  of  IGVs)  replace  xF^(0)with  (</>,£/), 
where  q  is  the  area  of  the  injector  opening  nondimensionalized  by  the  annulus  area.  To  include 
momentum  effects,  a  momentum  balance  is  done  across  the  actuator  disk  containing  the  injectors  -  this 
is  described  by  Vo  [29].  A  simplified  relationship  approximates  the  primary  effects  (see  [30]): 

Vt3  =  Vt2  +(<i)j-h}pj<l  ■  (72) 

where  the  stations  are  defined  in  Figure  16  and  (j)j  is  the  normalised  injection  velocity.  Finally, 
continuity  considerations  yield  the  third  relationship: 

4*2  =h-<t>jci  (73) 


5  Conclusions 

These  notes  attempt  to  give  a  comprehensive  account  of  modeling  techniques  used  for  control  of 
rotating  stall  and  surge.  Because  such  modeling  has  been  primarily  based  on  the  Moore-Greitzer 
model,  that  has  been  the  focus  of  the  technical  discussion.  This  is  not  to  say  that  more  computationally 
intensive  methods  have  not  yielded  information  useful  to  the  endeavor  of  active  control.  On  the 
contrary,  for  the  design  of  actuators,  for  understanding  where  those  actuators  would  have  the  most 
influence,  and  for  understanding  the  detailed  nature  of  flow  instabilities,  such  computational 
approaches  have  been  invaluable.  However,  for  control  law  design  and  developing  a  basic 
understanding  of  the  forces  at  work  in  a  compressor,  especially  when  the  compressor  is  influenced  by 
large  scale  forcing  functions  such  as  circumferential  distortion  and  non-uniform  tip  clearance,  the 
models  presented  here  are  “as  simple  as  they  can  be  while  not  being  too  simple”,  and  yield  insight  into 
the  main  effects  that  are  important. 
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1  Overview 

These  notes  provide  an  introduction  to  active  control  techniques  applied  to  compression  system 
instabilities,  chiefly  rotating  stall  and  surge.  The  material  is  derived  from  a  number  of  sources,  in¬ 
cluding  material  from  the  thesis  work  of  Robert  Behnken  [4],  Simon  Yeung  [41]  and  Yong  Wang  [37] 
and  a  variety  of  papers  and  books  by  the  author  [6,  29,  38,  42].  We  also  rely  on  a  recent  survey 
paper  by  Paduano  et  al.  [31].  More  detailed  references  are  given  in  the  individual  sections. 

1.1  Background 

The  design  process  for  gas  turbine  engines  has  become  quite  mature  over  the  past  several  decades 
and  substantial  performance  increases  have  become  harder  to  achieve.  While  most  avenues  in  the 
design  process  have  been  deeply  explored,  one  area  of  performance  enhancement  that  has  not  be 
fully  exploited  is  that  of  control.  One  reason  for  this  is  that  the  amount  of  complexity  added 
by  a  control  system  has  been,  until  recently,  a  major  concern.  Currently,  the  presence  of  full 
authority  digital  engine  controllers  (FADECS)  on  most  modern  aircraft  has  decreased  the  amount 
of  additional  hardware  required  to  take  advantage  of  more  sophisticated  control  techniques.  In 
addition  to  computation  power,  engine  hardware  is  also  being  added  to  aid  engine  operability  and 
to  help  eliminate  startup  transients.  This  additional  equipment  could  also  be  exploited  for  control 
purposes. 

It  was  recently  shown  that  passive  control  techniques  can  be  used  to  increase  both  engine 
efficiency  and  power  output  on  actual  full  scale  engines.  The  simulation  study  by  Smith  et  al.  [34] 
reported  a  15%  increase  in  thrust  and  3%  decrease  in  fuel  consumption  with  the  use  of  a  controller 
that  scheduled  engine  parameters,  and  experimental  validation  of  these  results  was  presented  by 
Gilyard  and  Orme  [12].  The  experiments  involved  subsonic  flight  tests  of  an  F-15  airplane  at 
the  NASA  Dryden  Flight  Research  Center,  and  showed  up  to  15%  increase  in  thrust  and  a  1-2% 
decrease  in  fuel  consumption.  These  increases  in  performance  and  efficiency  for  one  of  the  highest 
performance  aircraft  in  the  world  suggest  that  other  aircraft  would  also  see  benefits  from  similar 
controls. 
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Figure  1:  Typical  components  of  the  stability  stack  for  a  jet  engine. 


These  results  for  passive  control  suggest  that  active  techniques  could  also  be  beneficial  for 
increasing  performance  and  efficiency,  by  allowing  the  operation  of  the  engine  in  previously  unusable 
regions.  These  unusable  regions  are  typically  due  to  the  presence  of  instabilities  in  the  compression 
system  under  low  flow/high  pressure  rise  conditions.  Unfortunately,  the  peak  performance  of  the 
compressor  is  also  achieved  near  the  operating  conditions  at  which  these  instabilities  occur. 

Two  of  the  performance  limiting  factors  for  which  active  control  holds  promise  are  rotating 
stall  and  surge.  Rotating  stall  is  a  non-axisymmetric  instability  that  is  localized  to  the  compressor, 
and  involves  periodic  stalling  and  unstalling  in  the  blade  passages.  Surge  is  a  violent  system  level 
axisymmetric  oscillation  that  is  due  to  the  overall  dynamics  of  the  pumping  system. 

Figure  1  shows  a  stability  stack  for  a  typical  jet  engine,  which  is  a  graph  of  the  amount  of 
margin  required  to  avoid  performance  limiting  instabilities  due  to  different  factors.  On  the  left 
side  of  the  figure,  several  compressor  performance  characteristics  are  shown  along  with  the  stability 
stack.  These  characteristics  show  the  pressure  that  is  delivered  by  the  compressor  at  a  given  flow 
rate.  The  nominal  stability  line  is  where  a  compressor  system  would  start  to  exhibit  some  sort  of 
instability  (typically  rotating  stall  or  surge)  under  ideal  operating  conditions.  Since  the  operating 
conditions  are  never  ideal,  the  compressor  must  be  operated  some  distance  away  from  this  curve 
in  order  to  avoid  instability.  The  stability  margin  for  a  given  effect  is  the  distance  away  from  the 
nominal  stability  line  that  the  compressor  must  be  operated  in  order  to  avoid  instability.  Examples 
of  effects  for  which  stability  margins  are  included  are  distortion  and  power  transients;  others  are 
listed  in  the  figure.  The  nominal  steady  state  operating  line  is  the  curve  where  compressor  system 
would  start  to  exhibit  instability  under  worst  case  operating  conditions.  This  worst  case  is  obtained 
by  adding  up  all  of  the  individual  margins,  and  this  sum  of  all  of  the  individual  margins  is  called 
the  stability  stack.  The  stability  stack  therefore  tells  how  much  margin  must  be  included  in  order 
to  avoid  instability.  An  open  area  of  research  is  in  determining  how  to  sum  the  individual  margins 
into  the  stability  stack;  it  is  not  clear  that  a  linear  combination  is  the  correct  way  to  combine 
the  margins.  Each  of  the  components  in  the  stack  could  possibly  be  decreased  if  the  performance 
limiting  instabilities  (rotating  stall  and  surge)  could  be  damped  by  active  control.  In  order  to 
better  describe  the  possibilities  for  active  control,  further  description  of  the  performance  limiting 
instabilities  is  now  in  order. 
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Figure  2:  Emmons  model  for  stall  cell  propagation. 


The  Emmons  [9]  model  for  rotating  stall  is  shown  in  Figure  2,  and  provides  a  simple  explanation 
for  stall  cell  formation  and  propagation.  As  the  throttle  on  the  compressor  is  slowly  closed,  the 
angle  of  attack  on  the  blades  increases  to  a  point  where  the  flow  separates  on  one  of  the  blades; 
this  creates  a  blockage  that  the  flow  is  redirected  around.  This  flow  redirection  causes  the  angle 
attack  for  the  passage  below  the  stalled  region  to  be  decreased;  this  makes  this  lower  passage  less 
likely  to  stall.  On  the  blade  passage  above  the  stalled  passage  the  angle  of  attack  is  increased;  this 
makes  this  above  passage  more  likely  to  stall.  This  effect  causes  the  stall  cell  to  rotate  around  the 
compressor  annulus. 

Surge  is  caused  by  the  alternating  storage  and  release  of  compressed  air  in  the  downstream 
ducting  of  the  compressor.  The  compressibility  of  the  air  acts  as  a  spring  system,  and  the  nonlinear 
compressor  performance  characteristic  provides  negative  damping  to  this  spring  system  under  some 
operating  conditions,  and  this  effect  leads  to  surge. 

While  these  two  instabilities  are  often  modeled  as  separate  phenomena,  there  is  coupling  between 
them,  and  rotating  stall  is  a  precursor  to  the  onset  of  surge  in  many  engines.  In  fact,  work  by  Day  [8] 
suggests  that  rotating  stall  causes  the  onset  of  surge.  In  addition  to  the  coupling  with  surge,  rotating 
stall  has  a  large  hysteresis  loop  associated  with  it.  This  hysteresis  results  in  the  requirement  of  large 
swings  in  operating  conditions  in  order  to  recover  from  a  stalled  condition  (in  practice,  recovery  is 
often  accomplished  by  shutting  the  engine  down  and  restarting  it).  A  more  detailed  description  of 
these  and  other  instabilities  that  limit  the  performance  of  compression  systems  can  be  found  in  the 
survey  paper  by  Greitzer  [14]. 

While  these  two  instabilities  limit  performance,  there  are  other  reasons  that  they  must  be 
avoided.  On  high  speed  engines  (high  speed  refers  to  the  Mach  number  being  high,  and  therefore 
that  compressibility  effects  are  important),  rotating  stall  leads  to  drastic  increases  in  compressor 
stage  temperature  and  can  lead  to  titanium  fires  [8].  During  deep  surge,  reverse  flow  through 
the  engine  can  lead  to  combustion  gases  exiting  the  engine  inlet  and  can  create  large  pressure 
spikes  in  the  combustor.  Rotating  stall  and  surge  must  therefore  be  avoided  not  only  because  of 
the  performance  limitations  that  they  are  associated  with,  but  also  because  they  can  cause  severe 
damage  to,  or  even  failure  of,  the  engine.  Active  control  research  for  axial  flow  compressors  therefore 
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focuses  on  developing  techniques  for  both  decreasing  the  performance  limitations  associated  with 
these  instabilities  and  on  developing  active  disturbance  rejection  techniques  for  avoiding  them. 

1.2  Brief  review  of  the  literature 

There  has  been  substantial  work  in  the  area  of  active  control  of  rotating  stall  and  search  in  the 
past  ten  years.  We  provide  a  brief  overview  here,  somewhat  skewed  toward  those  most  relevant  for 
our  own  research  results.  Additional  information  on  some  of  the  history  of  active  control  can  be 
found  in  the  recent  survey  article  by  Paduano  et  al.  [31]. 

Modeling  and  analysis 

The  centerpiece  of  nearly  all  theoretical  work  in  the  area  of  control  of  rotating  stall  and  surge  for 
axial  flow  compressors  is  the  model  developed  by  Greitzer  beginning  with  [13]  and  Moore  in  [27]. 
Their  work  culminated  in  what  is  now  referred  to  as  the  MG-3  model,  for  Moore  and  Greitzer  three 
state  model,  and  was  first  presented  in  [28].  This  work  is  significant  because  it  provides  a  low  order 
nonlinear  model  which  captures  many  of  the  qualitative  features  seen  in  these  types  of  compression 
systems.  Initial  work  at  showing  how  the  MG-3  model  captures  the  behavior  previously  seen  in 
experiments  was  performed  by  the  same  authors  [15].  The  Moore  and  Greitzer  model  consists  of 
a  partial  differential  equation  (PDE)  which  describes  the  dynamics  of  an  axial  flow  compressor. 
By  assuming  a  potential  flow  solution  for  the  flow  perturbations  in  the  inlet  duct  in  the  form  of 
a  Fourier  series,  the  MG-3  model  can  be  developed  from  this  PDE  by  truncating  the  series  at  a 
single  mode. 

The  first  dynamical  systems  analysis  performed  on  this  model  was  presented  by  McCaughan 
in  [25]  and  [26],  where  it  was  shown  that  the  transition  to  rotating  stall  is  captured  as  a  transcritical 
bifurcation  and  that  the  transition  to  surge  is  captured  as  a  Hopf  bifurcation  in  the  MG-3  model. 
Greitzer  originally  developed  the  B  parameter  [13]  in  order  to  calculate  whether  a  given  compressor 
would  surge  or  transition  to  rotating  stall,  and  McCaughan  showed  that  the  value  of  this  parameter 
in  the  MG-3  model  did  help  decide  which  of  the  instabilities  would  be  dominant.  She  went  on  to 
show  that  the  phenomena  of  classical  and  deep  surge  and  the  hysteresis  associated  with  the  jump 
to  rotating  stall  were  all  present  in  the  model,  and  could  be  explained  from  a  dynamical  systems 
standpoint.  A  similar  analysis  was  performed  by  Abed  et  al.  [1]. 

While  the  MG-3  model  does  capture  much  of  the  qualitative  behavior  of  axial  flow  compressors, 
it  does  a  poor  job  of  quantitatively  matching  experimental  data.  In  order  to  better  match  experi¬ 
mental  measurements  of  rotating  stall  dynamics  other  researchers  have  included  more  terms  in  the 
Fourier  series  of  the  original  Moore  and  Greitzer  PDE  description,  and  have  extended  the  model 
to  include  additional  effects.  These  additional  modes  and  effects  increase  the  order  of  the  model 
substantially,  but  result  in  better  correlation  with  experimental  data.  One  of  the  most  successful 
modeling  examples  was  presented  by  Mansoux  et  al.  [24],  where  time  traces  from  flow  measure¬ 
ments  directly  upstream  of  the  compressor  rotor  face  matched  simulation  results  extremely  well. 
The  model  used  by  Mansoux  et  al.  has  been  labeled  as  the  distributed  model  and  includes  higher 
Fourier  modes  for  the  flow  perturbations  at  the  rotor  face  as  well  as  dynamics  for  the  pressure 
rise  delivered  by  the  compressor  as  the  flow  rate  through  the  system  is  changed.  These  dynamics 
(also  referred  to  as  unsteady  loss  dynamics)  for  the  response  of  the  compressor  pressure  delivery  to 
changes  in  the  flow  conditions  were  suggested  by  Haynes  et  al.  [18],  and  are  essential  for  matching 
simulation  and  experimental  data. 

Initial  work  in  active  control  for  axial  flow  compressors  focused  on  designing  throttle  controllers 
for  the  low  order  MG-3  model.  Throttle  control  techniques  are  one  dimensional  in  nature  since 
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they  act  only  on  the  circumferential  averaged  flow  through  the  compressor.  Liaw  and  Abed  [23] 
developed  the  first  model  based  controller  for  rotating  stall.  The  most  interesting  aspect  of  their 
results  is  that  the  control  law  can  eliminate  the  hysteresis  loop  associated  with  rotating  stall.  This 
is  accomplished  by  stabilizing  an  unstable  solution  to  the  MG-3  equations  which  corresponds  to 
small  amplitude  rotating  stall  (small  is  relative  to  the  fully  developed  rotating  stall  that  is  open 
loop  stable  in  the  MG-3  model).  Additional  throttle  controller  design  on  the  MG-3  model  was 
performed  by  Krstic  et  al.  [22]  using  backstepping  techniques.  The  resulting  controllers  had  similar 
effects  of  stabilizing  the  unstable  equilibria  associated  with  small  amplitude  rotating  stall  and,  in 
addition,  stabilized  the  surge  dynamics. 

The  first  extensive  studies  on  2-D  actuation  schemes  for  preventing  rotating  stall  were  performed 
by  Hendricks  and  Gysling  [19].  This  work  compared  the  linear  stability  of  different  actuator  and 
sensing  strategies  to  determine  which  was  the  most  successful  at  extending  the  operating  region  of 
a  compressor  system.  The  result  for  actuation  techniques  was  that  the  injection  of  air  upstream 
of  the  rotor  was  the  most  promising  method  of  controlling  the  transition  to  rotating  stall.  Further 
work  on  modeling  air  injection  was  presented  by  Gysling  [16],  where  aeromechanical  feedback  was 
used  to  open  a  set  of  air  injection  ports  upstream  of  the  compressor  face  in  response  to  static 
pressure  perturbations  at  the  outer  wall  of  the  compressor  annulus. 

Over  the  last  five  years,  additional  work  in  modeling  and  analysis  has  been  used  to  better 
understand  some  of  the  limits  of  performance  of  actively  controlled  compression  systems.  Krstic 
et  al.  [21]  have  explored  the  use  of  nonlinear  techniques  such  as  backstepping  to  provide  global 
controllers  for  stall,  building  on  the  nonlinear  modeling  work  described  above.  Analysis  of  the 
limits  of  performance  due  to  actuator  magnitude  and  rate  limits  has  been  explored  by  Wang  et 
al.  [38]. 

Experimental  results 

There  are  several  active  control  techniques  that  have  been  experimentally  shown  to  decrease  the 
detrimental  effects  of  rotating  stall  in  axial  flow  compressors,  including  active  inlet  guide  vanes, 
high  speed  bleed  valves,  and  air  injection. 

Control  using  inlet  guide  vane  actuators  works  by  damping  out  the  small  amplitude  circum¬ 
ferential  flow  perturbations  which  grow  into  rotating  stall.  Paduano  et  al.  [30,  32]  and  Haynes  et 
al.  [18]  have  both  succeeded  in  controlling  rotating  stall  using  this  type  of  actuation.  By  damping 
out  the  first  several  circumferential  Fourier  modes  of  the  inlet  flow  perturbations,  inlet  guide  vanes 
have  been  successfully  used  to  extended  the  operating  region  of  full  size  axial  flow  compressors. 
These  methods  provided  as  high  as  18%  decrease  in  the  stalling  mass  flow  [32]. 

High  speed  bleed  valves  work  to  control  rotating  stall  by  using  the  coupling  between  the  surge 
and  the  rotating  stall  dynamics  as  described  by  the  MG-3  model.  Experimental  results  for  control¬ 
ling  rotating  stall  using  this  method  were  presented  by  Badmus  et  al.  [2],  and  a  combined  surge 
and  rotating  stall  bleed  valve  controller  was  presented  by  Eveker  et  al.  [10].  These  actuators  have 
been  successful  at  eliminating  the  hysteresis  associated  with  rotating  stall  and  stabilizing  the  surge 
dynamics.  One  area  which  is  problematic  is  the  requirement  of  relatively  high  bandwidth  actuators 
in  order  to  control  rotating  stall  using  this  actuation  method. 

Air  injection  has  also  proven  successful  at  controlling  rotating  stall  in  experiments.  Gysling’s 
work  [16]  was  based  on  using  aeromechanical  feedback  for  controlling  a  circumferential  array  of  air 
injectors  upstream  of  the  rotor  face.  The  aeromechanical  feedback  was  based  on  the  increased  static 
pressure  that  is  present  in  regions  of  the  compressor  annulus  where  rotating  stall  occurs.  By  clever 
valve  design,  this  effect  was  used  to  inject  air  which  damped  out  small  amplitude  flow  perturbations 
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at  the  compressor  inlet  which  would  have  grown  into  rotating  stall  cells.  This  actuation  scheme 
provided  for  a  10%  decrease  in  the  stalling  mass  flow  rate  through  the  compressor  for  the  closed  loop 
case,  compared  with  the  steady  air  injection  case.  Twenty-four  valves  where  used  to  accomplish 
this  control  technique,  and  the  mass  flow  addition  was  approximately  4%  of  the  stalling  mass  flow 
rate. 

Further  work  using  air  injection  to  control  rotating  stall  was  performed  by  Day  [7].  His  work 
focused  on  using  several  different  techniques  for  damping  out  the  flow  perturbations  which  grow 
into  rotating  stall  cells.  Two  methods  were  investigated,  one  which  attempted  to  measure  the 
rotating  stall  modes  (using  hot-wires)  and  cancel  them,  and  a  second  which  measured  local  flow 
perturbations  and  attempted  to  reject  them  individually.  Both  of  these  methods  were  successful 
at  extending  the  operating  region  of  the  compressor  system.  Day  also  showed  that  this  sort  of 
rotating  stall  control  has  a  beneficial  effect  of  damping  out  surge  oscillations. 

D’Andrea  et  al.  [5]  showed  that  the  effect  of  continuous  air  injection  was  to  shift  the  steady  state 
compressor  performance  characteristic  and  then  explored  the  use  of  this  for  closed  loop  control. 
The  result  was  a  controller  which  eliminated  the  hysteresis  region  associated  with  rotating  stall. 
Further  work  by  the  same  authors  [6]  showed  results  for  air  injection  control  of  rotating  stall  and 
surge  that  are  similar  to  those  of  Day  [7],  even  though  the  injected  air  flow  was  not  axial  in  nature. 

These  early  studies  have  been  extended  to  more  realistic  operating  conditions  in  a  number  of 
recent  papers.  Weigl  et  al.  [39]  implemented  a  controller  for  rotating  stall  using  air  injection  on  a 
transonic,  single  state  axial  compressor  at  NASA  and  Rolls-Royce  has  reported  results  of  control 
of  surge  and  stall  on  a  full  scale  engine  [11].  Additional  experimental  results  are  reported  in  [31]. 

1.3  Outline 

These  notes  provide  an  introduction  to  the  basic  concepts  of  active  control  of  compression  systems, 
focusing  on  rotating  stall.  Our  emphasis  is  on  nonlinear  techniques  for  analysis  and  control  of  insta¬ 
bilities  since  these  are  the  most  relevant  for  compression  system  instabilities.  A  brief  introduction 
to  the  definitions  and  tools  of  nonlinear  control  theory  are  given  in  Section  2.  We  then  introduce 
the  notion  of  active  control  of  compression  system  instabilities  in  Section  3,  focusing  first  on  linear 
control  techniques.  Section  4  describes  the  use  of  nonlinear  control  methods,  including  bifurcation 
control,  as  applied  to  compression  systems. 
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2  Introduction  to  Nonlinear  Dynamics  and  Control 

Rotating  stall  and  surge  represent  system  level  instabilities  in  which  nonlinear  effects  play  an 
important  role.  In  this  section  we  give  a  brief  introduction  to  some  of  the  specific  tools  that  have 
been  used  to  analyze  and  control  compression  system  dynamics.  We  assume  familiarity  with  linear 
control  techniques  (covered  elsewhere  in  the  course). 

2.1  Lyapunov  Stability 

In  this  section  we  review  the  tools  of  Lyapunov  stability  theory.  These  tools  will  be  used  to  analyze 
stability  of  actively  controlled  compression  systems.  We  present  a  survey  of  the  results  that  we 
shall  need  in  the  sequel,  with  no  proofs.  The  interested  reader  should  consult  a  standard  text,  such 
as  Vidyasagar  [36]  or  Khalil  [20],  for  details. 

Basic  definitions 

Consider  a  dynamical  system  modeled  by  a  smooth  set  of  ordinary  differential  equations 

x  =  f(x)  x(to)  —  xo  x  E  Mn,  (1) 

where  x  denotes  the  state  of  the  system  and  xo  is  the  initial  condition  for  the  system  at  time 

t  —  to.  We  will  assume  that  /(x )  satisfies  the  standard  conditions  for  the  existence  and  uniqueness 
of  solutions.  A  point  x*  E  W1  is  an  equilibrium  point  of  (1)  if  fix*)  =  0.  We  say  an  equilibrium 
point  is  locally  stable  if  all  solutions  which  start  near  x*  (meaning  that  the  initial  conditions  are  in 
a  neighborhood  of  x*)  remain  near  x*  for  all  time.  The  equilibrium  point  x*  is  said  to  be  locally 
asymptotically  stable  if  x*  is  locally  stable  and,  furthermore,  all  solutions  starting  near  x*  tend 
toward  x*  as  t  — ►  oo. 

By  shifting  the  origin  of  the  system,  we  may  assume  that  the  equilibrium  point  of  interest 
occurs  at  x*  =  0.  If  multiple  equilibrium  points  exist,  we  will  need  to  study  the  stability  of  each 
by  appropriately  shifting  the  origin. 

Definition  1.  Stability  in  the  sense  of  Lyapunov 

The  equilibrium  point  x*  =  0  of  (1)  is  stable  (in  the  sense  of  Lyapunov)  at  t  =  to  if  for  any  e  >  0 
there  exists  a  5(e)  >0  such  that 

||x(t0)||  <  5  =>  ||x(i)||<e,  Vt  >  t0.  (2) 

Lyapunov  stability  is  a  very  mild  requirement  on  equilibrium  points.  In  particular,  it  does  not 

require  that  trajectories  starting  close  to  the  origin  tend  to  the  origin  asymptotically.  Asymptotic 
stability  is  made  precise  in  the  following  definition: 

Definition  2.  Asymptotic  stability 

An  equilibrium  point  x*  =  0  of  (1)  is  asymptotically  stable  at  £  =  to  if 

1.  x*  =  0  is  stable,  and 

2.  x*  =  0  is  locally  attractive;  i.e.,  there  exists  5  such  that 


x(to)  II  <  $ 


lim  x(t)  =  0. 


(3) 
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(a)  Stable  in  the  sense  of  Lyapunov 


(b)  Asymptotically  stable  (c)  Unstable  (saddle) 

Figure  3:  Phase  portraits  for  stable  and  unstable  equilibrium  points. 


Finally,  we  say  that  an  equilibrium  point  is  unstable  if  it  is  not  stable.  Figure  3  illustrates  the 
difference  between  stability  in  the  sense  of  Lyapunov,  asymptotic  stability,  and  instability. 

Definitions  1  and  2  are  local  definitions;  they  describe  the  behavior  of  a  system  near  an  equilib¬ 
rium  point.  We  say  an  equilibrium  point  x*  is  globally  stable  if  it  is  stable  for  all  initial  conditions 
xo  E  Mn.  Global  stability  is  very  desirable,  but  in  many  applications  it  can  be  difficult  to  achieve. 
We  will  concentrate  on  local  stability  theorems  and  indicate  where  it  is  possible  to  extend  the 
results  to  the  global  case. 

It  is  important  to  note  that  the  definitions  of  asymptotic  stability  do  not  quantify  the  rate  of 
convergence.  There  is  a  strong  form  of  stability  which  demands  an  exponential  rate  of  convergence: 

Definition  3.  Exponential  stability,  rate  of  convergence 

The  equilibrium  point  x*  =  0  is  an  exponentially  stable  equilibrium  point  of  (1)  if  there  exist 
constants  m,  a  >  0  and  e  >  0  such  that 

||*(t)||  (4) 

for  all  ||x(t0)||  <  e  and  t  >  to.  The  largest  constant  a  which  may  be  utilized  in  (4)  is  called  the 
rate  of  convergence. 

Exponential  stability  is  a  strong  form  of  stability;  in  particular,  it  implies  asymptotic  stability. 
Exponential  convergence  is  important  in  applications  because  it  can  be  shown  to  be  robust  to 
perturbations  and  is  essential  for  the  consideration  of  more  advanced  control  algorithms,  such  as 
adaptive  ones.  A  system  is  globally  exponentially  stable  if  the  bound  in  equation  (4)  holds  for  all 
xo  G  Mn.  Whenever  possible,  we  shall  strive  to  prove  global,  exponential  stability. 
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The  direct  method  of  Lyapunov 

Lyapunov’s  direct  method  (also  called  the  second  method  of  Lyapunov)  allows  us  to  determine  the 
stability  of  a  system  without  explicitly  integrating  the  differential  equation  (1).  The  method  is  a 
generalization  of  the  idea  that  if  there  is  some  “measure  of  energy”  in  a  system,  then  we  can  study 
the  rate  of  change  of  the  energy  of  the  system  to  ascertain  stability.  To  make  this  precise,  we  need 
to  define  exactly  what  one  means  by  a  “measure  of  energy.”  Let  Be  be  a  ball  of  size  e  around  the 
origin,  Be  =  {x  G  :  \\x\\  <  e}. 

Definition  4.  Locally  positive  definite  functions  (lpdf) 

A  continuous  function  V  :  Mn  x  M+  — ►  M  is  a  locally  positive  definite  function  if  for  some  e  >  0  and 
some  continuous,  strictly  increasing  function  a  :  M+  —>  M, 

U(0)  =  0  and  V(x)>a(\\x\\)  \/x  G  Be,  Vt  >  0.  (5) 

A  locally  positive  definite  function  is  locally  like  an  energy  function.  Functions  which  are 
globally  like  energy  functions  are  called  positive  definite  functions: 

Definition  5.  Positive  definite  functions  (pdf) 

A  continuous  function  V  :  ML  x  M+  — ►  M  is  a  positive  definite  function  if  it  satisfies  the  conditions 
of  Definition  4  and,  additionally,  a(p)  — >  oo  as  p  — ►  oo. 

Using  these  definitions,  the  following  theorem  allows  us  to  determine  stability  for  a  system  by 
studying  an  appropriate  energy  function.  Roughly,  this  theorem  states  that  when  V (x)  is  a  locally 
positive  definite  function  and  V(x)  <  0  then  we  can  conclude  stability  of  the  equilibrium  point. 
The  time  derivative  of  V  is  taken  along  the  trajectories  of  the  system: 

dV 

V  = - /. 

x=f(x)  dx 

In  what  follows,  by  V  we  will  mean  V\j.=f(xy 

Theorem  1.  Basic  theorem  of  Lyapunov 

Let  V (x)  be  a  non-negative  function  with  derivative  V  along  the  trajectories  of  the  system. 

1.  IfV(x )  is  locally  positive  definite  and  V(x)  <  0  locally  in  x,  then  the  origin  of  the  system  is 
locally  stable  (in  the  sense  of  Lyapunov). 

2.  IfV(x)  is  locally  positive  definite  and  —  V(x)  is  locally  positive  definite ,  then  the  origin  of  the 
system  is  locally  asymptotically  stable. 

3.  IfV(x)  is  positive  definite  and  —V(x)  is  positive  definite,  then  the  origin  of  the  system  is 
globally  asymptotically  stable. 

The  conditions  in  the  theorem  are  summarized  in  Table  1. 

Theorem  1  gives  sufficient  conditions  for  the  stability  of  the  origin  of  a  system.  It  does  not, 
however,  give  a  prescription  for  determining  the  Lyapunov  function  V(x).  Since  the  theorem  only 
gives  sufficient  conditions,  the  search  for  a  Lyapunov  function  establishing  stability  of  an  equilibrium 
point  could  be  arduous.  However,  it  is  a  remarkable  fact  that  the  converse  of  Theorem  1  also  exists: 
if  an  equilibrium  point  is  stable,  then  there  exists  a  function  V (x)  satisfying  the  conditions  of  the 
theorem.  However,  the  utility  of  this  and  other  converse  theorems  is  limited  by  the  lack  of  a 
computable  technique  for  generating  Lyapunov  functions. 

Theorem  1  also  stops  short  of  giving  explicit  rates  of  convergence  of  solutions  to  the  equilibrium. 
It  may  be  modified  to  do  so  in  the  case  of  exponentially  stable  equilibria. 
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Table  1:  Summary  of  the  basic  theorem  of  Lyapunov. 


Conditions  on 
V(x) 

Conditions  on 
-V(x) 

Conclusions 

1 

lpdf 

>  0  locally 

Stable 

2 

lpdf 

lpdf 

Asymptotically  stable 

3 

pdf 

pdf 

Globally  asymptotically  stable 

Theorem  2.  Exponential  stability  theorem 

x*  =  0  is  an  exponentially  stable  equilibrium  point  of  x  —  /(x)  if  and  only  if  there  exists  an  e  >  0 
and  a  function  V (x)  which  satisfies 


Oq||x||2  <  V(x)  <  02  II# 
V\x=f(x)  —  —  ^3||#|| 


dV 

|^(#)||  <  ^4 1|# | 


for  some  positive  constants  oq,  02?  <^3,  oq;  and  \\x\\  <  e. 


The  rate  of  convergence  for  a  system  satisfying  the  conditions  of  Theorem  2  can  be  determined 
from  the  proof  of  the  theorem  [33].  It  can  be  shown  that 


m  < 


a  > 


03 

2o2 


are  bounds  in  equation  (4).  The  equilibrium  point  x*  =  0  is  globally  exponentially  stable  if  the 
bounds  in  Theorem  2  hold  for  all  x. 


The  indirect  method  of  Lyapunov 

The  indirect  method  of  Lyapunov  uses  the  linearization  of  a  system  to  determine  the  local  stability 
of  the  original  system.  Consider  the  system 


with  /( 0)  =  0.  Define 


A  = 


X  =  f(x) 

<9/0 


dx 


(6) 


(7) 


x=0 


to  be  the  Jacobian  matrix  of  f{x)  with  respect  to  x,  evaluated  at  the  origin.  It  follows  that  the 
remainder 

/i0)  =  /  0)  -  Ax 

approaches  zero  as  x  approaches  zero  and,  more  specifically, 


lim  4M  =  0. 


\\x\\^0  X 


(8) 


If  equation  (8)  holds,  then  the  system 

i  =  Az  (9) 

is  referred  to  as  the  linearization  of  equation  (1)  about  the  origin.  When  the  linearization  exists, 
its  stability  determines  the  local  stability  of  the  original  nonlinear  equation. 
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Q 

Figure  4:  Damped  harmonic  oscillator. 


Theorem  3.  Stability  by  linearization 

Consider  the  system  (6)  and  assume  equation  (8)  holds.  If  0  is  a  asymptotically  stable  equilibrium 
point  of  (9)  then  it  is  a  locally  asymptotically  stable  equilibrium  point  of  (6). 

The  indirect  method  says  that  if  the  eigenvalues  of 

„  _  9f(x) 


are  in  the  open  left  half  complex  plane,  then  the  origin  is  asymptotically  stable. 

This  theorem  proves  that  global  asymptotic  stability  of  the  linearization  implies  local  asymptotic 
stability  of  the  original  nonlinear  system.  The  estimates  provided  by  the  proof  of  the  theorem  can 
be  used  to  give  a  (conservative)  bound  on  the  domain  of  attraction  of  the  origin.  Systematic 
techniques  for  estimating  the  bounds  on  the  regions  of  attraction  of  equilibrium  points  of  nonlinear 
systems  is  an  important  area  of  research  and  involves  searching  for  the  “best”  Lyapunov  functions. 


Examples 

We  now  illustrate  the  use  of  the  stability  theorems  given  above  on  a  few  examples. 


Example  1.  Linear  harmonic  oscillator 

Consider  a  damped  harmonic  oscillator,  as  shown  in  Figure  4.  The  dynamics  of  the  system  are 
given  by  the  equation 

Mq  +  Bq  +  Kq  =  0,  (10) 

where  M,  F>,  and  K  are  all  positive  quantities.  As  a  state  space  equation  we  rewrite  equation  (10) 
as 

d 
dt 

Define  x  —  ( q ,  q)  as  the  state  of  the  system. 

Since  this  system  is  a  linear  system,  we  can  determine  stability  by  examining  the  poles  of  the 
system.  The  Jacobian  matrix  for  the  system  is 


Q 

q 

A 

~(K/M)q  —  (B/M)q 

(ii) 


A  = 


0 

-K/M 


1 

-B/M\  ’ 


which  has  a  characteristic  equation 

A2  +  (B/M)  A  +  (K/M)  =  0. 
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Figure  5:  Flow  of  damped  harmonic  oscillator.  The  dashed  lines  are  the  level  sets  of  the  Lyapunov 
function  defined  by  (a)  the  total  energy  and  (b)  a  skewed  modification  of  the  energy. 


The  solutions  of  the  characteristic  equation  are 

_  -B  ±  VB2  -  ARM 
~  2M  ’ 

which  always  have  negative  real  parts,  and  hence  the  system  is  (globally)  exponentially  stable. 

We  now  try  to  apply  Lyapunov’s  direct  method  to  determine  exponential  stability.  The  “obvi¬ 
ous”  Lyapunov  function  to  use  in  this  context  is  the  energy  of  the  system, 

V(x)  =  \Mq 2  +  \Kq2.  (12) 

Taking  the  derivative  of  V  along  trajectories  of  the  system  (10)  gives 

V  —  Mqq  +  Kqq  = —Bq2 .  (13) 


The  function  —  V  is  quadratic  but  not  locally  positive  definite,  since  it  does  not  depend  on  and 
hence  we  cannot  conclude  exponential  stability.  It  is  still  possible  to  conclude  asymptotic  stability 
using  Lasalle’s  invariance  principle  (see  [40]),  but  this  is  obviously  conservative  since  we  already 
know  that  the  system  is  exponentially  stable. 

The  reason  that  Lyapunov’s  direct  method  fails  is  illustrated  in  Figure  5a,  which  shows  the 
flow  of  the  system  superimposed  with  the  level  sets  of  the  Lyapunov  function.  The  level  sets  of  the 
Lyapunov  function  become  tangent  to  the  flow  when  q  —  0,  and  hence  it  is  not  a  valid  Lyapunov 
function  for  determining  exponential  stability. 

To  fix  this  problem,  we  skew  the  level  sets  slightly,  so  that  the  flow  of  the  system  crosses  the 
level  surfaces  transversely.  Define 


Q 

T 

'  K 

eM 

Q 

_eM 

M  _ 

.4 

\qMq  +  \qKq  +  eqMq , 


where  e  is  a  small  positive  constant  such  that  V  is  still  positive  definite.  The  derivative  of  the 
Lyapunov  function  becomes 

V  =  qMq  +  qKq  +  eMq 2  +  eqMq 

=  (-B  +  eM)q2  +  e(-Kq 2  -  Bqq)  =  - 


± 

eK  \eB 

Q 

\eB  B-eM 

Q 
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The  function  V  can  be  made  negative  definite  for  e  chosen  sufficiently  small  and  hence  we  can 
conclude  exponential  stability.  The  level  sets  of  this  Lyapunov  function  are  shown  in  Figure  5b. 


Example  2.  Stability  of  the  MG-3  equations 

Consider  the  three  state  Moore-Greitzer  equations,  which  provide  a  simple  model  of  the  dynamics 
of  a  compression  system: 


£  =  r(*c($)-*  + 


Jc>2*c($)n 
4  <9$2  ' 


^  =  (14) 

m  +  fi  '  <94*  +8  d$3  ’’ 


Here,  <f>  represents  the  (annulus-averaged)  flow  through  the  system,  T  is  the  pressure  rise  between 
the  inlet  and  outlet,  and  J  is  the  square  of  the  amplitude  of  the  first  mode  of  rotating  stall.  The 
parameters  Zc,  £>,  m  and  /i  depend  on  the  compressor  configuration  and  are  described  in  Paduano’s 
course  notes  as  well  as  [28]. 

The  two  functions  4/ c( <L)  and  represent  the  compressor  and  throttle  characteristics. 

The  throttle  characteristic  models  the  pressure  loss  at  the  outlet  of  the  compressor  and  can  be 
written  as 

4>t(^,7)  =  7v7 


where  7  is  the  throttle  parameter .  The  compressor  characteristic  curve  gives  the  pressure  rise  across 
the  compressor  as  a  function  of  the  mass  flow  through  the  compressor  (see  Figure  6).  Together, 
these  two  characteristic  curves  determine  the  nominal  operating  point  of  the  system  since  when 
J  —  0,  the  equilibrium  solution  for  the  system  is  given  by  the  solution  of  the  algebraic  equations 


T*  -  ^c($*)  =  0  and  -  $T(tf  *,  7)  =  0. 


(15) 


A  representative  set  of  curves  is  show  in  Figure  6.  The  operating  point  when  J*  =  0  is  at  the 
intersection  of  the  two  curves. 

We  now  consider  the  stability  of  this  system  at  an  equilibrium  point  x*  =  ($*,T*,0).  We 
assume  that  7  is  chosen  such  that 

me  =  tt—  ($*)  <  0  and  mr  =  -7^($*)  >  0 

and  we  let 

cj)  =  $  -  <F  ^  ^  _  if*. 

We  use  the  indirect  method  of  Lyapunov  and  compute  the  linearization  around  the  equilibrium 
point: 

4>=  ~r(rnc4>  —  VO 

Y*  =  kB( y4>  ~  mT VO 
2 

J  = - mcJ 

m  +  ji 

where  ks  =  1/(4F>2).  The  characteristic  equation  for  this  system  is  given  by 


(s  -  mc) 


,  1  pB  x  .  kB , 

tc  my  tc 


=  0. 
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Assuming  that  mc/rriT  C  1,  we  can  simplify  the  last  term  in  the  equation  and  stability  is  given 
by  the  conditions 


mC  <  4 B2mT 


and  me  <  0. 


We  thus  see  that  if  the  slope  of  the  compressor  characteristic  is  negative,  then  the  linearized  system 
is  stable  (since  B  and  mx  are  positive). 

Stability  of  the  linearized  equation  allows  us  to  conclude  local  stability  of  the  full  equations  when 
me  <0.  If  me  >  0,  it  is  easy  to  show  that  the  equations  are  unstable  and  J  grows  if  perturbed 
away  from  zero.  If,  on  the  other  hand,  me  =  0,  then  a  linear  analysis  is  not  sufficient  and  we  must 
resort  to  a  fully  nonlinear  analysis.  This  case  can  be  found  in  the  paper  by  McCaughan  [25]  and  is 
discussed  in  more  detail  below. 


2.2  Nonlinear  Control  Using  Lyapunov  Functions 

The  use  of  Lyapunov  functions  to  characterize  stability  leads  to  a  variety  of  techniques  for  design 
of  control  laws  based  on  the  properties  of  Lyapunov  functions.  In  this  section  we  consider  a  system 
of  the  form 

x  =  f(x,u)  x(to)  =  xo  x  G  M71,  u  G  Rm,  (16) 

where  u  denotes  the  inputs  to  the  system.  We  wish  to  design  a  feedback  control  law  u  —  a(x)  such 
that  the  resulting  closed  loop  system 

x  =  /(x,  a(x)) 

is  stable. 

We  consider  two  such  techniques  in  this  section:  control  Lyapunov  functions  and  backstepping. 
More  information  on  Lyapunov-based  control  design  can  be  found  in  the  the  textbook  by  Krstic  et 
al.  [22]. 
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Control  Lyapunov  Functions 


Control  Lyapunov  functions  are  an  extension  of  standard  Lyapunov  functions  and  were  originally 
introduced  by  Sontag  [35] .  They  allow  constructive  design  of  nonlinear  controllers  and  the  Lyapunov 
function  that  proves  their  stability.  We  give  a  brief  introduction  here,  driven  by  relevant  examples. 
A  more  complete  treatment  is  given  in  [22] . 


Definition  6.  Control  Lyapunov  Function 

A  locally  positive  function  V  :  —>  M+  is  called  a  control  Lyapunov  function  ( CLF)  for  a  control 

system  (16)  if 

fdV  \ 

inf  (  — —  /hr,  u)  )  <  0  for  all  x  ^  0. 

For  systems  that  are  affine  in  the  control 

X  =  f(x)  +  g(x)u,  f(x )  =  0 


the  CLF  condition  simplifies  to 


dV  dV 

-!{x)  +  -g{x)n<-W{x) 


for  some  locally  positive  definite  function  W(x).  If  such  a  V  exists,  then  a  particular  control  law 
that  stabilizes  the  system  is  given  by  Sontag' s  formula : 


u  — 


dV 

dx  y 


ov 

dx 


g^  o 


%9  =  0- 


Example  3.  CLF  example 

Consider  the  scalar  system  given  by  the  component  of  the  Moore-Greitzer  equations  that  describe 
the  evolution  of  rotating  stall,  with  an  additional  term  to  represent  a  control  input: 

•  _  2  (&UC  JdHfA 

rn  +  /i  \  <9<3?  8  3$3  )  U 

We  assume  here  that  $  and  T  are  constants. 

Consider  the  control  Lyapunov  function  candidate 

V{J)  =  \J 2 


This  function  is  positive  definite  and  hence  we  need  to  check  the  condition  on  V  to  see  if  it  is  a 
control  Lyapunov  function: 


V  =  J 


d V 


c  +  Jd3^c 


m  +  fi  \  d<$>  8 


J  u 


It  is  easy  to  verify  that  we  can  always  find  a  u  such  that  V  <  0  for  J  ^  0.  Once  such  control  is 
given  by  u  —  —k  J,  in  which  case  we  have 

J3  d3Tc 

8 (m  +  /i)  d$3 

and  if  k  is  chosen  sufficiently  large,  then  V  <  0  for  J  small.  Thus  we  can  conclude  that  we  have 
local  asymptotic  stability. 


V  = 


d^r 


m  +  fi  \  d<& 


-k)J 
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Backstepping 

In  general,  it  is  difficult  to  find  a  control  Lyapunov  function  for  a  complex,  nonlinear  system.  For 
example,  if  we  consider  the  entire  Moore-Greitzer  equations,  it  would  be  much  less  obvious  how  to 
choose  an  appropriate  V. 

Backstepping  is  a  constructive  approach  to  build  controllers  and  Lyapunov  functions  for  certain 
classes  of  systems.  The  essence  of  the  technique  is  contained  in  the  following  lemma: 

Lemma  4.  Consider  an  affine  nonlinear  system  augmented  by  an  integrator: 


x  =  f(x)+g(x)u  (17) 

ii  =  v  (18) 


and  supposed  that  V(x)  is  a  control  Lyapunov  function  for  the  system  (17)  and  u  =  a(x)  is  a 
control  law  that  stabilizes  the  system.  Then 

1  9 

Va(x,  u)  =  V (x)  +  -  (u  -  a(x)) 

is  a  CLF  for  the  full  system. 


This  lemma  allows  us  to  iteratively  design  a  CLF  for  a  system  as  well  as  constructively  build  a 
control  law  for  the  complete  system.  The  basic  idea  is  that  we  can  “backstep”  a  controller  through 
an  integrator  and  obtain  a  controller  for  the  larger  system.  The  following  example  illustrates  this 
approach. 

Example  4.  Stabilization  of  the  MG-3  model  via  backstepping 

Consider  the  controlled  MG-3  equations 


£  =  r(*c($)-*  + 


Jd 2*c($), 
4  <9$2  ' 


■  2  (dVc($)  Jo>3*c($X 

m  +  n  '  <94*  +8  d$3  ' 


(19) 


The  input  here  corresponds  (roughly)  to  the  effect  of  a  bleed  valve  downstream  from  the  compressor, 
and  hence  is  somewhat  realistic.  We  wish  to  stabilize  the  system  around  the  equilibrium  point 
x*  =  (<F*,  T*,  0)  corresponding  to  the  peak  of  the  compressor  characteristic  curve,  where  =  0. 
To  simplify  the  derivation,  we  assume  a  cubic  compressor  characteristic  of  the  form 

Tc($)  =  ao  +  ai$  -  a3$3  (20) 

where  each  ai  >  0  and  <f>*  =  at  the  peak  of  the  compressor  characteristic.  We  then 

rewrite  the  Moore-Greitzer  equations  in  a  different  order: 


J  = 


m  +  /a 

1 


T(d* >c(*)  J33^c(4>), 

'  V  '  Q  / 


4»  =  -(^c($) 

Lr 


<94*  '  8  d4>3 

Jd24*c($) 


*+4‘ 


<94>2 


) 


4*  = 


4L52 


($  -  4>T(4',7)  +«)• 
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We  begin  by  trying  to  stabilize  J  using  $  as  a  “virtual”  control,  which  we  assume  for  the  moment 
that  we  can  control  directly  (as  if  it  were  an  input).  Setting  4>  to  the  desired  value  of  &d(J)  — 
4>*  +  k  J,  we  see  that  the  J  equation  becomes 

j  =  — —  (-6 a3$*kJ2  -  -azJ2  -  3 a3k2J3 

m  +  fi  \  4 

(where  we  have  made  use  of  the  particular  compressor  characteristic  in  equation  (20)). 

This  equation  is  nonlinearly  stable  under  the  assumption  that  J  >  0  and  given  the  signs  of  the 
various  coefficients.  It  is  important  to  note  that  if  we  had  instead  applied  this  control  at  an  operating 
point  with  me  —  ^  0  then  there  would  be  a  linear  term  that  would  determine  stability.  If 

me  <  0  then  we  still  have  stability,  but  if  me  >  0  then  the  equilibrium  point  corresponding  to 
J  —  0  is  unstable,  even  with  the  control  in  place.  It  is  only  at  the  point  where  me  —  0  that  the 
control  alters  the  stability  of  the  equation. 

Continuing  on,  we  next  look  at  the  equation  for  4>  and  attempt  to  choose  4/  so  as  to  stabilize 
this  equation  to  the  value  $^(J).  As  before,  we  assume  that  4/  can  be  directly  controlled  and  we 
set  it  to 

Finally,  we  look  at  4/  and  stabilize  it  to  4/d(4>,  J).  A  simple  controller  to  achieve  this  is 

u  =  -ks(*-*d(Q,J)). 

Expanding  4/^  and  4>d,  the  resulting  state  feedback  for  the  full  system  is  given  by 

u  =  -fc3(tf  -  ®*)  -  k3k2(<S>  -  $*)  -  k3k2k1J. 

As  noted  above,  this  control  renders  the  system  stable  when  me  <  0,  including  the  point  me  =  0, 
where  linear  stability  is  lost.  However,  beyond  the  peak  of  the  compressor  characteristic,  this 
control  law  cannot  stabilize  the  unstalled  equilibrium  point  J  —  0. 

2.3  Bifurcations  and  bifurcation  control 

As  the  last  example  illustrates,  it  is  not  always  possible  to  stabilize  a  system  about  a  desired 
operating  point  (e.g.,  when  me  >0).  In  this  section  we  show  how  to  perform  nonlinear  control  in 
a  way  that  modifies  the  behavior  of  the  system  to  be  more  beneficial  without  necessarily  stabilizing 
the  system. 

Bifurcations 

Consider  a  family  of  differential  equations 

i  =  /(x,/i),  x  G  M71,  (21) 

where  x  is  the  state  and  fi  is  a  set  of  parameters  that  describe  the  family  of  equations.  The 
equilibrium  solutions  satisfy 

/(*>/*)  =  ° 

and  as  \i  is  varied,  the  corresponding  solutions  xe(fi)  vary.  We  say  that  the  system  (21)  has  a 
bifurcation  at  fi  —  /i*  if  the  flow  of  the  system  change  quantitatively  at  /i*.  This  can  occur  either 
due  to  a  change  in  stability  type  or  a  change  in  the  number  of  solutions  at  a  given  value  of  fi. 
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(a)  supercritical  pitchfork  (b)  subcritical  pitchfork 

Figure  7:  Pitchfork  bifurcation:  (a)  subcritical  and  (b)  supercritical. 


Example  5.  Simple  exchange  of  stability 

Consider  the  scalar  dynamical  system 

x  =  /ax. 

This  system  has  a  bifurcation  at  /i  =  0  since  the  stability  of  the  system  changes  from  asymptotically 
stable  (for  fi  <  0)  to  neutrally  stable  (/i  =  0)  to  unstable  (for  fi  >  0). 

Example  6.  Pitchfork  bifurcation 

Consider  the  scalar  dynamical  system 

x  —  fix  —  x 3. 

The  equilibrium  values  of  x  are  plotted  in  Figure  7a,  with  solid  lines  representing  stable  equilibria 
and  dashed  lines  representing  unstable  equilibria.  As  illustrated  in  the  figure,  the  number  and  type 
of  the  solutions  changes  at  fi  —  0  and  hence  we  say  there  is  a  bifurcation  at  /i  =  0. 

Note  that  the  sign  of  the  cubic  term  determines  whether  the  bifurcation  generates  a  stable 
branch  (called  a  supercritical  bifurcation  and  shown  in  Figure  7a)  or  a  unstable  branch  (called  a 
subcritical  bifurcation  and  shown  in  Figure  7b). 

Bifurcations  provide  a  tool  for  studying  how  systems  evolve  as  operating  parameters  change 
and  are  particularly  useful  in  the  study  of  stability  of  differential  equations.  To  illustrate  how 
bifurcations  arise  in  the  context  of  compression  systems,  we  consider  the  3  state  Moore-Greitzer 
model  introduced  earlier. 


Example  7.  Bifurcation  analysis  of  the  MG-3  model 

Consider  again  the  special  case  given  by  a  cubic  compressor  characteristic  in  the  form  of  equa¬ 
tion  (20).  As  we  have  already  seen,  the  J*  =  0  equilibrium  point  undergoes  a  bifurcation  when 
^  =  0  since  the  eigenvalue  associated  with  J  crosses  into  the  right  half  plane. 

However  we  can  also  analyze  the  stability  of  the  stalled  branch,  given  by 

J*  d'^c  _  a*c($*)  /J*d3frc 

<9$  +  8  <9$3  9$  /  8  d<£3  ' 

Note  that  this  solution  most  be  positive  to  make  physical  sense  and  hence  J*  may  not  always  exist. 
To  complete  the  solution  for  this  case,  we  must  also  have 


* 


J* 

1  - 


and 


^c($*)  -  V 
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Bifurcation  Diagram:  NAI 


Figure  8:  Bifurcation  diagram  for  the  MG-3  model. 


A  representative  graph  of  J*  as  a  function  of  the  bifurcation  parameter  7  is  given  in  Figure  8,  with 
a  dark  line  indicating  a  stable  equilibrium  and  a  light  line  indicating  an  unstable  equilibrium. 

Several  important  features  rotating  stall  are  present  in  this  example.  First,  note  that  locally 
Figure  8  looks  like  a  subcritical  pitchfork  bifurcation,  with  only  the  top  branch  present  (and  the 
parameter  varying  in  the  opposite  sense  from  the  canonical  pitchfork  example).  Thus,  when  we 
reach  the  critical  value  of  7  where  the  slope  of  the  compressor  characteristic  is  zero,  small  pertur¬ 
bations  in  J  grow  and  the  system  begins  to  stall  (J  /  0).  Nonlinearities  in  the  model  stop  the 
growth  of  the  stall  cell  for  J  large  and  we  eventually  end  up  with  a  finite  size  stall  cell  (represented 
by  the  stable  section  of  the  upper  branch).  If  at  this  point  we  increase  7,  we  remain  on  the  upper 
(stalled)  branch  until  we  reach  the  saddle-node  bifurcation,  where  we  then  drop  back  to  the  original 
unstalled  operating  point.  This  gives  a  hysteresis  loop  that  corresponds  to  the  well  known  hysteresis 
in  rotating  stall. 

Control  of  bifurcations 

Now  consider  a  family  of  control  systems 

x  =  f(x,u,/a),  x  G  Mn,  u  G  Km,  /iGKfe,  (22) 

where  u  is  the  input  to  the  system.  We  have  seen  in  the  previous  sections  that  we  can  sometimes 
alter  the  stability  of  the  system  by  choice  of  an  appropriate  feedback  control,  u  —  a(x).  In  this 
section  we  investigate  how  the  control  can  be  used  to  change  the  bifurcation  characteristics  of  the 
system.  As  in  the  previous  section,  we  rely  on  examples  to  illustrate  the  key  points.  A  more 
detailed  description  of  the  use  of  feedback  to  control  bifurcations  can  be  found  in  the  work  of  Abed 
and  co-workers  [23]. 

The  simplest  case  of  bifurcation  control  is  when  the  system  can  be  stabilized  near  the  bifurcation 
point  through  the  use  of  feedback.  In  this  case,  we  can  completely  eliminate  the  bifurcation  through 
feedback,  as  the  following  simple  example  shows. 
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Characteristic  Shifting  (slope  and  offset) 


Figure  9:  Relation  of  controller  gain  and  behavior  of  bifurcation. 

Example  8.  Stabilization  of  the  pitchfork  bifurcation 

Consider  the  subcritical  pitchfork  example  from  the  previous  section,  with  a  simple  additive  control: 

x  =  fix  +  x3  +  u. 

Choosing  the  control  law  u  —  —  kx,  we  can  stabilize  the  system  at  the  nominal  bifurcation  point 
li  —  0  since  ii  —  k  <  0  at  this  point.  Of  course,  this  only  shifts  the  bifurcation  point  and  so  k  must 
be  chosen  larger  than  the  maximum  value  of  fi  that  can  be  achieved. 

Alternatively,  we  could  choose  the  control  law  u  —  —kx3  with  k  >  1.  This  changes  the  sign  of  the 
cubic  term  and  changes  the  pitchfork  from  a  subcritical  bifurcation  to  a  supercritical  bifurcation. 
The  stability  of  the  x  =  0  equilibrium  point  is  not  changed,  but  the  system  operating  point  moves 
slowly  away  from  zero  after  the  bifurcation  rather  than  growing  without  bound. 

The  more  interesting  case  for  consideration  is  when  the  control  enters  in  such  a  way  that  it  is 
not  possible  to  stabilize  the  system  (i.e.,  the  linearization  is  unstabilizable  at  the  bifurcation  point). 
In  this  case,  it  might  be  possible  to  change  the  bifurcation  behavior  to  a  more  benign  case  through 
the  use  of  feedback.  We  illustrate  this  using  the  3  state  Moore-Greitzer  model. 

Example  9.  Liaw-Abed  Control  of  the  MG-3  model 

For  stall  control,  Liaw  and  Abed  [23]  proposed  a  control  law  that  modifies  the  throttle  characteristic: 

7,  u)  =  ( 7  +  ^)v/T, 

u  =  kJ. 

This  control  law  can  be  realized  experimentally  through  the  use  of  a  bleed  valve.  For  a  large 
enough  value  of  fc,  the  nominally  unstable  branch  of  equilibrium  solution  created  at  7  =  7*  “bends 
over”  and  eliminates  the  hysteresis  loop,  i.e.  the  subcritical  nature  of  the  transcritical  bifurcation 
is  changed  to  supercritical  (Figure  9). 

By  substituting  the  stall  control  law  and  computing  the  quantity  ^  at  the  stall  inception 
throttle  coefficient  7*,  the  minimum  gain  needed  for  this  phenomenon  to  occur  can  be  found  by 
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asserting  the  condition  that  ^|7=7*  <  0.  The  expression  for  the  minimum  gain  required  for  peak 
stabilization  is  given  by 

"'($*)  7*^/c/($*) 

mm  _87*^*^/c/($*)  8T* 

which  depends  on  the  shape  of  the  compressor  characteristic.  Since  the  second  term  is  always 
non- negative  around  the  peak,  the  larger  the  value  of  the  smaller  fcmin.  Roughly  speaking, 

this  amounts  to  a  compressor  characteristic  which  is  more  “filled  out”  to  the  left  of  the  peak.  This 
expression  serves  as  one  of  the  theoretical  tools  for  predicting  the  bleed  valve  requirement  needed 
for  peak  stabilization  [38,  42]. 
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Measurements  at  Compressor  Face 
of  Unsteady  Perturbations 
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Figure  10:  Architecture  for  modal  control. 


3  Modal  Control  of  Compression  Systems 

One  of  the  most  common  methods  of  controlling  stall  is  through  “modal”  control.  This  type  of 
control  works  for  systems  that  are  accurately  described  by  long  wavelength,  modal  inception  of 
stall,  as  described  in  the  course  notes  by  Paduano.  In  this  case,  the  circumferential  modes  of  the 
flow  perturbations  can  be  taken  as  states  of  the  dynamical  system  to  be  control  and  a  feedback  law 
can  be  designed  to  stabilize  these  states. 

The  basic  architecture  for  modal  control  is  illustrated  in  Figure  10.  Roughly  speaking,  this 
architecture  determines  the  magnitude  and  spatial  location  of  each  mode,  applies  a  feedback  control 
law  in  modal  coordinates,  and  then  maps  these  feedback  into  the  actuator  commands. 

Modal  control  has  been  demonstrated  using  a  variety  of  different  actuators,  including  high 
frequency  inlet  guide  vanes  [30]  and  air  injection  [16,  39].  The  specific  control  laws  used  for  these 
are  typically  a  gain  proportional  to  the  amplitude  of  the  modal  perturbation,  combined  with  a 
spatial  phase  shift.  The  phase  shift  can  be  regarded  as  a  mechanism  for  taking  into  account  sensing 
and  actuation  delays,  so  that  the  eventual  action  of  the  control  of  the  physics  is  properly  timed  to 
decrease  the  amplitude  of  the  individual  modes. 

To  analyze  the  effects  of  modal  control,  we  consider  the  stabilization  of  the  simple  MG-3  modal 
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Figure  11:  Range  extension  using  modal  control. 


using  2D  (spatially  distributed)  air  injection.  Paduano’s  course  notes  give  a  description  of  how 
this  can  be  accurately  incorporated  in  the  model  by  taking  into  account  changes  in  the  compressor 
characteristic  curve  as  well  as  momentum  effects.  For  simplicity,  we  assume  here  that  this  actuation 
is  represented  by  an  additional  term  in  the  equation  for  J,  which  represents  the  square  of  the 
amplitude  of  the  first  mode: 


£  =  r(*c($)-*  + 


4  <94>2  ’ 


= 

j  = 


2  (d*c{$)  JdH>c($}  , 

m  +  fi  <94>  8  <94>3  U 


(24) 


It  is  easy  to  show  using  the  techniques  of  the  previous  section  that  a  control  law  of  the  form 
u  —  kJ  will  extend  the  stability  of  the  system  beyond  the  nominal  stall  inception  point.  Indeed, 
the  condition  for  stability  of  the  stall  mode  is  given  by  k  —  me  >  0,  where  me  is  the  slope  of 
the  compressor  characteristic  curve  at  the  desired  operating  point.  (The  stability  of  the  eigenvalue 
corresponding  to  surge  is  unchanged.) 

Note  that  implicit  in  this  formulation  is  that  the  modal  control  has  been  spatially  locked  to  the 
phase  of  the  first  mode  (so  that  we  directly  actuate  the  amplitude).  Thus,  although  this  appears 
to  be  a  single  control  input  (in  modal  coordinates),  the  implementation  of  this  control  action  will 
require  an  arrange  of  actuators  that  are  capable  of  modulating  the  amount  of  injected  air  in  a 
spatially  sinusoidally  varying  pattern  that  is  aligned  with  the  first  mode  flow  perturbation. 

This  basic  idea  can  be  extended  to  multiple  modes  by  applying  independent  controllers  in  modal 
coordinates.  Typical  modal  control  laws  will  make  use  of  8  pressure  or  flow  sensors  and  12  actuators. 
This  allows  control  of  up  to  three  or  four  circumferential  modes.  The  actuator  bandwidths  are  a 
limiting  factor  in  the  effectiveness  of  the  control  and  typically  must  be  approximately  2.5  times  the 
rotor  frequency.  Figure  11  shows  the  results  of  a  modal  control  algorithm  on  a  transonic  compressor 
rig  [31].  For  this  example,  modulated  air  injection  was  used  as  the  actuation  mechanism,  with  a 
mean  rate  of  mass  injection  of  1.5%  of  the  mean  compressor  flow. 
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For  high  speed  compressors,  the  compressibility  effects  become  important  and  must  be  ac¬ 
counted  for  in  the  control  design.  A  detailed  discussion  can  be  found  in  Weigl  et  al.  [39]. 

It  is  also  possible  to  make  use  of  the  ideas  of  modal  feedback  in  passive  control  approaches. 
One  such  approach  was  given  by  Gysling  and  Greitzer  [17],  in  which  they  used  air  injectors  that 
had  a  “reed  valve”  mechanism  that  was  sensitive  to  local  pressure  variations.  This  provided  a 
direct  mechanism  to  dynamically  couple  the  flow  perturbations  of  the  rotating  stall  modes  to  the 
air  injection,  without  electronic  sensing  or  computation. 
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sensor  ring  (end  view) 


sensor  ring  (side  view) 


Figure  13:  Sensor  and  injection  actuator  ring. 


4  Nonlinear  Control  of  Compression  Systems 

In  this  section  we  consider  the  use  of  nonlinear  tools  for  analyzing  and  controlling  rotating  stall 
and  surge.  Throughout  this  section,  we  shall  illustrate  the  various  approaches  as  they  apply  to  an 
experimental  rig  developed  at  Caltech.  We  begin  with  a  description  of  this  system. 

4.1  Caltech  Compressor  Rig 

The  Caltech  compressor  rig  is  a  single-stage,  low-speed,  axial  flow  compressor  with  sensing  and 
actuation  capabilities.  Figure  12  shows  a  drawing  of  the  rig  and  Figure  13  a  magnified  view  of  the 
sensor  and  injection  actuator  ring. 

The  compressor  is  an  Able  Corporation  model  29680  low  speed  single  stage  axial  compressor 
with  14  blades,  a  tip  radius  of  8.5  cm,  and  a  hub  radius  of  6  cm.  The  blade  stagger  angle  varies 
from  30°  at  the  tip  to  51.6°  at  the  hub,  and  the  rotor  to  stator  distance  is  approximately  12  cm  (1.4 
rotor  radii).  Experiments  are  run  with  a  rotor  frequency  of  100  Hz,  giving  a  tip  Mach  number  of 
0.17.  In  the  configuration  shown  in  Figure  12,  rotating  stall  is  observed  to  occur  with  a  frequency  of 
approximately  67  Hz.  With  a  plenum  attached  at  the  outlet  (for  compliance  effects),  surge  occurs 
at  approximately  1.8  Hz.  Data  taken  for  a  stall  transition  event  suggests  that  the  stall  cell  grows 
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from  the  noise  level  to  its  fully  developed  size  in  approximately  30  msec  (3  rotor  revolutions).  At 
the  stall  inception  point,  the  velocity  of  the  flow  through  the  compressor  is  approximately  16  m/sec. 

Six  static  pressure  transducers  with  1000  Hz  bandwidth  are  evenly  distributed  along  the  annulus 
of  the  compressor  at  approximately  5.7  cm  (1.1  rotor  radii)  from  the  rotor  face.  By  performing 
a  discrete  Fourier  transform  on  the  signals  from  the  transducers,  the  amplitude  and  phase  of  the 
first  and  second  Fourier  modes  of  the  pressure  perturbation  of  a  nonaxisymmetric  disturbance  can 
be  obtained.  The  difference  between  the  pressure  obtained  from  one  static  pressure  transducer 
mounted  at  the  piezostatic  ring  at  the  inlet  and  that  from  the  piezostatic  ring  downstream  near 
the  outlet  of  the  system  is  computed  as  the  pressure  rise  across  the  compressor.  For  the  velocity  of 
the  system,  a  hotwire  anemometer  is  mounted  approximately  13.4  cm  (1.6  rotor  radii)  upstream  of 
the  rotor  face.  All  of  the  sensor  signals  are  filtered  through  a  4th  order  Bessel  low  pass  filter  with 
a  cutoff  frequency  of  1000  Hz  before  the  signal  processing  phase  in  the  software. 

A  high  speed  and  a  low  speed  bleed  valve  are  available  on  the  Caltech  rig.  The  high  speed 
bleed  valve,  used  primarily  for  stall  control,  has  a  magnitude  saturation  of  12%  (corresponding  to 
an  area  of  11.4  cm2)  of  the  flow  at  the  stall  inception  point  and  is  approximately  26  cm  (3.1  rotor 
radii)  downstream  of  the  rotor.  The  low  speed  valve,  used  primarily  for  surge  control  and  throttle 
disturbance  generation,  has  a  magnitude  saturation  of  30%  of  the  flow  of  the  system  at  the  stall 
inception  point  and  is  estimated  to  have  a  small  signal  (±5°  angle  modulation)  bandwidth  of  50 
Hz  and  a  large  signal  (±90°  angle  modulation)  bandwidth  of  15  Hz. 

The  air  injectors  are  on-off  type  injectors  driven  by  solenoid  valves.  For  applications  on  the 
Caltech  compressor  rig,  the  injectors  are  fed  with  a  pressure  source  supplying  air  at  a  maximum 
pressure  of  80  psig.  The  injectors  are  located  at  approximately  10.4  cm  (1.2  rotor  radii)  upstream 
of  the  rotor.  Due  to  significant  losses  across  the  solenoid  valves  and  between  the  valves  and  the 
pressure  source,  the  injector  back  pressure  reading  does  not  represent  an  accurate  indication  of  the 
actual  velocity  of  the  injected  air  on  the  rotor  face.  Using  a  hotwire  anemometer,  the  maximum 
velocity  of  the  velocity  profile  produced  by  the  injected  air  measured  at  a  distance  equivalent  to  the 
rotor-injector  distance  for  50  and  60  psig  injector  back  pressure  are  measured  to  be  approximately 

30.2  and  33.8  m/sec  respectively.  At  the  stall  inception  point,  each  injector  can  add  approximately 
1.7%  mass,  2.4%  momentum,  and  1.3%  energy  to  the  system  when  turned  on  continuously  at  60 
psig  injector  back  pressure.  The  bandwidth  associated  with  the  injectors  is  approximately  200  Hz 
at  50%  duty  cycle.  The  angle  of  injection,  injector  back  pressure,  the  axial  location  of  the  injectors, 
and  the  radial  location  of  the  injectors  can  all  be  varied. 

One  of  the  features  of  the  experiment  is  the  ability  to  use  continuous  air  injection  to  modify  the 
compressor  characteristic  curve  for  the  system.  This  allows  us  to  explore  the  role  that  the  shape  of 
the  compressor  characteristic  plays  in  active  control  of  stall  and  also  allows  us  to  emulate  a  range 
of  compressors  with  a  single  experimental  system. 

4.2  System  ID 

Many  of  the  nonlinear  analysis  techniques  that  we  employ  required  knowledge  of  the  compressor  pa¬ 
rameters  and  compressor  characteristic  curve.  In  this  section,  an  identification  algorithm  proposed 
by  Behnken  [4]  is  briefly  reviewed  to  illustrate  how  these  can  be  obtained. 

Due  to  the  unstable  nature  of  the  portion  of  the  compressor  characteristic  to  the  left  of  its  peak, 
achievable  stall-free  performance  of  a  given  compressor  has  always  been  uncertain.  Identification 
of  the  compressor  characteristic  and  the  parameters  in  the  Moore- Greitzer  model  has  been  an  on¬ 
going  research  topic.  The  complexity  of  the  identification  process  has  evolved  from  an  assumption 
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based  on  experience,  namely  a  simplified  Moore-Greitzer  type  cubic  [15,  28]  of  the  form 


®c($)  =  ^c0  +# 


1 

2 


3' 


where  4/Co,  i7,  and  W  are  fitting  coefficients,  to  an  iterative  simulation-experiment  matching  pro¬ 
cedure  which  results  in  piecewise  continuous  polynomials  [24].  While  the  iterative  approach  gives 
quantitatively  reliable  stall  inception  results  when  used  in  simulations,  a  systematic  method  that 
reduces  the  uncertainty  and  effort,  and  increases  the  accuracy  and  precision  of  the  identified  pa¬ 
rameters  is  extremely  desirable.  One  such  identification  algorithm  via  a  linear  least  squares  fit  of  a 
modified  version  of  the  Moore-Greitzer  equations  using  surge  cycle  data  is  proposed  by  Behnken  [4]. 

Using  modal  decomposition  and  Galerkin  projection,  the  Moore-Greitzer  PDE  can  be  projected 
onto  the  modes  of  interest.  As  an  example,  the  one- mode  Moore-Greitzer  model  (equation  (14))  is 
repeated  here  in  a  slightly  different  form: 
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(25) 


In  this  equation,  A\  represents  the  amplitude  of  stall  (rather  than  the  square  amplitude,  J). 

The  basic  surge  model  is  equation  (25)  with  A\  set  to  0.  The  expanded  surge  model  takes  into 
account  the  amplitude  of  the  rotating  stall  in  the  surge  cycle  without  considering  the  corresponding 
time  rate  of  change.  Furthermore,  for  applications  on  data  associated  with  pressure  perturbation,  a 
Taylor  expansion  can  be  used  to  express  the  stall  amplitudes  associated  with  pressure  perturbation 
to  those  with  flow  perturbation.  For  instance  (from  [4]),  the  first  mode  associated  with  pressure 
perturbation  A\  is  given  by 


A1=A! 


4>  + 


1 


m  +  /i 


v'M  +  4 


+  f\ 


To  pose  the  problem  in  a  linear  least  squares  form,  consider  a  polynomial  description  of  4/c(4>) 
given  by  4/c(4>)  =  J2iLoai^1  where  N  is  an  integer.  The  functional  dependence  of  $  on  Ai  is 
neglected  and  terms  higher  than  2nd  order  in  Ai  truncated.  For  consideration  of  the  first  and 
second  modes  only,  the  equations  can  be  written  as  the  following: 


N 


$  =  CLi<&1  +  co  4/  +  d\A\  +  +  d^A\  +  d^AiA^  +  ^5^2  +  ^6^2$  +  d^A^ 


2=0 


(26) 


where  d{  —  di/lc,  b\  —  1/4 lcB2,  62  =  — y/4 lcB2,  and  Co  =  —  1/ZC.  The  algorithm  uses  surge  cycle 
data  from  experiment  and  searches  for  coefficients  that  give  the  best  fit  to  the  expanded  surge 
equations.  A  successful  identification  of  the  compressor  characteristic  is  classified  as  one  that  gives 
a  close  fit  to  the  time  rate  of  change  of  the  flow  and  pressure  signals,  and  has  a  tight  bound  on  the 
range  of  possible  characteristics  as  a  result  of  the  linear  least  squares  fit. 
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Figure  14:  Identified  compressor  characteristic  and  estimated  4>  and  4/  using  pressure  perturbation; 
on  the  right  plot,  solid  lines  represent  measured  data  and  dashed  estimated  from  fit. 


To  illustrate  the  method,  surge  cycle  data  was  taken  on  the  Caltech  rig.  Using  the  model 
described  in  equation  (26),  the  resulting  identified  compressor  characteristic  and  the  estimated  4> 
and  4/  are  shown  in  Figure  14.  The  solid  lines  in  the  right  plots  represent  the  actual  4>  and  4/ 
time  traces  while  the  dashed  lines  the  fitted  counterparts.  The  shaded  region  in  the  left  plot  is  a 
band  formed  by  computing  the  compressor  characteristic  from  the  surge  cycle  data  using  the  fitted 
values  of  the  parameters.  The  tightness  of  this  band  and  the  close  fit  to  the  time  traces  indicate 
that  the  fit  is  good  with  respect  to  the  underlying  model. 

4.3  Nonlinear  control  using  bleed  valves 

One  of  the  earliest  nonlinear  control  laws  to  be  proposed  for  stabilization  of  rotating  stall  was  given 
by  Liaw  and  Abed  [23],  who  considered  control  using  a  downstream  bleed  valve.  They  demonstrated 
that  by  modulating  the  bleed  proportionally  to  the  square  of  the  amplitude  of  the  first  mode  of 
rotating  stall,  the  normal  bifurcation  into  stall  could  be  transformed  for  a  subcritical  bifurcation 
to  a  supercritical  one.  The  resulting  closed  loop  dynamical  system  has  no  hysteresis  loop,  allowing 
operation  much  closer  to  the  peak  of  the  compressor  characteristic. 

Figure  15  shows  the  open-  and  closed-loop  behavior  of  the  Caltech  compressor  in  the  4>-4/  plane 
and  the  7-  J  plane  respectively,  using  the  Liaw- Abed  control  law.  The  closed-loop  behavior  shows 
no  hysteresis  loop  on  Figure  15,  as  expected  from  the  theory.  As  Figure  15  shows,  after  the  bleed 
valve  saturates,  the  system  returns  to  the  original  stalled  equilibria.  The  7 -J  plot  in  Figure  15  is 
expected  to  show  the  same  observation.  The  mismatch  at  low  values  of  7  is  due  to  the  formation 
of  the  second  mode  of  stall  in  the  open-loop  case.  For  the  open-loop  system,  the  second  mode 
of  rotating  stall  forms  at  a  value  of  7  smaller  than  that  for  the  formation  of  the  first  mode.  At 
7  =  0.45  on  Figure  15,  the  second  mode  forms  and  becomes  dominant,  and  the  amplitude  of  the 
first  mode  is  decreased.  Further  decrease  in  7  leads  to  a  further  reduction  in  the  amplitude  of  the 
first  mode.  At  around  7  =  0.33,  the  throttle  is  almost  fully  closed  and  the  first  mode  becomes 
dominant  again.  In  the  closed-loop  case,  this  phenomenon  is  not  observed  since  the  high  speed 
bleed  valve  saturates  and  remains  open.  As  a  result,  the  main  flow  level  is  not  low  enough  for  the 
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High  speed  bleed  with  Liaw-Abed  on  Caltech  rig  with  air  injection 


High  speed  bleed  with  Liaw-Abed  on  Caltech  rig  with  air  injection 


Figure  15:  Open-  and  closed-loop  behavior  of  system  on  plane  for  control  with  bleed  valve 
and  continuous  air  injection  at  55  psig  injector  back  pressure. 


second  mode  of  rotating  stall  to  form. 

A  combined  surge  and  stall  control  algorithm  has  implemented  by  using  a  high  speed  bleed  valve 
for  control  of  stall  stall  and  a  slow  bleed  valve  (disturbance  bleed)  for  surge.  The  surge  controller  is 
implemented  with  a  proportional  feedback  on  <f>.  This  control  law  is  proposed  by  Badmus  et  al.  [3]. 
The  combined  control  law  for  rotating  stall  and  surge  takes  the  form 

$T(^r)  =  (7  +  KRSJ  +  KS^)V^, 

where  Krs  is  the  gain  for  rotating  stall  control  and  K$  that  for  surge  control.  Figure  16  shows  plots 
of  the  dynamic  response  of  the  system.  Control  is  initially  turned  off  and  the  system  is  surging. 
Control  is  then  activated  at  approximately  6000  rotor  revolutions  and  the  system  is  stable. 

4.4  Nonlinear  control  using  axisymmetric  air  injection 

Control  via  bleed  valves  can  described  as  a  method  of  controlling  the  behavior  of  the  compression 
system  by  modulating  the  throttle  characteristic  to  change  the  criticality  of  the  bifurcation.  In  a 
similar  way,  we  can  ask  whether  it  is  possible  to  change  the  behavior  of  the  system  by  modulating 
the  compressor  characteristic.  This  requires  a  mechanism  of  modulating  this  curve,  analogous  to 
using  the  bleed  valve  to  modulate  the  throttle  characteristic.  On  the  Caltech  rig,  we  make  use  of 
unsteady  air  injection  to  accomplish  this  modulation. 

In  order  to  test  the  closed  loop  compressor  characteristic  shifting  idea,  a  series  of  experiments 
were  performed.  We  attempt  to  implement  a  close  loop  controller  that  modulates  the  compressor 
characteristic  in  a  way  that  is  proportional  to  the  squared  amplitude  of  the  first  mode  amplitude 
of  the  rotating  stall: 

^c  =  ^cnom+KJ^Cu.  (27) 

In  order  to  achieve  this  proportional  feedback  on  the  amplitude  of  the  stall  cell  magnitude,  the 
duty  cycle  of  the  air  injectors  was  varied.  A  carrier  frequency  of  100  Hz  was  used,  with  the  duty 
cycle  varying  between  0-100%  proportional  to  the  amplitude  of  the  static  pressure  perturbation 
amplitude.  By  varying  the  air  injection  parameters  (back  pressure,  injection  angle,  etc),  we  can 
explore  a  variety  of  shifted  compressor  characteristics,  \I/C.  Two  shifts  were  investigated,  one  with 
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Figure  16:  Combined  stall  control  with  high  speed  bleed  and  continuous  air  injection  and  surge 
control  with  slow  bleed:  control  initially  off  and  turned  on  at  approximately  6000  rotor  revolutions. 


a  rotating  stall  hysteresis  region  that  did  not  overlap  that  of  the  uninjected  case  and  one  with  a 
hysteresis  region  that  did  overlap. 

Figure  17  shows  the  closed  loop  compressor  characteristic  obtained  for  the  non-overlapping 
hysteresis  region  case  (left  of  figure),  along  with  an  experimental  bifurcation  diagram  (right  of 
figure).  The  figure  clearly  shows  that  the  entire  nonzero  equilibria  branch  is  stable,  and  there  is 
therefore  no  hysteresis  region  associated  with  rotating  stall. 

Figure  18  shows  the  closed  loop  compressor  characteristic  obtained  for  the  overlapping  hysteresis 
region  case  (left  of  figure),  along  with  an  experimental  bifurcation  diagram  (right  of  figure).  In 
this  case,  we  see  that  there  is  still  a  hysteresis  loop  at  the  intersection  of  the  two  open  loop  curves. 
This  effect  is  explained  in  more  detail  in  [4]. 
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Proportional  feedback  with  1  -D  actuation  Proportional  feedback  with  1  -D  actuation 


Figure  17:  Closed  loop  compressor  characteristic  and  bifurcation  diagram,  obtained  with  1-D  pro¬ 
portional  feedback:  non-overlapping  hysteresis  case. 

Proportional  feedback  with  1  -D  actuation  Proportional  feedback  with  1  -D  actuation 


Figure  18:  Closed  loop  compressor  characteristic  and  bifurcation  diagram  obtained  with  1-D  pro¬ 
portional  feedback:  overlapping  hysteresis  case. 

4.5  Nonlinear  control  using  non-axisymmetric  air  injection 

In  this  section,  experimental  results  on  the  use  of  pulsed  air  injection  to  control  rotating  stall  are 
presented.  Unlikely  the  previous  section,  we  use  non-axisymmetric  injection  here,  so  that  each  air 
injector  is  independently  controlled.  However,  we  still  make  use  of  only  three  air  injectors,  so  that 
the  modal  approaches  described  in  Section  3  cannot  be  directly  applied. 

Control  of  stall 

The  basic  strategy  of  this  controller  is  to  sense  the  location  and  magnitude  of  the  peak  of  the  first 
mode  component  of  a  circumferential  pressure  disturbance  and  inject  air  based  on  the  location  of 
this  first  mode  relative  to  the  positions  of  each  air  injector.  It  was  shown  in  [4]  that  the  second 
mode  could  be  neglected  with  little  effect. 

The  action  of  the  controller  is  parameterized  by  the  following  variables: 
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Figure  19:  Control  Algorithm.  The  above  logic  is  repeated  for  each  air  injector.  The  double 
rectangle  corresponds  to  the  beginning  of  a  servo-loop,  which  occurs  at  a  rate  of  2000  times  per 
second.  Figure  courtesy  of  Raffaello  D’Andrea. 
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and  the  algorithm  itself  is  shown  schematically  in  Figure  19.  The  flow  chart  can  be  interpreted 
as  follows:  each  air  injector  is  activated  when  the  magnitude  of  the  first  mode  is  greater  than 
threshold  and  the  location  of  the  peak  of  the  first  mode  is  within  a  pre-specified  range  of  angu¬ 
lar  positions  (as  determined  by  angle  and  window);  once  an  air  injector  is  activated,  it  remains 
activated  for  jeton  number  of  servo-loops,  irrespective  of  the  magnitude  mag  and  location  phase 
of  the  first  mode.  Note  that  phase  and  mag  refer  to  the  phase  and  magnitude  of  the  first  Fourier 
coefficient,  not  the  physical  location  and  value  of  the  peak  pressure  disturbance  at  the  compressor 
face.  The  higher  circumferential  modes  effect  the  exact  location,  but  the  available  pressure  sensors 
only  provide  the  location  of  the  first  two  modes.  In  the  case  that  the  pressure  disturbance  is  sinu¬ 
soidal  (which  is  a  good  approximation  when  fully  stalled),  phase  and  the  physical  location  of  the 
peak  pressure  disturbance  differ  only  by  a  constant,  which  is  due  to  delays  in  the  data  acquisition 
stage. 

The  closed  loop  compressor  performance  curve  is  shown  in  Figure  20  for  the  optimal  choice  of 
injector  phasing  and  jeton  =  15.  The  results  shown  to  the  left  of  the  peak  of  the  characteristic 
are  time  averaged  values,  since  the  controller  is  continuously  rejecting  stall  disturbances  in  this 
region.  Error  bars  are  included  to  show  the  time  variation  of  the  circumferentially  averaged  flow 
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Closed  Loop  Compressor  Characteristic 


Figure  20:  Closed  loop  compressor  characteristic  for  jeton  =  15,  optimal  controller.  The  asterisks 
correspond  to  time  averaged  data,  while  the  solid  lines  interpolate  these  points.  The  pressure  and 
flow  variance  are  included  for  each  data  point  as  error  bars.  The  open  loop  compressor  characteristic 
is  included  for  comparison  purposes. 


and  the  pressure  rise  coefficients  at  these  unsteady  operating  points  (this  is  because  the  system  is 
continuously  rejecting  rotating  stall  disturbances  in  this  region).  The  figure  shows  that  hysteresis 
loop  associated  with  rotating  stall  is  eliminated  by  the  pulsed  air  injection  controller. 

In  addition  to  the  closed  loop  compressor  characteristic  for  the  optimal  controller  presented 
above,  the  closed  loop  characteristic  for  a  case  where  the  placement  of  the  air  injectors  resulted 
in  non-overlapping  hysteresis  regions  for  the  continuous  air  injection  and  the  uninjected  case  was 
determined.  Figure  21  shows  the  result  of  closed  loop  control  in  this  case.  The  only  difference  that  is 
apparent  between  two  closed  loop  compressor  characteristics  is  that  the  case  with  non-overlapping 
hysteresis  regions  has  a  less  steep  dropoff  in  pressure  rise  as  the  throttle  is  closed  past  the  peak  of 
the  compressor  characteristic.  From  these  results  it  is  clear  that  shifting  the  characteristic  to  the 
point  where  the  hysteresis  regions  do  not  overlap  does  not  provide  significant  benefit  for  this  form 
of  controller. 

Figure  22  shows  the  transient  behavior  at  two  points  (A  and  B)  on  the  closed  loop  compressor 
characteristic  shown  in  Figure  21.  The  figure  shows  the  unsteadiness  associated  with  operating 
the  closed  loop  system  to  the  left  of  the  compressor  characteristic  peak  (point  B).  Again,  there 
are  no  significant  differences  between  this  case  and  the  overlapping  hysteresis  case.  The  fact  that 
non-overlapping  hysteresis  regions  were  not  required  to  eliminate  the  hysteresis  associated  with 
rotating  stall  (this  was  not  the  case  for  the  1-D  proportional  controller  presented  in  the  previous 
section  is  a  strong  motivation  to  investigate  this  and  other  2-D  actuation  schemes  further. 

Control  of  stall  and  surge 

Several  experiments  were  performed  to  determine  the  effect  of  the  control  algorithm  when  the  rig 
was  operated  in  a  configuration  with  a  large  plenum  attached,  which  made  the  resulting  surge 
dynamics  unstable.  Data  for  the  uncontrolled  case  is  shown  in  the  top  four  plots  of  Figure  23  for 
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Figure  21:  Closed  loop  performance  characteristic  for  air  injection  geometric  parameters  which 
provide  no  overlap  of  the  hysteresis  regions. 

reference. 

The  plots  of  the  uncontrolled  case  show  two  different  surge  modes,  one  at  1.4  Hz  and  the  other 
at  1.8  Hz  (these  two  different  surge  modes  are  investigated  further  in  [4].  The  time  traces  for  the 
first  mode  rotating  stall  clearly  show  that  the  compressor  goes  into  stall  during  the  low  flow  rate 
intervals  and  comes  out  of  stall  during  the  high  flow  rate  intervals.  The  pressure  rise  coefficient 
versus  flow  coefficient  plot  clearly  illustrates  the  two  different  surge  limit  cycles  (note  that  the  surge 
cycles  are  traversed  in  a  counterclockwise  direction). 

The  bottom  four  plots  show  the  transient  behavior  of  the  compression  system  when  the  pulsed 
air  injection  controller  for  rotating  stall  is  active.  The  plots  show  the  response  to  a  single  throttle 
disturbance.  As  in  the  uncontrolled  case,  each  pressure  disturbance  de-stabilized  the  system.  Note 
that  the  controller  had  virtually  no  effect  on  the  surge  trajectory  during  the  time  the  disturbance 
was  present  (in  this  20  revolution  time  period,  the  trajectory  is  virtually  the  same  as  the  one  in  the 
previous  experiment).  On  the  subsequent  cycle  the  pressure  and  flow  variations  were  substantially 
decreased  and  then  eliminated.  Experiments  showed  that  by  shortening  the  time  duration  of  the 
pressure  disturbance  (while  still  keeping  it  large  enough  to  cause  the  open  loop  system  to  go  into 
surge),  the  pressure  and  flow  variations  during  the  first  cycle  were  reduced.  For  short  disturbances, 
the  magnitude  of  the  pressure  and  flow  disturbances  could  be  kept  to  within  30%  of  the  nominal 
operating  flow  and  pressure  rise. 

An  explanation  of  why  the  control  algorithm  is  successful  at  eliminating  surge  is  based  on  the 
strong  coupling  between  the  surge  and  stall  dynamics.  Since  the  compressor  begins  to  stall  when 
the  flow  coefficient  is  decreasing,  the  stall  controller  can  react  to  this  aspect  of  the  surge  dynamics. 
When  the  system  begins  to  stall,  the  control  algorithm  activates,  and  tries  to  eliminate  the  stalled 
condition.  This  has  the  effect  of  increasing  the  net  flow  rate  through  and  pressure  rise  across  the 
compressor  when  these  states  are  low  during  a  surge  cycle.  The  control  algorithm  therefore  provides 
positive  damping  to  the  surge  dynamics. 
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4.6  Comparison  of  modal  control  versus  nonlinear  control 

The  techniques  described  in  this  chapter  rely  on  nonlinear  techniques  to  change  the  bifurcation 
behavior  of  rotating  stall  from  a  subcritical  bifurcation  to  a  supercritical  bifurcation.  The  benefit 
of  this  change  in  bifurcation  behavior  is  that  the  hysteresis  loop  is  eliminated,  potentially  allowing 
the  compressor  to  be  operated  closer  to  its  peak  in  a  robust  fashion.  However,  the  system  still 
enters  stalled  operation  past  the  peak  of  the  compressor  characteristic,  even  though  the  stall  cell 
amplitude  remains  small. 

In  contrast,  the  modal  controllers  described  in  Section  3  operate  by  actually  stabilizing  the 
system  beyond  the  peak.  This  means  that  no  discernible  stall  is  present  and  hence  the  engine 
designer  can  make  use  of  the  maximum  pressure  rise  of  the  compressor.  The  amount  of  extension 
of  the  operation  depends  on  the  number  of  sensors  and  actuators  (which  determine  the  number 
of  spatial  modes  that  can  be  stabilized),  the  bandwidth  of  the  actuators  (typically  bandwidths  of 
2 — 5  times  the  rotor  frequency  are  required)  and  the  actuator  authority  (magnitude  limit). 

Understanding  which  approach  is  more  appropriate  depends  on  the  cost  and  weight  of  actuators 
and  sensors,  as  well  as  the  ability  of  the  engine  to  operate  in  a  stall  condition  (without  hysteresis).  A 
fairly  detailed  comparison  of  the  performance  tradeoffs  between  these  various  scenarios  was  carried 
out  in  [41]. 

Another  important  aspect  of  active  control  of  compression  systems  is  the  affect  of  magnitude 
and  rate  limits.  Work  by  Yeung  [41]  and  Wang  [37]  has  explored  these  effects  and  a  detailed  theory 
for  predicting  these  limits  has  been  developed.  In  particular,  it  was  shown  by  Yeung  that  the  shape 
of  the  compressor  characteristic  is  a  dominant  factor  in  determining  the  bleed  valve  magnitude, 
rate,  and  bandwidth  requirements.  More  information  is  available  in  [42]. 
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Figure  22:  Comparison  of  controller  performance  for  two  different  throttle  settings.  Points  A  and 
B  refer  to  Figure  21.  The  first  mode  stall  cell  amplitude  for  the  uncontrolled  case  is  shown  in  gray. 
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Pulsed  Air  Injection  Controller 


Figure  23:  Effects  of  pulsed  air  injection  controller  on  the  surge  dynamics.  The  top  four  plots 
correspond  to  no  control  action,  and  the  bottom  four  plots  correspond  to  pulsed  air  injection 
control.  The  horizontal  line  in  the  time  trace  plots  corresponds  to  the  throttle  disturbance  on  time. 
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5  Summary 

These  notes  have  given  a  brief  introduction  to  some  of  the  key  concepts  and  results  in  active  control 
of  compression  systems.  The  main  points  of  the  notes  can  be  summarized  as  follows: 

•  Benefits  of  active  control:  active  control  of  compression  systems  can  be  used  to  extend  the 
range  of  operation  of  a  compressor,  allowing  fewer  stages  in  a  given  engine  design  and  leading 
to  substantial  fuel  savings.  Active  control  has  been  demonstrated  in  a  variety  of  experiments, 
including  full  scale  compression  systems. 

•  Lyapunov  stability  analysis:  Lyapunov  stability  theory  can  be  used  to  prove  stability  of  non¬ 
linear  systems  and  to  construct  stabilizers.  Specific  design  methods  include  control  Lyapunov 
functions  and  integrator  backstepping. 

•  Bifurcation  analysis  and  control:  For  systems  that  cannot  be  stabilized  about  a  desired  op¬ 
erating  point,  it  is  sometimes  possible  to  change  the  bifurcation  properties  of  the  system.  A 
specific  example  is  changing  a  subcritical  bifurcation  to  a  supercritical  bifurcation,  allowing 
the  instability  to  grow  slowly  in  magnitude  (as  a  function  of  a  operating  parameter). 

•  Modal  control:  By  transforming  the  description  of  a  system  into  modal  coordinates,  it  is 
possible  to  directly  stabilize  the  individual  modes  of  a  compression  system.  This  requires  an 
array  of  sensors  and  actuators  of  sufficient  spatial  density  to  stabilize  the  desired  modes.  Air 
injection  and  high-frequency  inlet  guide  vanes  are  two  actuation  mechanisms  that  have  been 
tested. 

•  Bifurcation  control  using  axisymmetric  actuation:  Bleed  valves  or  air  injection  can  be  used 
as  an  axisymmetric  actuator  to  control  stall  by  changing  the  bifurcation  properties.  This 
eliminates  the  hysteresis  loop  normally  associated  with  rotating  stall  by  “bending  over”  the 
bifurcation  diagram. 

•  Bifurcation  control  using  air  injection:  Air  injectors  can  be  used  in  a  non-axisymmetric  fashion 
to  change  the  bifurcation  behavior  at  the  stall  inception  point.  Non-axisymmetric  actuation 
allows  more  control  over  the  system  behavior  and  appears  better  suited  in  the  case  when  low 
amounts  of  actuator  authority  are  needed. 

These  notes  give  only  a  basic  introduction  to  some  of  the  ideas  that  have  been  developed  in  the 
last  year  for  active  control  of  compression  systems.  More  information  is  available  on  the  web  page 
for  this  course: 


http : //www . cds . caltech . edu/~inurray/talks/vki-may01 . html 
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